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T         c>  Preface 

This  YBARBOOK-  is  intended  to  be  primarily  a  highlighting  of  the  es^^- 
tial  elefnents  of  those  basic  mathematical  understandings  which  should 
be  continually  developed  'and  extended  throughout  the  entire  matfe^' 
jnatics  curriculum,  grades  JC-l  2  and  beyond;  This  is  the  content  oT 
Chapters  2  through  8.  '  *  .   '  ■  ■ 

Growth  in  understanding^of^a  fundamental'idea  and  oUits  extensions 
is  a  contihuotis  process  thaWs,  facilitated  by  properly  chosjjidil^ssroom 
techniqiies.  flence  our  secohd  objective  is  to  defijie  and  illustrate  some  - 
classroom  procedures  and  their  psychological  bases,  which  we  feel  are 
also  appropriate  and  important  at  all  levels, of  instruction.  This  ybu 
will  find  ill  Chapter*  10.  a 
In  Chapter  9  we  have  tried  to  illustrate,  if^not  to  define,  a  ntSiOT^pb^m^ 
jeative  ofj  mathematical  training;  namely,.* training  4n  maihematical 
vrodes  of  jhoughi.  These  modes  are  not  qu^e  mathematical  concepts 
themM^yys,  but  are  rather  understanding^nd  procedures  whiqh  are  im- 
,  plidi?  mMhe  study  of  all  mathematicaHiopics.  - 

ihey  include  ideas  and  processes  whi^^might  by  some^be  labeled/ 
problem  solvingj^nd  by  other^crea/fye  ihinjcing.. Liti^  if  any  of  ^his  can' 
be  taught  as  a  separate  topic  in  a  text  or  a  unit  in  a  curriculum.  Students 
can  be  helped  to  devetop  creativity'  and  problem  solving 'ability,  'we 
believe,  only  if  their  teachers  constantly  and  repeatedly"  lead  them  to  n^-^ 
aiid  through  problem  solving  and  discovery  processes  and  encourage  them 
to  strike  c^t  mentally  for  then^selves  into  problem  "bituations  or  into 
areas  new  to  them.  Chapter  9,  then,- forms  a  bridge  between  the  mathe- 
maticahcon.cepts  of  Chajiters  2  through  8  ahd  the  methodologjical  ideas 
of  Chapter  10.  Some  of  our  mostL,jdesirable  obj  ectives^,*' while  ieq^ring  an 
understanding  of  mathematical  ideas  by  both  teachers  ari(^pupii^will 
be  achieved  best  by  teachers  who  consciously  adopt  'classroom'  proce- 
dures which  develop  matherpatical  thinking  habits  and  techniques.  ^ 

;  Our  tliifd  objective  is  to  assist  teachers  and'supervisors  to  extend  and  "  • 
appl^he  ideas  of  the  book  in  their  own  situations.  This  i^.the  objective 
of  Chapter  11.  A  sin^lajaobk  can  only  present  a  broad  outline  of  the 
mathematics  ifr<jgrahi  in  grades 'K  tl^ough  12.  Even  if 'more  details 
could  be  included  ib  this  book^  they  might,  without  cp,reful  study  arid, 
interpretation,  coWuse  rather  than  clarify  that  which  is  the  real  intent 
of>this  book.  IncluHed  in  Chapter  J 1- are  some  suggestions  for  extending 
thp  insights  and  wsting  the  interpretations  wljich  a,,  reader^  might  be  I  ' 
expected » to  get  Jrom  this  book.  ♦  ^  * 

.  It  is  Inevitable  that  tins  twenty-fourth  yearbook  should  be  compared' 
with  and  related  .to  the  twenty-third  yearbook, '///szi/^s  Into  Modem 


'       ,  '  PREFACE 

Mathemaiics.  Altiiougja.  the  twenty-fourtli  was  nei^er  conceived  nor 
written  as  a  supplement  to  the  twenty-third,  they  should  supplement 
one  another  well.  We  have  sought  to  make  this  book  a  self  contained 
.  unit  insofar  as  any  single  book  on  such  a  broad  topic  can;  be.  To  do  this 
we  have  written' chapters  entitled /'Number  and  Operation,"  ''Rfelations 
and  Functions,"  "Proof,"  and  'Trobability"  which  in  title  overlap  those 

.  of  the  twenty-third  yearbook.  Howevqr,  where  that  book  stressed  mathe- 
ma-ticartbgory  and  modem  mathematics,  we  here  are  trying  to  suggest 
how  basic 'and  sound  mathematical  ideas  (whether  modem  or  not)  ca^ 
be  made  continuing  themes  that  afe. recognized  by  teachers  and  pupils 
.as  a  part  of  a  spiraling  growth  and  development  of  mathematical  under- 
standings from  the  kindergarten  through  grade  12  an* beyond'*  ' 
This  yearbook  was  originally  proposed  to  the  Board  of  Direcl(Brs  of 
^  *the  National  Council  of  Teachers  ^f  Mathematics,  at  its  April  1954 
meeting,,  by  its  Yearbook  Planning  Committee,^  F.  Lynwood  Wren, 

*'  Francis  G.  Lankford,  Jr.,  and  t)aniel  W.-Snader,  ^  a.yearbook  on  **in- 

" service  education  for  mathematics  teachers."  The  committee's^  sugges- 
tion was  aclopted  ^fter  the,  board  modified  its  (description  by  adding: 
*'This  book  is  not  intended  ^to  be  a  textbook  on  methods,  bor  a  survey 
of  curricula,  but  rather  a  highlighting  of  the  most  basic  mathematical 
themes  which  should  b^entral  to  the  entirety  of  a  modern  mathematics 
curriculum,  and  oif  the  similarly  key  concepts  of  modem  teaching  tech-- 
niques.  These  themes  should  be  display  as  concretely  as  possible  and 

.  at" as  many- different  levels  qi  ins'tructioa  as  may  be."  Phillip  S.'  Jones 
was  then  selected  to  be  tho^ttcfl^  of  the  book.  The  undersigned  com- 
mittee developed  the  framewwtn&f^broad  outlines  and  policies  within 
which  the  authors  have  written.       .  \ 

The  committee  soon  realized  that  to  wm^e  concretely  at  a  wide  range 
of  grade  levels  would  take  several  authors>ith. varied  experience  for 
nearly  every  chapter.  It  further^ealized  that  the  book  should  itself  have 
some  unity  and  continuity  which  would  require  face-to-face  discussion 
and  even  argumentation  ^mong  its  authors,  ffence  the  committee  sug- 
gested to  President  M^ie  Wilcox  and. the  Board  of  Directors  that  funds  * 

*  be  sought  to  pay  for  rrffeetings  of  the  writers  and  committee  whei-e  the 
book's  purposes,  conten^and  organization  could  be  jointly  discussed, 
where  illustrations  and  criticisms  of  first  -and  second  \irafts  could  >be* 
shared,  and  where  some  actual  writing  could  be  done.  '  ■  ^  \ 
-^'The  board  endorsed  this  proposal  and  urged  President  Wjjcox  to  ask 
the  National  ^cience  Foundatfon  for  funds.  Funds  for  thepe  purploses 
were  granted  in  October  of  1956.  Whatever  good  this  book  in  ay  ha  v» 
would  have  been  less  without  the  discussions  and  revisions,Hiade  possible  v 

.  by  the  funds  allocated  by  the  Foundatiftp., 
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•  In,  addition  to  paying  for  such  meetings,  these  funds  also  made  it  pos- 
sible to  reproduce  over  a  hundred  copies  of  an  early  draft  of  the  book, 
to  be  read  and  criticized  by  a  number  of  teachers  in  classes  and  seminars 
all  over  the  country  in  the  spring  and  summer  of  1957. 

We  regret  that  some  who  helped  us  cannot  be  listed  because  some 
critiques  were  summaries  of  the  thinking  of  groups  and  others  were 
mailed  to  us  without  names;  nevertheless,  we  wish  to  acknowledge  vnth 
thanks  the  help  of  the  following  persons,  who  cannot,  however,  be  held 
responsible  for  any  of' our  errors  or  failures. 

George  E.  Adams,  Jr.,  Marjorie  Y.  Adams,  Jackson  B.-Adkine)*  R. 
Ames,  John  B.  Anglin,  Elsie  Baehre,  Jessie, Ayres  Bai*5y,  John  Bartelt^ 
James  S.  Beadle,  Milton  W.  Beckmann,  Roy  O.  Birmingham,  Jr., 
Josephine  Bodever,  Alpheus  Booker,  Mary  T.  Boulware,  Boyce  Brown, 
John  GrBryan,  Joyce  Biirchinal,  ^larold  R.  Burke,  Bar'^ra  S.  Bums, 
Richard  B.  Bums,  Miriam  Burris,  Frank  C.  Carpenter,  Jack  Carpenter, 
AWreyD.  Cair,  Helerr  Chaffee,  Dorothy  Clark,  John  R.  Clark,  Arthur 
Collard,  Thomas  O.  Corlett,  Robert.  G.  Crook,  MerVyn  Dauenbaugh, 
Nathan  L.  Davis,  Dale  Davison,  Aristides  Denletrion,  Geraldine  Dolan, 
Laura  K.  Eads,  Harriett  E.  Emery^  Kathryn  Evans,  William  H.  Evans, 
Willter  J.  FerdorJrt.ouise  Fitchett,  CtirFoll  E.  Fogal,  William  A.  Gager, 
Paul  R.  Gagneaux,  Ferdinand  Gezich,  John  V.  Ghindia7jonathan.Gill- 
ingliam^  Moses  L.  Glenn,  Edrfh  M.^Glidewell,  Richard  Gorham,  Elnice 
Greene,  Jack  A!  Gustafson,  R^th  m!  Hannunij  Irell  S.  Harp,  Thomas  Y. 
Harp,  Arthur  W.  Harris,  M.  L.  Hartung,  Billy  F.  Plobbs,  Virginia  Hoge, 
Lucille  Houston,  Roy  ^.  Howell,  Jesse  Humberd,  Donovan  A.  Johnson, 
Ro^rt  L.  Johnson,  William  L.  Jonas,  Robert  Jorgenson,  Clark  Kaplan^ 
Houston^T.  Kames;  Josephine  Anne  Kegetreis^iStanley  Kegler,  Kathleen 
Keller,  Calven  E.  King,  Helen  Kriegsman,  Donald  E.  Kuhnle,~I\Lary 
Carolyn  Labbe,  Dorothy  M.  LefHer,  Curtish  Leicht,  Catherine  A.  V.  Ly^^ 
ons,  Evan  Maletsky,  Ronald  O. 'Mussie,  K.  E.'Meserve,  T.  L.  Meyer, 
Dorothy  R.  Mijjcr,  Willis  M.  Miller,  Howard  Mion,  Francis  Mueller,  T. 
Nelson,  Frederick  A.  Parker,  Philip  Peak,  Christine  Poindexter,  FrankJ'. 
Prather,  H.  Vernon  Price,  Louis 'E.  Prieskorn,  Mary  Anne  Prunier, 
Charles  N.  Race,  Myrtle  Rehwinkel,  Robert  L,  Root,  George  H.  Ross, 
Myron  Rosskopf,  MaTy  Lau  Rohrbaugh,  Veltna  I.  Rust,  Fred  ScWeiber, 
Marie  T.  Shires.  Dona/d  M.  Silberger,  Helen  1.  Simpson,  James  T.  Sims, 
Sister  Margaret,  Joseph  Sloboda,  Jr.,  Janie  Smallwpod,  Vernona  L. 
Smukal,  Roger  F.  Soiicy,  Andrew  Stevenson^  Pe  Vere  W.  Stevenson, 
Alan  D.  Stewart,  Edwin  H.  Stieben,  Henry  Swain,  Dorothy  Sylling, 
Walter  Szetela,  Julia  Tej^er;  John  E.  True>Bruce  R.  Yogeli,  Marguerite 
A.  Watkins,  Anna  D.  Weatherfor(J,  J.  Fred  Weaver,  Catheripe  N. 
Wheat,  Marie  S.  Wilcox,  Edward  J.  Willis,  and  Johp  Eari  Wood.  ^ 
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Finally,  all  the  writers  arid  the  committee,  as  well  as  Paul  Clifford 
and  Max  Beberman,  have  shared  in  discussions  of  all  chapters.  How-  ^ 
ever,  since  we  occasionally  failed  to  be  in-cpmplete  agreement,^  no  writer 
nor  committeeman  can  be  held  responsible  for  statements  other  than 
those  in  the  chapter  he  wrote,  but  if  there  is  any  excellence  in  the  book; 
credit  for  it  must  be  shared  with  all  who  have  worked  so  hard  on.it^ 

And,  as  the  book  goes  to  press,  we  feel  We  must  add  a  word  of  'sincere 
, thanks  to  Myrl  Ahrendt,  Executive  Secretary  of  the  National  Council  of 
Teachers  of  Mathematics,  who  has  labored  hard  and  "conscientiously  to ' 
sefty^ur  manuscript  through  the  physical  process' Which  has  made  it  into 
this1)Ook.  ' ' 

The  Committee  , 

Harold  P.  Fawcett 
.  Alice  M.  Hach 
Charlotte  W.  Junge 
Henry  W.  Syer 
Henry  "NJan  Engen 
V  Phillip  S.  Jones,  Chairmffn 
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The  Growth  and  Development  of 
Mathematical  Ideas  in  Children 

Or  How  and  Wf>y  To  Use  This  Book 

\.  .PHILLIP  S.  JONES 

We  WHO  are  planning  and  writing  this  book  ^ave  on  occasion  dis- 
agreed as  to  the  relative  importance  of  some  of  the  goals  of  mathematiqs 
education,  and  as  to  the  best  methods  for  achieving  them,  but  we  are 
•agreed  that  the  following  are  axioms: 

Axiom  1.  The  best  learning  is  that  in.  which  the  l^med  facts,  concepts, 
and  processes  are  meaningful  tp  and  understood  by  the  learner. 

Axiom  2.  Understanding  and  meaningfulness  are  rarely  if  ever  "all  or 
none''  insights  in  either  the  sense* of  being  achieved  instantaneously  or  in 
the  sense  of  embracing  the  whole  of  a  concept  and  its  implicdtions  at  any 
onetime.        t    '  ■ 

The  sudden  perception  or  flash  of  insight  which  is  t)ne  of  the  joys  of 
mathematics  learfiing  and  teaching  comes  only  to  those  who  have,  with 
thought,  struggled  to  extend  or  apply  concepts  which  ,have  been  par-  ' 
tially  understood  earlier.  Further,  meanings  and  understandings  them- 
selves change  continuously  as  they  are  extended,  broadened,  and  applied  ' 
in  different  situations.  For  example,  the  early  elementary  pupil  who 
suddenly  perceives  that  9  plus  any  other  single^digit  number  is  the  teen 
number  whose  units  digit  is  one  less  than  the  single  digit  number  prob- 
ably first  sees  this  after  having  added  a  number  of  specific  combinations 
such  as  9  +  3  =  12,  9  +  4  =  13^9  +  j6  =  15,  and  so  on.  Even  if  he 
had  been  told  this  rule,  it  is  doubtful  that  it  would  have  been  really  mean- 
ingful to  him  until  after  he  had  worked  out  several.examples.'- Later  the 
idea  can  be  extended  to.  suph  combinations  as  29  +  6  =  35,  49  +  8  = 
57,  and  so  on,  and  then  to  25  +  9  =  ;>4,'67  .+  9  =  76,  and  so  on.  Still 
later,  perhaps,  when  he  has  begun  to  do  column  addition  he  learns  that 
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addends  may  be  regrouped  without  ghanging  the  sum.  Thus  the  sum 


3 
4 
6 
8 
2 


-may  be  thought  thfo\lgh  mentally  either  as  3  +  4  =V  7  +'  6  =='  13, 
13  +        21,21  +  2c^23,^oras3  +  (4  +  6)  +X8  +  ;2)V=  3  -h  (10  + 
10)  =  3  +  20  ==c23,  ^is  latter  may  seem  to  be  different  in  principle 
from  the  rules  for'adding  mnes,  but  both  are  merely  special  cases  of 
the  associative  law  which,  in  algebra,  is  written  a  +  (&+  c)  =  (a'+  h)  + 
c.  However,  even  before  studying  algebra,  and  >vithout  any  use  of  the 
term  associative  law,  the  student  can,  work  out^  the  |-eason  for  his  rule 
for  adding  nines  by  thinking:  9  +  3  =  9  +  (1  +  2)  =  (9  +  1)  +  2  =  ' 
10  +  2  =  12  or  29  +  6  =  29  +  (1  +  5)     (29  +  1)  +  5  =  30  +  5  =  . 
35.  When,  all  of  this' ha;s  hapj)ened,  his  understanding ^of  an  important 
idea  has  grown  and  developed  from  being  used  and  understood  at  a' 
very  simple  nonverbal  ,4evel  to  the  recognition  of  a  broadly  applicable  ' 
principle  with  a  name  (associative  law.oi^  axiom).    »     <>  ^ 

The. actual  sequence  of  extensions  and  inisights  will  vary  from  pupil 
to  pupil  and  teacher  to  teacher.  Cjfur  point  is  that  thg"  ideas  should  be 
understood;  at  each  stage,  but  that  the  nature/and  geniality  of  the^ 
pupil's  .concept^o^/ will  also  grow  and  develop  and  should  n9t  in  general 
be  expected  to  be'cpmplete  at  any  stage.  In  fact,  the  associative  law,  the 
use  and  understanding  of  which  has  its  roots  in  tbe  early  elementary 
yeajs,  is  au  increasingly  impojrtant  principle^  in^iany  mathematical/ 
theories,  such  as  vectqcs,  matrices,  and  linear  algebras,  still  to^be  met, 
b^  the  student  after  he  has  cofhpleted  secondary  school. 

The  two  axioms  with  which  we  began  imply  two  theorems  and  a  couple 
,  of  corollaries.  They  are .    .  , 

Theorem  1.  Teachers  must  -plan  so  thai  pupils  cmtinually  have  recutring 
but  varied  contacts  with  the  fundamental  ideg^s  and  processes  of  mathematics.  ' 

These  contacts.should  often  be  in  different  contexts.  They  should  be. 
both  at  higher  levels  of  abstraction  arid  generalization  and  also  in  the 
form  of  concrete  applications  or  realizations  of  old  generalizations  in 
new  situations.  In  both  new  genei^alizations  and  new  specific  cases: or 
applications  it  is  important  that  the  st^dent-be  deliberately  led  to  see 
the  continuing'theme,  the  general  principle,  which  was"ihet  eariier  and 
now  is  being  extended  ^r  applied.  For^xample  the  child  who  has  learned 
that  3  X  10  =  30,  3  X  2  =  6  may  then  be  lead  to  thftk  for  hinxself 
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that  3  X  12  =  3(10  +  2)  =*(3  X  10)  +  (3  X  2)  =  30  +  6  =  .36  Be^ 
forfe  he  learns- the  mechanical  process  or  algorism  represented  by  . 

■  ■  ;   -    12  •    ^    ■        '     ^  \  . 

'  The  fact  that  3  X  12  =  .3  ><  (10         coulckhave  been  developed,  out 
of  such  still  earlier  concepts  as  th^l  multiplication  by  an  integer;  3,  is 

.  equivalent  to  repeat^addition,  and  {hat  12  means  10  +  2.  Thus,  if  12 
were  represented  by  two  piles  of  apples,  one  with  10  apples  and  the  other 
u-ith  2/  three  times' this  quantity  could  be  represontedyby  three  pile*s  of 
10  eaph  and  three  of  two  each,  or  a  total  collection  of  o6.  Later  th6" 
student  meets  this  same  principle  when  he  learns  that  three  paeSages 
containing  1  lb.  4  oz.  each  \^1I  together  contain  3  lb.  12  oz.  Again,  'geo- 
metrically, the  area  of  the^wo  rectangles. in  Figure  1  is  3  X  (5  +  4)"  = 
(3  X  5)  +  (3X4)  =  15  +  12  =  27  =  3.  X  9  sq.  ft.,  and  in  studying 
angular  measure  in  either  geometry  or  trigonometry  3  'x  15°13'  = 
45^39'.  This  same  ^principle  which  he  may,  in  algebfa,  learn  "to  write  a^ 
a{b  +  c)  =  a6  4-  ac;and  call  the. di^iribuiive  law  will  help^him  to  under- 
stand why  a  negative  number  times  a  negative iqumber  is  defihed  to  fee" 
a. positive  number.  It  also,  of  course,  is  the  concept  underlying  factoring 
in  algebra  and  the  processes  of  multiplication  and  division  in  arithmetic 
and  algebra.  .  . 

5  ft.  4  ft. 


3  ft. 


Fig.  1  , 

As  each  of  .  these  topics  is  studied  the  teacher  should  point  out  the 
general  principle  being  used,  its  occurrence  in  earlier  situations,  arid 
exactly  how  it  is  being  usector  extended  now^  •» 

Displaying  such  examples^of  the  continuing  growth  and  extension  of 
basic  mathematical  ideas  is  the  function  of  the  rest  of  this  book,  not  of 
this  chapter.  To  point  out  how  and  why  to  read  the  rest  of  this  book 
we  need  one  more  theorem.  -  ,  -  ^ 

Theorem  2.  Teachers  in  all  grades  sho^tld  view  their  tasks  in  the  light 
of  the  idea  that  the  understanding  of  mathematics  is  a  contimium,  thai 
understandings  grow  within  children  throughoid  their  school  career. 

This  theorem  implies  immediately  the  corollaries  that  (1)  Teachers 
should  find  what  ideas  have  been  presented- earlier  and  deliberately  use 
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^hem  as  much  as  possible  as  the  basis  for  the  teaching  of  new  ideas.  (2) 
Teachers  should  look  to  the  future  and  teach  some  concepts  and  under- 
standings even  if  complete  rTwwier?/  cannot  be  expected.  .'^ 
•  Teachers  should  do  this  in  order^to  build  readiness  for  new  topics.  We 
have  all  at  sometime  had  a  flash  of  insight  or  perception  of  relationships 
come  to  "US  as  we  went  over  a  topic  a  second  time  iri  a  later  cqjirsQ  of  in 
a  new  context:  This  growth  in  understanding  could  not  have  ^iSme  the 
second  time  over  if  there  had  not  been. a  first  time!  We  must  all  be  cop- 
tent,  even  be  anxious,  Jo  be  the  unsung  heroes  of  some  later  teacher's 
triumph.  Let's  hope  we  also  take  care  to  reap  the  fruit  of  the  seeds  sown 
by  our  predecessors  I  '  '  * 

Careful  coi^ideratipn  for  the  vekical  organization  and  continuity  of 
our  mathematics  program  not  only  in  its  content  but  even  in  its  presen- 
tation, espS^lly.  in  its  emphasis  on  the  understanding  of  *  basic  ideas, 
will  not  only  tend  to  create  readiness  for  new  learnings,  but  will  tend 
to  eliminate  possible'sou^ces  of  later  interference.  The  elementary  teacher, 
who  is  aware  fhat  ia  the  .eighth  or  ninth  grade  his  pupils  will  learn  oV 
the  negative  •^umbers-'which  make  subtraction  always  possible,,  will  be 
a  little  cautioiis  about  insisting  that  one  can  never  subtract  a  larger' 
from  a  smaller  number.  Earlj^  stress  on  subtraction  anfl  division  p,a/;  by 
definition,  the  inverses  of  addition  and  multipUcatijon  not  onlyTihtroi 
duces  preliminary  ideag  of  proof  and  oLthe  structure  of  mathematical  sys- 
tems, but  also  will  help  teachers  to  lead  students  to  Understand  why  one 
can  not  divide  by  zero  as  well  as  why  one  changes  the  stpn  and  adds"  and 
''inverts  and  multiplies**  in  certain  well-known  situations.  .rV; 

Theorems  1  and  2  and  their  corollaries  indicate  the  readers  whip;  we 
hope  will  find  value  in  this  book  and  the  uses  to  w^ch  we  hope  it^ill , 
be  put.  ^     .  •  -  ,  ' 

We  hope  this  book  will  be  valuable  to  all  teachers  of  mathematics,  K 
through  12.  Since  it  is  clear  that  these  teachers  do  not  all  havQ  the^  same 
background  nor  the  same  problems,  we  have  'occasionally  tfi'spaired  df 
writing  intone  book  materials  which  would  be  understandabl^Tjy  and 
useful  to  all  ^teachers.  However,  we  are  so  convinced  of  the  importance 
of  continuity  in  the  mathematics  program  as  a  whole  that  we  decided 
to  attempt  the  task.     *  . 

We  do  not  believe,  for  example,  that  proof  plays  the  same  important 
role  an  the  first  grade  as  does  number.  However,  iri  the  early  elementary, 
grades  children  do  7>rot;e  that  7  —  3  =  4  by  showing  that  4  +  3  =  7, 
and  a  third  grader  can  reason  that  8  +  5  =  13  because  5  is  2  +  3,  8  + 
2  is  10,  and^hence  8  -f-  5  =  10  +  3  =  13.  Thus,  his  introduction  to  the 
nature  of  and  nee**  for  proof  and  for  reasons  can  Actually  be  begun  in 
his.  early  study  oi  number. 
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So  readeri^rjve  urge  all  of  you  to  follow  through  the  book*  with  us/ 
You  wh^^are  Ylemmtary  i>chool  teachers  will  find  in  each  chapter  some 
discussions  which  jipply  to  your  gracles.  These  are,  in  gejieral,  presented 
early  in  each  chapter.  We  hope  you  will  read  a  little  further  .than  this 
in  each  chapter  in  order  to  ^ee  how  the  structure  of  mathematics,  not 
merely  of  computation,  may  be  based  upon  the  foundations  which  you 
lay.  However,  when  the  discussions  of  number  ideas  seem  clearly  to 
have  mo^ed  far  beyond  your  instructional  level,  turn  to  ".Relation  iftid 
Function,'^  "Proof,"  anS  so  on,  to  see  what  these  may  hold  for  you. 

You*  who  are  junior  arid  senior  high  school  teachers  can  scan  our -Assays 
for  connections  with  earlier  work  which  may  he  emphasized  in  your 
teaclimg,  as  well  as  for  how  you,'  too,  may  help  basic  mathematical 
understandings  grow  in  the  minds  of^rour  students.  Read  both  what  may 
C(>f^e  before  and  what  may  come  after  yoiir  pre.smt  level  of  instruction. 

And^finally,  m~ay  we  say  a  f(jw  words  about  what  is  not  here?  Just  as 
chapters  on  "Proof"  and  "Probability"  are  included  even  though  they 
may  be  central  ideas  which  shdyld  be  and  are  less  stressed  at  the  early 
elementiiry  level  than  later,  so,  too,  there  certainly  are  important  ideas 
and  concepts  whicl^  belong  in  the  r^athematics  p^fogram  for  which  we 
.  didn't  find  any  room  in  this  oook.  AVe  selected  what  to  us  seemed  the 
inoj^t  important  continuing  concepts  but  we  do  not  protend  thaf  the 
'book  covers  everything  that  should  be  taught.  ' 

However,  when  you-,seem  *to  miss  algebra  or  geometry  do  not  assume 
that  we' have  relegated  them  to  an  unimportant  role  in  the  school  of  the 
future.  Look  through  "Number  and  Operation,"  "Relations  and  Func- 
tion," even  "Proof,"  "Measurement  and  Approximation,"  and  "Lan- 
'  -  guage  and.  Symbolism  In  Mathematics."  You  will  find  algebra  in  all 
these  chapters  and  in  others  too.  Similarly  geometry  may  be  found  in 
"Proof,"  "Relations  and  Function,"  and  ^^Measurement  and  Approxi- 
mation. "Jt  is  our  belief  that  continuity,  growth,  and  development  of 
understanding  may  h^.  planned  for  and  achieved  in  many  curricular 
contexts  both  traditional  and  nontraditional.  You  need  not  have  an 
integrated  curriculum  to  do  this,  though  . some  will  think  it  easier  to 
plan  in  such  a  setting.  IIowe\'er,  the  central  themes  which  we  wish^  to 
stress  are  not  revealed  or  emphasized  course  titles  such  as  algebra, 
geometry y  and.  trigonometry.  Hence  we  have  not  used  these  coutses  for 
the  framework  of  our  book.  We  bejieve  that  the  major  concepts  of  these 
courses  fall  under  one  or  more  of  the  central  concepts  which  we  have 
discussed.  However,  space  has  not  pertiiitted  us  to  expand  these  dis- 
.  .  cussions*  to  display  everything  which  may  be  classified  wrth  each  conet^^ 
or  the^me.  We  hope  you  will  read  in  each  chapter,  and  that  you  will  seek 
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and  see  in  it  the  topics  you  are  now  teaching  (plus  pferhaps  a  few,  more) 
from  a  new  viewpoint. 

Further,  we  recognize  that  at  least  two  of  our  chapter^,  ^Trobability" 
and  **Statistics/'  represent  topics  which  certainly  are  not  now  accorded 
a  central  or  unifying  role  in  ^ur  elementary  and  secondary  school  cur- 
ricula.  We  includefd  them  because  Ve  feel  certain  that  recent  rapid  devel- 
opments in  both  their  theories  and  applications  justify  ud  in  claiming  fpr 
tliem  a  m^ore  cenfral  position  in  the  curriculum  of  the  future.  We  did 
not'  set'out  to  prophesy  or  tojidvocate  changes,  but  felt  it  to  be  proper, 
even  to  be  a  duty^  to  recognize  changes  which  seeJned  desirable  to  alHrf 
us.  We  have  tried  to  make^^ clear  as  we  went  wherever  our  prophecies* 
have  outrun  our  elcpenence. 

Don't  skip  merely  because  some  new  terms  or  symbols  are  being  used — 
the  underlying  ideas  may  be  old  and  familjar  ones  which  new  terms  and* 
symbols  may  simplify.  Similarly,  don't  skip  because  the  material  being 
discussed  i^^ld  stuff — follow  along  in  search  of  some  new  aspects  of 
teaching. 

Scan  the  ^'Preface"  for  another  statement  of  our  objectives,  read  at 
least  part  offach  chapter,  and  finally  turn  to  the  last  chapter  for  sug- 
gestions as  to  how  to  extend  further  your  study,  of  these  ideas  and  their 
.  use  in  both  teaching  and  curriculum  planning.  We  do  tzo^  believe  there 
is  just  one  correct  sequence  or  grade  placement  of  topics.  We  are  con- 
cerned that  ev^ry  teacher  be  aware  of  his  position  in  and  contribution 
to  a  planned  spiral  development  oif  ideas  in  his  school.  Thus  the  "Flow 
Chart"  in  Chapter  11  is  not  a  grade  placement  chart  nor  do  we  regarjl  it 
as  defining  a  correct  or  rigid  sequence.  It  is  intended  as  an  example  of 
ajnelpful  analysis  which  might  profitably  be  thought  through  for  itself 
by  the  staff  of  every  school  system.  — ^ 

We  .hope  you  will  also  observe  that  there  are  some  themes  or  recur- 
ring concepts  running  through  this  book.  For  example,  even  the  most 
elementary  mathematics,  counting,  is  an  abstraction.  Abstractions  ani 
their  related  generalizations  are  what  *make  mathematics  useful— the 
same  principiles  comply  in  many  situations.  In  teaching,  one  should  plan 
to  complete  the  cycle,  moving'  from  concrete  to  abstract  to  concrete  ' 
realizations,  applications,  or  models  of  a  theory.  Move  from  special  to 
genera],  and  back  to  furt^r  specializations.  New  ideas  are  often  dis- 
covered inductively  and/or  by  seeking  new' extensions  which  will  still 
preserve  the  essential  properties  of  the  old.  system  from  which  they 
stem.  But  let's  move  on  and  see  what  you  find. as  themes  for  bur  book! 


\   ■  • 
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E.  GLENADINE  OI^B,  PHILLIP  S.  JOnIs,  " 
•     '  '        .  AND  CH^R^pTTE  W.  JUNGE  ^ 

."  *  ■  1    '  ' 

\  "Mathematics  is  the  queen  of  the  sciences,^  and  arithm^ 
tlTc  queen  of  niathematics.V-^C  F.  Gauss     '  ."^ 

**Tleeling  and  Writhing,  of  course,  to  begin. witli; . . .  and  the.n 
.the  cJifTerent  branches  of  Arithmetic — Ambition,  Distraction*,    -    .?  . 
.  UghTicat ion,  and  Derision." — Lewis  CaruollCC.L.Dodgson)  ' 
\vi  Alice^s  Adventures  in  Wonderland  "  *  '  " 

A  DAY  without  number!  ...  how  often  children  are  ask^d'to  specu- 
late on  such  an  event  in  an  attempt  to  eit^isage  the  importance  of. 
mathematics.  What  would  happen  if  there  were  no  numbers?  What 
changes  \ypuld  come  to  some  of  the  things  we  take  for  granted  in  every- 
day living?  No  prices  would  appear  on;  the  food  we  wish  to  Bby  at  the 
corner  grocery.  We  would  need  to  detcrmme  other  ways  of  recording 
time  for  all  numerals  on  the  calendar,  and  the  clock  would  disappear. 
We  would  find  ourselves  perplexed  in  trying  to  figure  out  a  way  to  re- 
export business  transactions.  Oui*  latest  scientific  developments  would 
become  extremely  difficult  if  not  impossible  to  understand  or  use.  Yes, 
probably  the  oldest  unifying  theme  in  mathematics  ig  that  of  number.. 

•^Number  is  both  a  familiar  idea  and  a  fundamental  idea  to  all  of  us. 
In  fact,  it  is  so  much  a  part  of.  our  everyday  lives  that  we  may  easily 

,  lose  sight  of  the  naturc^f  its  development.  In  this  chapter  it  is'our  pur- 
pose (1)  to  display  the  fundamental  ideas  of  aumber  and  operation  and 
(2)  deVelop  with  our  readers  an  appreciation  for  these  fundamental 
ideas  of  number  and  operation,  as  they  exist  in  the  structure  of  mathe- 
matics, not  only  from  a  viewpt^nt  of  logical  structure  but  also  from  a 

.  viewpoint  as  to  how  these  ideas  deyqlop  in^Che  minHs  of.  students.  More 
specifically,  we  shall  examine  the  nature  of  number,  how  the  natural 
numbers  are  used  to  invent  new  numbers — the  fractions,  the  positive 
and  negative  numbers,  the  irrational  numbers,  and  the  complex  num^ 
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bers.  As 'we  proceed,  we /fehatl  follow  the  order  of  the  maior  steps  in 
which  new  lumbers  ate  introduced  today  In y6ur  schools.  Vv  e  also  shkll 

'..  consider*  the  fundam^tal  operatiaii£o/C  Arithmetic — addition,  '  suId- 
traction,  multiplicatipn,^nd'divisicm— -^tR^ea  of  nun^br. 

The  dev(^J[opjneni  of  mathematics  may  be  regarded  as  the'deveflopn^pt , 
of' two  central  themes,  namely ^t/7n6er'and/om?^  By  ihe  latter'wcl*efer 
not  only  to  geometric  form,  but  also  to  the  structure  of  mathematical 
relatic^s  ^and  theories  as  developed  in  seqiXences  df  postulates  and 
^theorems.  These  sequences  and'^their  accompanying  proofs  are  found 
not  only  in  geometry,  bufalso  are  logically  nt^cessary  in  algeb^and  all 
other  divisions  of  mathematics,  all  of  which  in  turjfiVave  their  founda- 
-tiof^s  in  elementary  school  arithmetic.  ^     ^  , 

In'the  sevejfitcenth  century  these  two  themes,  nufnber  and  form,  w^re 
integrf^d  to  form  mathematical  analysis,  the  analytic  geometry,  and. 

I  'the  calculus.  More  recently;  in  the  latter' part  j[^f  the  nineteenth  century, 
we  also  have  the  intermingling  pf  these  two  themes,  number  and  logical 
structure  or  forin,Jn  an  attempt  by  Peano^  and  others  toto-xioitLatize 
not, only  natural  numbers  but  all  numbers.  .  .  ^ 

man  has  encountered,  new  problems,  he  has  created  a  need  fof  new 
numbers.  Consequently,  over  the  ages  he  has  successively  invented  new 
numbers  to  satisfy  new  needs.  At  each  step,  old  numbers  have  been 
the  building  blocks  for  new  numbers.  His  guide  in  using  these  building 
blocks  has  been  that  of^presefving  such  basic  properties  of  old  numbers 
/  as  order  and  equivalence  and  the  commutative,  associative,  and  dis- 
tributive laws  of 'Operation  with  these  numbers.  Althpugh  some  iTiodern 
algebras  and  their  arithmetics  fail  to  have-aJl  of  these  properties,  such 
properties  wilPcontinue  to  be  fundamentid  fn  elementary  and  secondary 
*  school  -mathematics.  This  is  true  not  only  because  numbers  with  these 
properties  ^-ere  the  first  to  develop  historically,  |)ut  also  because  these 
^h^themati^al  properties  correspond  to  the  way  in  which  most  of  the 
objects  of  our  immediate  physical  world  behave.  For  example,  the  num- 
ber'of  apples  in  a  pile  is  the  sam^  whether  the  pile  was  formed  by  put- 
ting down  first  three  apples  and  then  two  apples,  or  first  two  apples  and 
then  three  apples.  ^ 

•We  believe  that  three  major  considerations  should  be  reviewed  by  a 
teacher  in  planning  for  maximqm  meaning  and  understanding.  They' 
are  (1)  logical  considerations  which  are  based  on^the  structure  and  logic 

**N^f  mathematics  itself,  (2)  the  considerations  of  history — the  chronological 
sequences  of  events  which  sometimes  furnish  the  only  real  reason  for  the 
e^xi3tence  of  particular  t^iSSj^  or  units  being  taught,  such,  as  root,  inch, 

*  A  sui>erscript  in  the  text.  refcTS  the  reader  to  hihliogriiphical  "references  at 
the  end  of  thte  chapter.  .  ^ 
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/  'Cle^^,  and       the  pedagogical  sequenlipe — a  seqyefice  ba^ed  on  sound  r 
psychological  con!yde^ationsa^^^efcbJ^  the  ^teacher  weighs  such  things  'dsj^^ 
'the  necessity  of  proceeding  from  tho^use  of  objects  as  rbp|esentati'orT§  or 
■Tdec^^to  a||^trtictioris,.to^geiii^^  and  then  returning  to  apj%  the  " 

g^ralizations  to  specifir^uations:  Gon^dpration'  slioulu  also  be  given 
to  levels  of  learning  in  jnpvirig  from'Ifess  mature  to  more  mature  ideas.  \ 

No  .longiEi^3S?^^e  confront  a  child  with  a  ne^vjjdea  by  using  the  adult 
le^el  of  ««a  written  algorism  an^  expecting  him  td  memorize  it.  Rather,  , 
^  \Ye  recognize  that  the  development  o^mathematical  concepts  ii  a  growth  ^ 
process  gomg  from  levels  of  working  with  mlini{Tulative  materials  through 
various  levels  of  woi^ciiig*1vvith  abstract  .symbol;^,  For  exantj^le,  a  child 
in  the  lowtir  elementary  grades  niay  be  able  to  determine J>y  using  manip-  f 
ulative  materials,  how  maiij-^  candies  he  can  buy  for  fifteen  centV-if.  he 
knows  that  three  candies  co^  five  cents.  By  put.ting  three  objects  wifh  . 
five  objects,. another  three  oP^ects  a«d  aiiot^r  five  objects,  and  another 
three  objects  with  anoth^m'e  Objects  he  finds  that  he  can  get  nine  cai\r 
digs  for  fifteen  cents.  Later,  iq^the  ux)per  elementary  school,  he  may 
express  tKis  as  .      "  *  *     ^  .  J 


candiee 

3 

? 

cents 

5 

15 

or. 


15^ 


From  his  undemanding  of  classes  of  equivalent  frq^tions,.h^kriows  that 
is  another  name  for  ^fs,  and  therefore,  the  number  of  candies,  must 
be  nine.  Stiiy  ater  in  the  secondary  school,  he  njay  express  this  situatioYi 


as 


n 
15 


but  he  solves  the  problem  by  determining  the  number  with  which  to 
^  re|>lace  n  in  the  following  mariner]^^  - 

\  .  ,    ■    ~  5n.=  (3)(15) 

,  ,  5n  =  45  •  • 

■    n  =  9. 

Sometimes,  the  going  from  one  level  to  another  is  almost  instantaneous. 
Again,  it  may  take  several  years  as  noted  in  the  preceding  illustration. 

WE  LEARN  NUMBER  NAMES  . 

Logical^  Chronological^  and  Pedagogical  Approaches,  These 
approaches  to  the  development  of  numbers  all  tend  to  indicate  a  simi- 
lar type  of  teaching  sequence  and  method.  Seemingly,  the  integration 


•10    c^^V/    •  •    .    .  fJROWTH  OF  NIATHEMAgaTAL  IDE.^ 


of  tfcese  considerations. into  a4^sound  classroom  i:irocedure<j?r easier  for 
Jbhe  d^velop^hent  of.  thq^  concept  of ''number  tKan  it  is  in  some  later  areas 
where  a  p'aralleli^m  is  not  so  obvious  or  may^noVeven  exibt*  To  see  this 
parallelism,  let  u|  consider  simul^neoUsly  the  numh^pr-expQriences  of  pre- 
historic n^&e  and  the  preschool  child..     -  *        ^  ' 

It  is  belieyedjrom  reccritstudies  of  anthropologists  and  excavation^  otf 
archeologists  that y^ehistoriC  ni^n  would  keep  a  record  of  the, number 
of  objects,  such  a/s  sliins  Or  heads,  by  making  tally  marks  on  "aWick  of 
.  wood,  or  in  thie  ijase  of  the  earliest  known  muthenaatical  writing^  on  a^ 
leg  bone  of  a  prehistoric  wolf.  This  prehistoric  bone,  unearthed  iu  .Mo- 
ravia inllQSS,^  bears  on  it  sc;ratches  in  an  orderly  arriiy — a  group  of  five, 
a  second  group  of  five,  and  so  off.  Aft^  five  such  grodps  of  five  scratches, 
a  longer  not|ih  appeared,  followed*  by  a  continuation  of  subgroups  of 
five  until  a  total  of  fifty-five  scratches  had  been  recorded'.  • 

What  were  the  purposes  of  these  scn^chcs)  No  one  knows  exactly 
•nor  are  we  certain  that  prehistoric  man  wtts  keeping  a 'rec(5f^  of  his 
possessions  by  tallying.  The  chances,  however,  that  these  vvould  have 
been  arrangedl^ii  this  fa.shion  by  accident  urftso  slight  and  the  connection 
wflh^tallying  with  notched  sticks  and  knotted  ropes  so  clear  that  there 
is  little  doubt  that  some  prehistoric  man  was  working  with  number 
ideas.  Primitive  people  havjp  been  observed  to.  make  a  one-to-one  corre- 
spondence between  sheep,  skins,  wives,  children,  unci  collections  of 
pebbles  or.  notches  oil  such  recording  surfaces  as  sticks  or  bones  of  ani- 
mals. ,1  ' 

Studies*' have  shoWft.that  numbeF  has  been  a  part,  of  the  ex- 
periences of  many  preschool  child^.  These  have  .l1(fen  for  the  mbsi 
part  informal  experiences.  A^cliildgold^  up  three  fingers  to  report  his 
a^e.  He  sees  that  there  is  a  plate  on  the  table  for  each  member  of  the 
family.  He  speaks  of  the xf our  candle-holders  and  the  four  candles^o  be 
placed  in  the  holders..  He*  learns  to  deternriine  each  move  in  a  gam&stof 
pferchesi  by  counting  the  spots  on  a  d^e.  He  keeps  Ris^ore  iu  a  dai|t 
game  by  making  tally  marks  on  the  playroom  blackboard.  ./J 

From  lirief  accounts  of  the  beginnings  of  number  in  our  culture,  \\J 
note  the  similarity  of.  prehistoric. jian  and  the  preschool  child  in  Ui^r 
establishing  a  one-to-one  correspondence  between  two  sets  of  objects. 
Later,  a  set  of  marks  or  symbols  refriaced  one  o^the  groups  of  things. 
•This  progtipss  from  things  to  symbofs  and  the  use  of  correspondences 
suggests  an  approach  desirable  in  the  development'of  the  id^  of  number 
within  classroom  situations.  ' 

More  specifically ,^one  of  children's  early  experiences  with  number 
comes  with  Identifjong  the  concept  of  two  conmion  to  his  two  hands, 


A  \  -  B 


Fia.  3 


his  two  m^es,  his  t\yo  feet,  his  two  ears.  He  recognizes  a  one-to-one  corre- 
spondence between  the  elements  in  the  sets  shown  in  Figure  ll^This 
common  Iproperty  of  these  groups  or  sets  is  given  the  name,  '2'.*  He 
learns  that  there  is  not  a  pne-to-one  correspondence  between  elements 
^    in  sucj/siets,  as  shown  in  Figure  2.;  The  cardinal  number  of  the  set  in 
^Figure  2  A  can  be  given  the  name  '2'.  The  cardinal  number  of  the 
set  in  Figure  2  B  cannot  be  given  the  name  '2'.  It  is  given  another 
name,  '3*.  Having  arrived  at  soifie  understanding  of  what  sets  have-i^he 
cardipal  number  2,  the  child  is  able  to  select  the  collections  whose  num- 
ber may  be  appropriately  labeled  by  the  symbols  'two'  or  '2'  from  such 
0 groups  as  illustratediii^^^igure  3,  - 

The  Concept  of  Set  and  Cardinal  Number.  In  referring  to  the  pic- 
tures of  groups  of  objects  in  the  preceding  sec<^n,  we  have  called  them 
^sets^  One  of  the  most  fruitful  ideas  for  the  mathematician  in  recent 
years  has  been  the  concept  of  set.  Regarded  as  an  undefined  term  in 
mathehjatics,>  the  word  *set'  is  synonymous  with  such  words  as  'collec- 
tion',/aggregate',  'mengc^  (German),  and ytnsemble'  (French).  In  effect, 

*  Sin^l^^  (lUotHt.ioji  marks  will  ho  useil  to  denote  the  numeral  or  the  name  of  the 
number. 
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\Ve*cai?;9jg^       d.set  is^iL  c<fllectiqn  of  things.  ThVobjects  making  up  the 
\    set  Qj^0p\d.  to  be  mem^^  or  elements  of  the  set.  Sok^e  schemer  must  be 
^Sgwen  so  'th^jb  we  may  knew,  whether  or  not  a  particular  element  is  a  mem- 
ber of  that  set.lFor  example,  tbe  set  may  be  all  the  elementary  teaMi.ers  in 
'   '  Lincoln  School;  it  may  be  the  set  of  all  presidents  of  the  Mathematics 
eiiib^sihce  its  founding;  it  may  be  the  set  of  all  students  in  Mr.  Smith's  al- 
gebra cltiss  at  W^st  High  where  Nancy  White  is  notf  a  member  of  the  set 
.  since  she  is  in  Miss  Dunn's  class*;  it  may  be  the  sec  of  all  even  integers 
whose  members  we  can  determine  by  merely  testing  whether  or  not  the 
integer  i§  divisible  by  2;.  it  may  be  the  set  of  natural  numbers  from  1 
through  10.  This^s^  may  be 'represented' by  {1,  2,  3,i,  5,  6,  7,  8,  9,  10}. 
We  can  easily  tell  that  3  and  4  are  members  of  this  set  while  12,       and  ' 
Vv^^  are*  not  members  of  the  set.  It  may  be  the  set  of  all  medians  of  a 
^^HHyerf  triangle;  or,  it  may  be  the  set  (an  infinite  set,  incidentally)  of  'all 
par^  of  numbers,  x  and  y,  such  that  they  would  satrefy  the  condition  that 
X  +\  =  8.  ;  . 

Two  sets  are  said  to  b^  equivalent  if  for  every  element  of  one  set  there 
is  one  and  only  one  element  of  the  other  set;  that  is,  if  for  given  Sets  A 
.  and  J5,  there  exists  a  one-to-one  correspondence  between  the  individual 
■  4  elements  of  Set  .4  and  of  Set  B  (Fig.  4).  Equivalent  sets  are  said  to  have  ' 
the  same  cardinal  number;  e.g.,  the  cardinal  number  of  Set  ^  is  3  and 
the  cardinal  number  of  Set  B-is  3.  In  dealing  with  equivalent  sets  and 
their  cardinal  numbers  we  disregard  the  specific  nature  of  the  objects 
being  matched  whether  it  be  a  set  of  pebbles  matched  with  a  set  of 
sheep,  a  set  of  plates  with  a  set  of  people,  or  a  set  of« symbols  with  the 
set  of  fingers  of  a  hand.  We  are  concerned  only  with  the  commdn  prop- 
erty of  thie  sets — known  as  their  cardinality — their  foumess  br  their 
fiveness.  If  the  sets  are  not  equivalent,  they  lack  common  cardinality. 


Set  A 


Set  B 


The  equivalence  of  two  sets  may  be  demonstrated  in  several  different 
ways.  For  example,  we  ca'n  sho^y  that  a  set  of  balls  and  a  set  of  blocks 
are  equivalent  by  matching  as  shown  in  a  or  6  of  Figure  5.  Either  of 
these  schemes  shows  that  for  every  element  of  one  set,  there  is  one  and 
only  one  corresponding  ^element  of  the  other  and  consequently  shows 
that  the  two  sets  are  equivalent,  .      '  < 
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Fig.  5  ' 

■    .  •    .  .      .        *#     ■       /         '    .  .  ' 

Let  us  consider  the  sets  in  Figure  6,  labeled  A,  B,  and  C.  Although 
Set  yl  is  a  set  of  toys,  Set  B  is  a  set  of  fingers,  and  Set  C  is  a  set  of 
Aetters,  each  of  the  elements  of  one  set  may  be  placed  in  one-to-one  corre- 
spondence with  an  element  of.  each  of  the  other  sets;  that  is,  each  ele- 
ment in  Set  A  may  be  matched  with' an  element  in  B  and  with  an  ele-^ 
ment  in  C,  as  illustrated  in  Figure  7.  Similarly,  each*  element  in  Set  B 


may  be  matched  with  an  element  in  Set  C  and  with  an  element  in  Set 
^  A.  Since  the  elements  of  these  sets  may  be  put  into  one-to-one  corre- 
spondence, they  ar^  said  to  havfr  the  same  cardinal  number.  This  com- 
parison of  sets  of  elements  with  respect  to  cardinality  is  possible  withtmt. 
the  use  of  number  names  or  counting.  For  example,  we  may  see  that  each 
person  in  a  given  set  of*teeople  matches  with  a  chair  fti  a  given  set  of 
chairs  and  yet>be  unable  to  say  how  many  chairs  or  how  many  people 
there  are  in  either  set.  If  there  are  some  empty  chairs  after  everyone  is 
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seated,  we  know  that  we  have  more  chairs  tl^n  people  but  wq  may  not 
be  able  to  say  liow  many  of  each. 

It  is  convenient,  however,  to  have  names  for  each  of  the  cardinal 
numbers.  These  names  may  be  anything  we  wish.  For  instance,  we  call 
the  cardinal  number  of  Sets  A,  B,  and  C,  'five'  because  historically  this 
worci'was  invented,  used,  and  understood  long  before  the  importance 
and  usefulness  of  this  appi\>ach  to  cardinal  numbers  by  wa^  of  equiva- 
lent sets  was  recognized.  Yet,  this  number  could  have  been  given  any 
arbitrary  name,  such  as,  'lu\  'hee\.'zoke\  'zume\  'funf,  'cinq': 

THE  COUNTING  NUMBERS— 1,  2,  3,- 

The  Natural  Numbers:  Throughout  the  elementary  and  secondary 
schools,  we  are  concerned  primarily  with  the  counting  numbers.  They 
are  man's  way  of  indicating  how  many  objects  are  contained  in  a  given 
collection.  These  counting  numbers,  the  simplest  of  numbers,  1,  2,  3,  •  •  • 
11,  12,  13,  •  • '  101,  102,  103,  •  •  •  1001,  1002,  1003,  •  •  are  the  building- 
blocks  for  the  other  numbers — fractions,  .positive  and.  negative  integers, 
irrational  numbers,  and  complex  numbers.  Other  names  commonly  used 
for  these  counting  numbers  are  integers',  *whole  numbers',  'cardinal 
numbers',  ahd  'natural  numbers'.  In  mathematical  ""usage,  as  opposed 
to  common  usage^  there  is  a  distinction  in  these  names.  The  integers 
include  both  positive  and  negative  numbers  and  zero.  Just  as  we  termed 
equivalent  all  finite  sets  that,  can  be  put  into  one-to-one  correspondence 
with  each  other  and  have  associated  a  number  name  with  each  set  of 
aH  such  sets,  so  infinite  sets  thjlt  can  be  placed  in  one-to-one  correspond- 
ence are  said  to  be  equivalent  and  to  have  the  same  cardinal  number. 
For  example,  we  can  place  in  one-to-one  correspondence  the  set  of  even 
numbers  and  the  set  of  positive  in^pgers  as  ~ 

1  2   3   4    5    6  7^-— 
:  .       ■'  :    :    :  : 

2  4      G      8      10     12   2n-— . 

All  sets  which  can  be  put  into  one-to-one  correspondence  with  the  set 
of  positive  integers  are  equivalent  infinite  sets  and  are  given  the  cardinal 
number  aleph-null,  No-  Aleph-null  is  the  first  or  least  'transfinite'  cardinal 
number. 

The  term,  'cardinal  number',  is  applied  to  both  finite  and  transfinite 
numbers.  The  technical  term  that  means  only  counting  numbers  is  'nat- 
ural numbers'.  We  shall  use  this  term  when  referring  to  the  counting 
numbers,  the  numbers  that  are  comm^iily  called  whole  numbers  in  ele- 
mentary school  mathematics.  j  *  ^ 
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Early  Number  Experiences.  Children's  early  number  experiences 
may  follow  either'an  ordinal  or  a  cardinui  approach.  Using  an  ordinal 
approach,  a  childlearns  the  number  names  in  sequence — one,  two,  three, 
four,  •  ••.  He. learns  that  the  name  three  conies  after  two,  that^jight 
comes  before  nine  and  after  seven.  He  may  then  mechanically  match  a 
sequence  of  number  names  with  a  sequence  of  objects.  ^V\en  he  is  couht- 
iifxg  rationally,  that  is,  ^yith  understanding  and  insight  into  the  counting 
process,  he  realizes  that  the  last  name  used  is  the  name  of  the  cardinal 
number  of  the  entire  set.  He  knows  that  the  arrangement  of  the  objects' 
does  not  make  a  difference  as  long  as  each  object  is  matched  with  a 
nu^nber  name  in  the  ordered  sequence  of  cardinal  numbers. 

Using  the  cardinal  approach,  one  of  a  child's  early  experiences  in  a 
study  of  number  is  to  recognize  and  learn  the  natural  numbers  as  names 
for  standard  sets  or  groups.  We  sliall  follow  *from^  this  approach.  A  child 
identifies  the  following  collections  iis  among  those  which  may  be  given 
the  name  *five',  and  learns  to  record  common  property  with  the 
numeral, /5'.  Any  one  of  the  Sets,  A,  B,  or  C  in  Figure  7  or  {/////} 
or  even  {6,  2,  8,  4,  7}  may  be  used,  as  a  standard  set  for  5  and  there 
need  be  no  previous  knowledge  of  such  symbols  as  *r,  *4',  or 

of  an  order  for  these  s^nnbols  in  order  to  obtain  the  cardinal  number, 
5.  However,  it  also  wolild  be  possible  to  use  the  previously  memorizeS^ 
ordered  set  of  symbols  { 1 ,  2^  3,  4,  5  j  as  the  represeniaiive  set  fo'r  defiriing 
the  cardinal  number,  5. 

Ordering  Standard  Sets.  To  continue  to  (Refine  so-called  sUindard 
sets  independently  of  each  other  would  result  in  a  long  list  of  names  to 
be. associated  with  a  corresponding  number  of  standard  sets.  To  deter- 
mine the  cardinal  number  of  a  set  it  would \be  necessary  to  try  to  estab- 
lish a  one-to-one  correspondence  between  the  given  set^and  the  elements 
of  many  standard  sets  until  a  standard  set  was  found  such  that  each 
element  in  the  standard  set  was  in.  "one-to-otie  correspondence  with 
each  element,  in  the  given  set.  This  soon  becomes  a  most,  inconvenient 
way  of  determining  the  cardinal  number  ora  given  set.' 

This  can  be  done  more  easily  b(y  considering  an  additional  property 
of  the  natural  numbers,  a  propertv  that  is  related  to  th^  very  feature 
which  has  made  them  seem  naiuraLyie  shall  let  the  sets  in  Figure'S  be 


AAA 


16 


OnOWTH  OF  ^tATHE^UTICAL  IDEAS 


representative  sets  for  1*  2,  and  3  respectively.  We  could  soon  have  an 
assorted  array  of  standard  sets,  asillustrated  in  Figure  9.  '  ■  ^  ' 

If  we  compare  any  two  of  these  Wts'by  matchihg  elements,  either  ^ 
they  are  equivalent  or  some  elements  of  one  set  are  left  over. 


A 

A' 

■A;  a: 

A  A 

A"  A' 

A  A 

AAA 

A.  A 

i 

FiQ.  9 

■  AV 

A;  A' 

» A  A.- 

A  A 
A  A 

A  A 
AAA 

"    ^  FiQ.  10  • 

t. 

Using  this  idea  of  nonequivalence,  we  can  arrange  an  ordered  sequence 
of  models  as  in  Figure  10. where  the  successor  of  a  given  set  is, a  set 
equivalent  to  the  given  set  with  one  more  element  in  it.  We  then  can 
assign  names  and  symbols  to  the  cardinal  numbers  bf  these  sets.  These 
\cardinal  numbers  are  ordered  by  the  ordering  of  the  representative  sets. 
pThus,  1  is  less  thati  2  is  less  than  3  because 2  is  1  +  1,  3  is  2,+  if ,  .  .  n 
is  (n  —  1)  +  1.  Once  this  ordered  system  is  created  and  the  order  memo--* 
rized,  counting  a  collection  meanis  assigning  to  every  member  of  the  set 
a  term  in  the  ordered  sequence  of  number  symbols.  If  any  set  of  discrete 
elements  is  ordered  in  some  way ,-5  we  also  can  use  the  ordered  sequeiice 
.  of  numerals  to  describe  the  position  or  place  of  a  particular  element  in 
.its  set.  For  example,  John  sits  in  the  fourth  row  from  {he  windows  in 
the  third  seat  from  the  front  of  the  room.  Or,  in  Figure  11  the.third  riiig 
ffbm  the  left  may  be  identified  as  illustrated. 


lOOOOOOOOOO  on    .  '    I  .1,  2  3,  4,  5,  6,  7,  8.  7T7\  '.■ 

•  -  '  FiQ-  11 

The  ability  to  set  up  correspondences  in  this  specialized  way  comes 
into  existence  when  the  first  few  number  words  have  been  committed, 
to  memory  in  their  ordered  succession  and  a  scheme  (including  a  system;, 
of  numeration)  has  been  devised  to  pass  from  any  natural  humber  to 
its  successor.  Each  new  .^natural  number  after  1  may  be  derived  froni^ 
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its  predecessor  by  adding  1.  Without  our  ability  to  ar^nge  things  in 
ordered  succession,  little  scientific  progress  eould  have  been  made.  The 
last  element  in  the  set  of  numerals  { 1,  2,  3,  4,  5,  6,  7,  8,  0,  10,  11,  •  •  • } 
needed  to  match  with  the  set  of  objects  names  the  number  of  the  set  of 
objects  or  elements.  By  this  matching  process,  we  are  able  to  answer 
two  questions— "How  many?"  and. \'\Vhich  one?"  Children  may  learn 
'these  number  names  with  an  understanding  of  the  sets  they  label  before 
they  can  read  the  name  or  recognize  the  numeral.  Furthermore  children, 
need  not  know  the  words  'cardinal'  dnd  'ordinal'  to  understand  and  use 
these  ideas.  '  . 

7,- 

THE  SYSTEM  OF  .NUMERATION      ^  " 

Early  Systems.  From  the  earliest  times,  most  civilizations  have  had 
'some  system  of  numeration.  At  first  these  s;^^stprris  were  unrecorded  for 
men.  developed  mathei^atical  understandings  and  used  mathematical 
ideas  long  before  they  had  any  methods  of  recording  these  ideas:  Manipu- 
lative materials  (pebbles,  sticks)  and  mechanical  counting  and  calculat- 
ing devices  (abacus,  countihg  board)  were  used  to  keep  records  of  posses- 
sions and  traosactions.  ^ 

These  early  numeration  systems,  while  varying  one  from  another  in 
form  and  complexity,  also  revealed  a  high  degree  of  similarity  in  terms 

'  of  basic  principles.  Each  inpvolved  the  use  of  a  base,  a  way  of  grouping. 
Some  systems  were  based  on  five,  ^the  Egyptians  and  Romans  used  a 
base,  of  ten,  the  Mayas  of  Yucatan  used*  the -base  of  twenty,  the  Baby- 
lonian system  was  based  on  sixty,  and  some  primitive  tribes  near  Aus- 
tralia had  a  base  of  two..  For  the  Egyptians,  Greeks,  and  Romans,  the- 
number  represented  by  a  eollectioh  of 'number  symbols  was  essentially 
inde()endent  of  the  position  or  sequence  in  which  the  symbols' were 
written.  Remnants  of  these,  various  systems  are  seen  in  our  number  sys- 
tem today,  such  as  the  use  of  score  for  20, and  the  division  of  hours  and 
degrees  into  ()0  minutes,  and  the  Roman  numerals  which  are  still  used 
for  such  purposes  as  inscriptions  on  public  buildings,  numerical  tablets, 
eoriierstones,  ornamental  clock  faoes,  and- for  designating  chapters  of 

/'books.  .  .     .  *  * 

From  the  early  unwritten  numeration  system,  the  present  decimal 

,  numeration  system  has  evolved.  While  it  is  called /Hindu-Arabic',  it  is 
in  reality  a  ^composite  of  ideas  from  many  civilizations,  including  the 
Babylonians  9,nd  the  Greeks.  It  eannot  rightly  be  claimed  in  its  entirety 
by  any  particular  group.  Using  the  ideas  of  symbol'  base,  and  positional 
notation,  we  often  gain  further  insight  into  our  decimal  system  by  using 
other  base^  instead, of  ten.  For  example,  using  the  symbols  to  which  we 
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TABLfi  1  * 

Set  of  elements   .  /.  ########  #### 

■  Set  of  ;aumerals  (base  ten)... .    1     2     3     4     5     6     7     8     9    10    11  12 
Set  of  numerals  base-seven).  .  .    1     2     3     4     5     6    10    11    12    13    14  15 

are  accustomed  and  counting  on  the  base  of  seven,  we  determine  the 
cardinal  number  of  the^  set  of  elements  by  pairing  them  with  number 
symbols  as  illustrated  in  Table  1.' 

In  other  words  the  same  number  is  represented  by  12  in  the  decimal 
system  and  by  15  in  a  numeration  system  based  on  seven. 

Table  2  illustrates  the  use  of  the  base  of  two.  If  we  use  the  duodeci- 
mal system  (base  of  twelve)  we  must  add  two  new  symbols  for  the  *10' 
_and  'ir  of  the  decimal  system.  Letting  these  symbols  be     and  *e',  we 

'count  as  illustrated  in  Table  3. 

V    .         ■  ' 

TABLE  2 


Set  of  numerals  (base  ten)  

  12  3 

4 

5  6 

7 

.8 

Set  of  numerals  (base  two) ...... 

  1    10  11 

100 

101  110 

111 

1000 

TABLE  3 

Set  of  elements  

Set  of  DumberaLs  (baa|||t.ibn)  

Set  of  numerals  (base  twelve)... 

1    2   3   4    5  6 
1.  2  3   4   5  6 

7  8 
7  8 

9  10  11 

9    t  e 

12  13 
10  11 

14  15 
12  13 

For  a  natural  number  written  in  the  duodecimal  system,  *13'  repre- 
sents 1  twelve  and  three  which  corresponds  to  15  (1  ten  and  5  ones)  in 
the  decimal  system,  to  33  on  the  base  of  four  (3  fours  and  3  ones)' or  30 
on  the  base  of  five /3  fives  and  0  ones). 

Why  then  do  we  have  the  base  of  ten?  It  is  strictly  an^^inheritance  from 
ancient  times.  Had  we  had  twelve  fingers  instead  of  ten,  we  have  reason 
to^bplieve  that  the  duodecimal  system  would  today  be  in  world-wide 
use  among  ci^/ilized  people. 

Our. System  o^lVumerals.  The  Hindu-Arabic  system  of  notation, 
like  most  great  achievements,  is  relatively  simple.  It  is  an  additiy^  sys- 
tem, utilizing  (1)  ten  symbols  ('0',  T,  '2',  ^3^  ^4',  *5',  'G',  7\  *8',  '9'), 
and  (2)  positional  notation.  Each  numeral  is  a  name  of  a  cardinal  num- 
ber in  its  own  right  and  represents  a  standard  set.  Furthermore,  each 
numeral  has  another  role.  By  its  position  in  the  name  of  an  integer,  it 
indicates  the  size  of  the  subsets  which  it  enumerates:  *3*  is  the  numeral 
for  a  set  of  three  elements;  '80'  is  the  numeral  for  a  set  of  3  collections 
of  10  each  or  of  thirty  elements. 
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Let  us  consider  the  numeral,. 6666.  The  digit,  *6',  represents  6  of  some- 
thing. The  place  in.  which  the  is  written  indicates  whether  the  some- 
thing is  ones,  tens,  hundreds,  and  so  on.  An  examiple  is  illustrated  in 
Scheme  1. 


Scheme  1 


6,    6  6 


—  6  ones  or  6  X  1  or  6  X  10°  (lO"-  =  1  by  definition) 

—  6  tens  or  6  X  10  or  G  X  10\ 

 6  hundreds  or  6  X  10  X  10  or  6  X  .10^ 

♦ 

 6  4^housands  or  6  X  10  .  X  10  X  10  or  6  X  10^ 

As  one  progresses  from  right  to  left  across  the  numeral,  '6666',  the 
number  represented  by  each  *6'  is  ten  times  the  value  of  the  one  preced- 
ing it,  or,  if  one  reads  from  left  to  right,  each  succeeding  digit  represents 
one-tenth  the  value  of  the  one  preceding  it.  Thus,  the  cardinal  number 
represented  by  any  digit  is  dependent  upon  the  digit  itself  and  the'place 
it  occupies. 

These  ^me  principles,  operative  in  natural  numbers  can  be  extended 
to  decimal  fractions.  Ifi  the  numeral  *l.r,  the  value  of  'T  in  the  'tenths' 
place  is  one-tenth  the  value  of  that  in  the  'ones'  place.  Decimal  fractions 
also  compound  in  powers  of  ten  as  do  the  natural  numbers.  Let  us  now 
consider  the  numeral,  '6606.666'  as  illustrated  in^Scheme  2: 


G  G  0  0.6  00 

I 


Scheme  2 


0  thousandths  or  O  X        or  O  XtLj  or  0  X  10"' 
1000  10*  _ 

0-huridredths  or  0  X       or  0  X       or  0  X  10^^ 

0  tenths  or  6  X  ^  or  0.  X       or  6  X  10""^ 

0  ones  or  0  X  1  or  0  X  10° 

0  tens  or  G  X  10  or  0  X  10^ 

0  hundreds  or  0  X  100  or  0  X  lO' 


-  0  thoihsiinds  or  0  X  1000  or  0  X  10'' 
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OPERATIONS  WITH  NATURAL  NUMBERS 

Addition.  Early^in  his  study  of  ntimber  a  child  sees  that  theTCollec-  ..L 
tion  of  6  is  the  saifeas  a  combination  of  collections  of  3  and  3,  of  4  and 
2,  of  5  and  1,  andf\so  on.  Later,  he  becomes  familiar  with  the  sign  =  " 
between  numerals  and  learas  tha^t  the  collection  designated  by  the  sym- 
bol* on  one  side  of  the  sign  is  equivalent  to  the  collections  designated  by 
the  symbols  on  the  other  side.  Fof  example,  a  set  of  balls  whose  nximber 
is.  4  and  another  set  of  balls  whose  number  is  2  may  be  combined  to  form 
a  set  of  balls  whose  number  is  6  (4  +  2  =  6).  This  bringing  two  sets  or 
collections  together  is  known  as  addition:  It  results  in  the  same  pattern 
that  the  child  recognized  in  his  study  of  the  group  of  6  where  he  learned 
that  *4  +  2'  is  another  name  for  6. 

At  advanced  levels  in  the  understanding  of  this  same  idea,  in  the  sec- 
ondary school  and  junior  college,  we  may  say  that  if  we  have  two  sets, 
A  and  we  can  consider  a  third  set  which  contains  eVery  element  which 
is  in  either  A  or  B.  This  new  set  is  called  the  union  of  ^4  and  B  (A  U  B). 
If  A  and  B  are  finite,  disjoint  sets,  that  is,  nonoverlapping  such  that  no 
element  may  be  in  both  sets,  and  have,  cardinal  nximbers  'a'  and  'b* 
respectively,  then  we  can  denote  the  cardinal  number  of  the  set  ^  U  B 
by  *a  +  h\  The  operation  that  determines  this  number,  a  +  6,  is  addi- 
tion. Consequently,  we  may  come  to  think  of  *6  +  2'  as  a  number,  as 
merely  another  name  for  '8',  and  not  as  an  operation  of  addition  as  thought 
of  earlier  in  the  elementary  school. 

It  is  important  for  the  development  of  number  sense  or  understanding 
that  children  practice  thinking  of  the  single  numbers  as  representing 
many  different  pairs.  For  example,  a  child  may  think  of  7  as  3  +  4, 
5  +  2,  6  +  L  He  later  uses  this  idea  in  adding  6  +  7  by  thinking  6+7 
is  the  same  as  6  +  (4  +  3)  and  then  as  <6  +.  4)  +  3,  as  10  +  3,  and 
finally  as  13. 

This  process  of  regrouping  6  +  (4  +  3)  as  (6  +.  4)  +  3  is  seen  to  be 
an  instance  of  the  associative  law  and  is  perceived  eventually  as  a  basic 
common  property  of  all  elementary  number  system's  in  arithmetic, 
algebra  and  even  vector  algebra.  More  generally,  if  we  should  have  three 
nonoverlapping  or  disjoint  finite  sets,  A,  B,  and  C,  with  a,  6,  and  c,  the 
cardinal  numbers  of  the  sets,  then  the  cardinal  number  of  the  union  of 
these  three  sets  will  be  the  number  (a  +  6)  +  c  =  a  +  (6  +  c),*'depend- 
ing  on  the  order  in  which  we  conceived  of  the  sets  to  be  combined. 

Diagramically,  letting  a  =  3,  h  =  ,5,  and  c  =  6,  the  union  of  Set  A, 
Set  and  Set  C  may  appear  as  illustrated  .in  Figure  12^  or  B.  Since 
the  final  new  set  and  the  elements  in  it' will  be  the  same  in  either  case, 
we  have  a  +  (6  +  c)  =  (a  +  6)  +  c  which  is  the  associative  law  of 
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Fig.  12 


^  B 


addition.  It  simply/  means  that  in  adding  3,  5,  and  6,  one  can  add  3^and 
5  and  to  that  sum  add  6,  or  to  the  sum  of  5^and  6,  add  3. 

A  child  also  learns  that  putting  2  balls  mth  4  balls  gives  him  the  same 
results  as  putting  4  balls  with  2  balls  (4  +  2  =  6  and  2  +  4  =  6)!  The 
recognition  of  this  property  is  very  helpful  to  children  in  learning  num- 
ber facts,  for  if  they  know  that  3  +  2  =  5,  then  they  also  know  that 
2  +  3  =  5.  Given  such  exercises  as 


32 
+21 


23 
+21 


32 
+  12 


21 
+32 


they  can  identify  those  that  will  give  the  same  sum  even  without  adding. ' 
This  corresponds  to  the  fact  that  in  operating  with  sets,  A  U  B  \^  postu-  ^ 
lated  to  be  equal  to  B  U  A  .  That  is,  to  combine  Set  B  with  Set  A  gives 
us  the  siime  set  as  combining  Set  A  with  Set  B.  If  the  sets  are  finite 
and  disjoint,  the  corresponding  cardinal  numbers,  a  and  6,  have  the 
property  that  a  +  b  =^6  +  a.  This  property  is  named  the  commuiaiive 
law  of  addition.  Thus,  adding  numbers  is  founded  on  experiences  of 
combining  sets  of  things. 

The  commutative  and  associative  laws  of  addition  are  the  principles 
, which  make  possible  checking  column  addition  by  adding  either  from 
top  to  bottom  or  from  bottom  to  top  or  in  some  irregular 'Sequence  when 
it  is  advantageous  .to  forego  order  to  group. by  tens,  and  so  on.  For  ex- 
ample, we  may  add  the  ones  in  the  example  below  by  adding  6  +  3  +  8  + 
4,  or  by  the  order  4  +  8  +  3  +  6,  or  (6  +  4)  +  3  +  8. 

.  36 
23 

18  . 

44. 

For  children- it  suffices  to  generalize  the  associative  and  commuta- 
tive laws  out  of  experiences  with  combining  and  counting  collections  or 
sets.  Later,'  in  the  secondary  school  students  state  these  ideas  of  order 
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and  grouping  in  addition,  as -statements  about  numbers,  a  +  6  =  6  + 
a  arid  (a  +  6)  +  c  =  a  +  (6  +  c).  X 

Subtraction.  Children's  first  experiences^  in  using  the  idea  of  sub- 
traction involve  the  taking  of  objects  fitnn  a  given  collection  and 
determining  how  many  objects  remain^^tarting  with  a  collection  of 
objects,  they  separate  it  into  two  collections — that  "which  was  left  and 
that  which  they  took  away.  For  example,  *5  — •  2  =  3'  where  5  was  the 
number  of  the  set  to  be  separated,  describes  for  them  the  result  of 
removing  a  set  of  objects  whose  number  is  2  and  leaving  a  remaining 
set  of  objects  whose  number  is' 3. 

Subtraction  also  is  used  in  answering  such  questions  as  "How  much 
larger  is  one  group  than  another?"  "How  many  are  taken  from  a 
collection  of  elements  if  there  are  so  many  elements  left?"  and  "How 
many  more  are  needed  to  complete  a  set?"  All  of  these  involve  sub- 
traction. Furthermore^aJ^^f  these  involve  additioa  in  the  sense  that 
one  of  the  numbers  irivwved  is  the  sum  of  the  other  two. 

Thus,  addition  is  a  fundamental  operation,  independently  defined; 
subtraction  is  merely  its  inverse  derived  from  addition  and  not  existing 
logically  until  after  addition  and  its  algorism  have  been  set  Hip,  e.g.,  if 

3  +  4  =  7,  then  7  —  3  =  4.  We  emphasize  this  relationship  between' 
addition  and  subtraction  from  the  outset  by  teaching  addition  and 
subtraction  facts  together,  and  by  emphasizing  the  presence  of  the 
addition  idea  in  the  applications  made  of  subtraction.  An  additional  use 
of  this  idea  occurs  when  children  see  that  they  may  check  their  subtrac- 
tion jproblems  by  addition. 

Children  learn  that  the  mathematical  models,  a  +  6  =  c  anAc  — .  b  = 
a,  may  fit  several  isituations  in  ^e  physical  world.  They  comyto  realize 
early  in  their  study  of  operations  with  numbers  that  situalions  which 
appear  different  in  the  physical  world  may  call  for  the  same  mathemati- 
cal process.  Each  may  help  to  understand  the  other.  For  example,  a 
child  who  has  5  cents  and  needs  12  must  come  to  realize  that  although 
he  must  add  7  to  5  to  get  12,  the  number  7  was  obtained  by  subtract- 
ing 5  from  12. 

Children  learn  that  subtraction  is  not  always  possible,  and  indeed, 

4  —  9  is  meaningless  in  natural  numbers.  From  such  experiences  eler 
nientary  school  children  conclude  that  they  cannot  take  a  larger  number 
from  a  smcjler  one.  Yet,  even  while  iiOthe  elementary  school,  they  may 
pjay  shuflle  board  or  other  games  where  they  may  go  in  the  hole,  and  they 

•may  hear  of  temperatures  below  zero.  An  elementary  teacher  should  not 
insist  that  "You  cannot  take  a  larger  number  from  a  smaller,"  but  should 
assure  her  children  that  such  a  problem  may  be  worked  but  that  in  doing 
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this,  another  kind  of  number  is  needed.  ^^Later,  we  will  discuss,  these 
numbers  which  make  subtraction  always  possible. 

Multiplication.  There  is  a  variety  of  situations  which  can  bcvused 
to  introduce  multiplication  of  natural  numbers.  Let  us  suppose \hat 
f^each  of  5  children  at  a  party  is  to  get  3  balloons  as  ^  favor.  How  many 
balloons  do  we  n(B«d?"  **If  each  of  three  brothers  puts  5  marbles  in  a  bag 
for  his  little  sister,  how  many  marbles  does  she  get?"  ^*If  we  have  3 
dozen  eggs,  how  many  eggs  do  we  have?"  Children  see  these  situations 
as  addition  problems,  addition  problems  where  the  groups^  be  com- 
bined are  of  the  same  size.  Diagrammatically,  the  bgJJetm  problem  is 
illustrated  in  Figure  13,  and  the  marble  problem  is  illustrated  in  Figure 
13A.  ■  - 
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Fig.  IZA 


These  diagrams  serve  tcr  emphasize  several  important  ideas  relating 
to  multiplication  of  natural.numbers.  Multiplication  of  natural  numbers 
is  equivalent  to  repeated  addition;  that  is,  5  threes  is  the  same  as  3  + 
3  +  3  +  3  +  3:  The  tprm  'ab'  is  equivalent  to  b  +.  b  +  b  +  •  •  •  for 
a  terms,  if  a  represents  a  positive  integer^  In  set  terms,  the  cardinal 
number  (2  X  3)  maybe  defined  to  be  the  cardinal  number  of  a  set  formed 
by  the  union  of  2  disjoint  Sets  of  3  elements  each;  i.e.,  3^  +  3  or  (a  X  b) 
may  lijcewise  be  defined  to  be  the  cardinal  number  of  a  set  formed  by 
the  union  of  a  disjoint  sets  of  6  elements  each. 

The  diagram  of  the  niarble  problem  above  presents  ^another  basic 
fact.  Multiplication  of  natural  numbers  is  commutative,  that' is,  3  X 
5  =  5  'X  3.  Children  use  this  idea  in  learning  the  multiplication  facts. 
Byjoarning  one  fact  a  child  has  learned  two  facts,  for,  although  he  knows 
that  3  +  3  +  3  3  +  3  is  different  from  5  +  5  +  5,  he  learns  that' 
given  the  pair  of  numbers,  regardless  of  the  order,  their ;product  is  the 
sai|te.  Later,  this  idea  is  viewed  and  used  as-  a  bahsic  property  of  all 
elementary  number  systems  and  of  many  algebras,  tKat  is,  ab  =  6a, 
fehc  commutative  law  of  .multiplic*ation. 

Multiplication  of  natufSl  numbers  is  associative;  (2  X  3)  X  4  =  2  X . 
(3  X  4)  or  G  X  -4  —         12,  This  idea  combined  with  the  commutative 
J^uy. for  multiplication  leads. to  such  short  cuts  as  one  takes  wh^n  he 
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,  mentally  views  2X8X5as2X5X8=(2X5)X8  =  10X8  = 

80.  In  practice  adults  do  not  think  of  all  these  separate  steps.  Working 

with  such  combinations  does  help  children,  however,  to  buiM  the 

meanings  and  understandings  which  are  sometimes  labeled  'number 

sense'  and  later  called  ^mathematical  maturity'.  Similarly  when  one 

mentally  does  3  X  20  he  should  not  have  to  visualize  this  as 
/'  •  • 

\    .  ^20  ■ 

'  1  X  ^ 

ancK^hen  think  3  X  0  =  0  and  3  X  2  =  6,  but  he  thinks  3  X  20  = 
'  3  X  (2  X  10)  =  (3  X  2)  X  10  -  60.  As  he  gains  experience  he  arrives 
at  a  poiqt  where  he  sees  2  X  40  as  (2  X  4)  X  10  or  80,  20  X  40  as 
(2X4)  X  10  X  10  as  (2  x'4)  X  100  or  800. 

The^mature  arithmetician  does  not  think  oiit  each  step  of  this  process, 
nor  does  Jie  learn  it  as  a  process  taught  in  school,  but  his  understanding 
of  the  decimal  system  of  numeration  and  of  the  associative  and  com- 
mutative principles  leads  him  to  make  such  combinations  automatically 
and  subconsciously.  This  level  of  learning  will  be  reached  only  if  teachers 
point  out  and  use  these  principles  repeatedly  at  all  levels  of  instruction. 

Another  ijdea  whicfe  is  used~  repeatedly  at  all  levels  is  the  distributive 
law.  For  example,  since  5  may  be  thought  of  as  3  +  2  then  instead  of 
of^3  X  5  \v;e  may  think  of  it  as  3(3  +  2)  or  3(3)  +  3(2)  =  9  +  6  =  15 
as  illustrated  in  Figure  14.  More  generally,  for  any  numbers,  a,  6,^and 

a  +  c)  =  (a  X.b)  rf  (a  X  c).  Since  the  two  sets  are  equivalent, 
they  have  the  same  cardinal  nu^foers,  that  is,  (3  X  3)  +  (3  X  2)  =  3 
X  5.  We  will  s^  in  a  short  time  that  this  idea  is  essential  in  deriving 

rule  for  such^operations  as  finding  the  product  of  43  and  65. 
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'The  commutative,. associatiVe,5ftnd  distributive  laws  are  the  basis  for 
deriyingmostof  the  important  properties  of  systems  of  Vimbers. 

Division.  We  have  see]i  that  the  model  for  solving  such  examples 
as  3  X  5  =  15  is  of  the  form  'a  X  b  =  c\  where  the  number  to  be  found 
is  c.  Should  it  bp  necessary  to  find  one  of  the  factors,  as  3  X  □=  15 
or  □  X  5  =  15,  when  given  c  and  one  of  the  factors,  either  a  or  6,  then 
the  inverse  of  multiplication  is  necessary.  This  inverse  process  is  divi- 
sion' - 
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Suppose  that  we  had  15  candies  to  be  tied  in  packages  of  3  ^ch. 
How  many  packages  of  candy  would  we  have?  In  numbers,  15  3  =  n. 
We  separate  the  15  candies  into  groups  of  3,  finding  that  we  can  make 
5  packages.  Another  problem,  conceptually  different  for  elementary 
school  children,  is  stated  by  askihg  what  woula  be  the  share  for  each 
person  if  we  divided  15  candies  among  3  children,  tha£  is,  if  we  would 
separate  the  15  elemeriy^to  3  equal  (same  number  in  each)  sets.  In 
numbers,  15  -r-  n  =  3.  Th^  first  situation* involved  our  taking  n  groups 
,of  3  from  15  and  determining  that  n  was  5.  In  the  second  problem  we 
were  forming  3  groups  from  15  and  determined  the  size  of  each  group 
to  be  5^^oth  situations  were  solved  by  3)15.  These  two  applications  of« 
divisiof^are  commonly  known  as  quotative  (measurement)  and  partitive 
(sharirjg)  division  situations.  Although  not  so  defined  in  the  classroom 
with  children,  children  are  given  many  experiences  with  both  kinds 
.  of  problem  situations  so  that  they  may  come  to  learn  to  recognize  that 
these  different  situations  have  a  common  solution  because  they  both 
call  for  finding  one  of  the  factors  when  we  knot^tha  othet  factor  and 
the  product.  '  ^ 

As  with  addition  and  subtraction,  an  important  use  is%iade  of  the 
inverse  relationship  between  multiplication  and  division  when  multiplica- 
tioa.  is  used  to  check  the  result  of  division.  Both  the  process  and  its 
fundamental  character  should  be  pointed  out  to  stydents.  If  they  learn 
early  that  any  question  about  division  must  be  settled  by  reference  to 
the  fundamental  operation,  multiplication,  they  will  not  have  so  much 
trouble  later  with  the  fact  that  division  by  zero  is  impossible.  Wheh 
faced  with  • 

?=?       =        =  ? 
G    '    0        0  . 

they  will  convert  them  to  0  =  ?  X  6,  6^=  ?  X  0,  0  =  ?  X  0  and  see 
that  the  answers  are  *'0,"  *'no  number,"  and  ''any  number"  respec- 
tively. When  the  students -are  more  mature  they  may  be  warned  against 

the  improper  use  of  the  word  infinity'* and  the  symbol 


and  interested  in  the  ideas  associated  with  the  fact  that  we  may  write 
lim  -  =  CO  if  *  CO '  has  been  carefully  and  properly  defined. 

OPERATIONS  AND  TITE  NUMERATION  SYSTEM 

In  the  elementary  school  one  cannot  be  rigorously  logical,  but  one 
can  build  concepts  that  are  consistent  and  easily  ext^ded  to  more 
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abstract  ideas  in  the  secondary  school.  At  the  elementary  level  we  • 
regard  the  four  operations  with  natural  numbers  (addition^  subtraction, . 
multip^lication,  and  division)  as  processes  of  combining  two  or  more  sets 
into  one  set  and  separating  one^t  into  two  or  more  sets. 

The  principles  of  the  decimal  system  of  numeration  constitute  the 
foundations  upon  which  the  rationale  of  the  four  operations  is  built  not 
only  witJi  natural  numbers  but  also  with  decimal  and  common  fractions. 
For  instance,  in  adding  two-  and  three'-place  numbers/ children  learn  to 
analyze  situations  and  to  clevise  algorisms  in  a  variety  of  ways,  as  shown 
ir>the  following  exarriple: 

79  +  6  may  be  regarded  as 

79  +  6  =  (70  +  9)  +  6,  to  be  completed  by  counting,  or 
79  +  (1  +  5)  =  (79  +  1)  +  5  •  ^ 

=  80  +  5^  85,  solved  by  grouping  in  tens,  or 
79  +  6  =  70  +  (G  +  9)>to  be  completed  by  adding  ones.  * 
The  iilgorism  for  adding  32  and  40  may  be  viewed  as 

32  +  46  =  (30  +  2)  +  (40  +  6)   ■  ^ 
.  =  (2  +  6)  +  (30  +  40) 

\  =  8  +  70  or  78, 
or  as,  32  +  46  =  32  +  40  +  6 
•  V    '  =72  +  6  or  78. 

In  doing  the  above  problems  children  have  used  the  ideas  of  the 
commutative  and  associative  laws  without  ever  hearing  the  words. 
Later,  in  algebra,  these  laws  are  written  as:  ^ 

a  +  6  =  6  +  a  (Commutative  law  of  addition) 

ah  =  ha   —  (Commutative  law  of  multiplication) 

(a  +  6)  +  c  =  a  +  (6  +  c)   (Associative  law  of  addition) 

{ah)c  =  a(hc)  (Associative  law  of  multipli^ion) 

^  ■ 

We  will  later  note  the  use  of  these  in  factoring,  in  creating  an  under- 
standing of  the  operations  with  signed  numbers,  and  as  a  guide  in 
extending  our  number  system. 

Tn  subtraction,  the  place  value  idea  and  the  process  of  reparation  are 
basic  principles  underlying  both-the  meaning  and  the  algorism  for  the 
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operation.  The  numeration  system  indicates  the  way  in  which  the 
algorism  shall  be  written.  It  also  is  the  basis  on  which  we  operate  in  the 
process  of  regrouping  a  larger  unit  into  smaller  units,  such  as, 

-*   '  7000 
.  '  -_329  ' 

A     .  6671 

where  700  tens  is  regrouped  into  699  tens  and  10  ones,  as 


6990  +  10 
-  320  ~  9 
6670  +  1 


or 


699  10 
-  32  9 
667  1, 


In  multiplication,  the  system  of  numeration  and  the  distributive  law 
give  us  a  way  of  writing  the  partial  products.  For  example,  46  X  23  is 
written  (40  +  6)  (20  +  3)  or  (40  X  20)  +  (40  X  3)  +  ,(6  X  20)  + 
(6  X  3).  This  is  commonly  written  as  • 

'  23 
X46 

where  we  find  6  twenty-threes  or  (6  X  3)  +  (6  X  20)  =  138.  Similarly, 
40  twenty-threes  is  written  (40  X'  3)  +  (40  x  ;20)  =  920,  We  may 
write. 

23 

'        •  X  J6 

138 
92 
1058 

where  positional  notation  makes  it  possible  to  express  920  by  *92'. 

The  division . process  too  depends  on  our  system  oi  numeration.  If 
we  think  of  465  3  as  separating  465  into  3  equal  groups  then  we  think 
of  our  problem  as  3)400  +  60  +  5  or  as  3)300  +  150  +  15  =  100  + 
50  +  5  —  155.  However,  if  we  think  of  465  3  as  finding  the  number  of 
groups  of  3  in '465,  then  this  may  be  viewed  as  subtracting  3  in  multiples 
of  100,  10,  and  so  on,  as  - 


3)405 
300 

165 
150 

15 
15 


100 


50 


\ 
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Just  as  the  place-vaMe  principles  of  our  decimal  system  of-  numeration 
and  the  general  princLles  for  operations  with  numbers  have  been  used 
here  in  thie  developmedtjiJ  the  algorisms  we  now  employ,  so  we  should 
take  advantage,  of  every  opportunity  to  illustrate  and  emphaisize  the 
meaning,  use,  and  importance  of  these  principles:  When  we  attack  our 
mathematical  p/oblems  by  using  automatically  the  ways  of  saying, 
thinking,  and  writing  numerals  we  have  been  taught,  we/'are  manipu- 
lating \>y  habit,  without  reference  to  meaning.  While  we  possess  a 
perfect  symbolism,  we  oft^n  use  it  wiCh  little  sense.  The  Bysiem  thinks 
for  us!  It  is  gpcKi  to  set  up  habits  of  accurate,  rapid  computation,  but 
computation  will  be  quicker  and  «iore  accurate  and  the  .processes  will 
be  remembered  longer  and  more  easily  applied  to  new  situations  if  they, 
have  been  liearned  through  developmental  processes  with  an  understand- 
ing of  their  meaninjg. 

/         SPECIAL  NUMBERS 

One.  Every  natural  number  is  special,  just  as  is  every  person,  be- 
cause it  is  unique.  However,  1  is  extra  special  for  several  reasons:  (1) 
it  is  the  first  natural  number,  (2)  it  was  the  child's  building  block  out 
of  which  all  natural  numbers  may  be  formed-. .(any  number  phis  one 
produced  a  mccessor  number),  and  (3)  1  times  a  number  equa'ls  that 
same  number  (1  X  n  =  n).  It  is  for  this  last  reason  that  mathematicians, 
call  1  the  'multipli^tive' identity  element'*.  It  is  the  element  in  the  set 
of  natural  pumbers\vrtuch' when  used  as  a  multiplier  with  any  other 
element  produces  that  other  element  as  the  product.  For  example,  1 
four  or  1  X  4  =  4.  1  X  a  =  a.  This  property  is  retained'by  the  natural 
number  1  as  the  number  system  is  emended  through  elementary  mathe- 
matics into  algebra  and  into  more"Tidvanced  mathematical  topics. 

This  property  is  the  basis  for  several  other  properties.  It  is  from  this 
property  that  we  know  that  a  4-  1  =  a,  because  a  =  1  X  a.  Similarly 
a  a  =  a/q  =  1  (a  0)  because  a  =  1  X  a.  That  a/1  =  aandra/a  =  1, 
for  every  a  except  0,  are  important  ideas  in  dealing  with  fractions. 
For  example,  " 

.  24      12  2 

_  =  _X-  =  lX2or2. 

Stressing  these  facts  early  helps  to  avoid  later  difficulty  in  adding 
mixed  numbers  in  both  arithmetic  and  algebra. 

Zero.  Zero  is  the  cardinal  number  assigned  to  the  empiy^  or  null  set, 
the  set  containing  no  elements.  This  is  familiar  in  everyday  experiences — 
the  empty  cookie  jar,  the  no  score  made  in  the  dart  game  when  the  dart 
always  went  off  the  board,  no  money  left  from  the  allowance;  no  pencil. 
■  '  ,  ■  ■     .  ■  .  \ 
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\ .  In  some  respects  zeroTis  very  much  like  one.  Zero  is  an  tden^zV  element, 
ijb  is  the  additive  identity,  that  is,  a  +  0  =  a,  for  all  numbers  a. 

with  l,i;liis  leads  to  additional  properties,  namely,  a  —  0  =  a  and 
a  V-  <«  -==  0.  Zero  also  presents  special  properties  and  problems  in  con- 
nection with  multiplication  and  division.  We  will  discuss  these  uses, - 
.  pro^rties',  and  problems  later. 

ZfTo  and  orie  are  most  important  numbers. 

RATIO-LIKE  NUMBERS 

T|e  natural  numbers  are  adequate  for  counting  and  calculating 
wheii  we  wish  to  determine  /loii;  many.  But  how  cail  we  use  these  numbers 
to  ntfeasure  a  half  cup  of  milk,  a  part  of  a  yard  of  ribbon,  one  of,  three 
equffl  shares  of  a  quantity  of  meat?  For  these  purposes,  the  natural 
nirfnbers  are  inadecjuate.  We  need  n^^  numbers.  Fractions  were  in- 
v^nted  to  deal  with  parts  of  things  and  make  division  always  possible. 
W^eca^  that  given  a  pair  of  natiural  nimibers  such  as  5,  3 "there  was 
not  aiSSfe^s  a  third  number  to  represent  the  quotient,  5  ^3. 

Fractions.  Historically,  fractions  owe  their  creation  to  the;  transi- 
tion from  counting  to  measuring.  The  very  word  'fraction'  tells  us  some- 
thing about  the  early  'significance  of  these  numbers  for  it  comes  from 
the  same  L^tin  root  as  fracture;  in  German,  fractions  were  once  called  , 
gehrochen  zdhl^  or  broken  numbers.  The  symbol  for  a  fraction  is  a  pair 
of  numerals.  For  the 'elementary  school  student  one  member  of  the  pair 
specifies  the  number  of  parts  into  which  the  unit  has  been  divided  and 
the  other  of  the  pair  specifies  the  number  of  these  parts  with  which 
-we  are  concerned,  ^  ^ 

The  earliest  occurrence  of  fractions  dates  back  almost  to  the  pre- 
historic period.  In  the  earliest  Egyptian  writings,  w^  find  that  the 
Egyptians  used  fractions  which  today  we  describe  as  unit  fractions,  e.g.,  _ 
'Ms  'H,'  'yi'-  Instead  of  restricting  themselves  to  fractions  with  unit 
numerators,  the  BabJ'lonians  restricted  their  denominators  to  60  and 
the  powers  of  60.  It  is  to  this  fact  that  we  attribute  our  modem  use  of  a, 
'  minute  as  3^o  of  a  degree  or  of  an  hour,  and  a  second  as  j^o  of  a  minute. 
This  restriction  of  the  denominator  to  powers  of  one  number  is  basic  to 
our  'decimal  fractions'  in  which  denominators  of  10  and  powers  of  10 
are  indicated  by  the  position  in  which  we  write  the  digits  0,  1,  2,  ...  8,  9. 

The  first  recognition  that  any  pair  of  numbers  might  be  used  to 
represent  a  new  number,  a  fraction,  occurred  in  the  early  days  of  Greek 
mathematics.  So,  we  find  the  development  effractions  from  those  which 
were  limited  in  their  numerator  or  in  their  denominator  to  those  which  * 
could  have  any  number  as  a  numerator  and  any  number,  excluding- 
zero,  as  a  denominator. 
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Today,  in  modern  mathematics,  fractions  iriay  be  conceived  of  as  an 
ordered  pair  of  integers.  This  concept,  of  fractions  is  more  abstract  thau 
the  notion  of  fractions  as  associated  with  things  such  as  measures  of 
^grain,  pieces  of  pie,  or'f)lots  of  land.  Before  discussing  thisJmatheniatical 
approach,  let's  tiirn  to  some  daily  life  applications  of  fr/ctions  used  in 
the  initial  development  of  these  ideas  in  the  elementary/school. 

Ikiterpre.tations  of  Rational  Numbers.  A  fraction  dr  rational  num- 
ber such  as  %  may  be  used  in  a  variety  of  ways  to  describe  physical 
situations.  In  some  uses  fractions  are  measures  of  a  quantity  or  the  re- 
sult of  an  operation;  in  others  they  represent  relations  ^etween  sets. 

As  <x^mea8urej  the  fractional  numeral,  may  be  conceived  of  ^s 
(1  j  naming  the  number  property  of  a  set  of  3  elements  i^ich  of  which  is 
K  of  some  unit.  If  Figure  15  represents  a  candy  bar  divided  into  5  equal 
parts,  we  may  represent  %  as  the  3  shaded  parts'  (2)  It  may  be  regarded 
as  representing  >g  of  3  units.  If  Figure  46  represents  3. candy  bars,  pkced 
side  by  side,  and  divided  into  five  equal  parts,  th^shaded-portion  repre- 
sentsof  the  3  candy  bars.  A]so%  m^y  ^ei55^rdedasrepresentingthe  ' 
outcome  of  the  process  of  division.  For.  example,  3.-^  5  =  because, 
'as  we  will  see  later,.  5  X  H  ==^  3.  Further,  when'13  is  divided  by;5,  the 
quotient  earlier  expressed  as  2  with  a  remainder  of  3  may  now  be^written^ 
asi%'or2  +  %. 


Fig.  15  Fig.  16  .  J 

As  a.  representative  of  s;.^ relation,  the.  fractional  numeral -d'esignates  a. 
ratio.  The  ratio  which  also  may  be  expressed  as  *'tKe  ratio  of  3  to 
5,"  or  '*3  out  6f  .5,'\or  **3:5,"  is  interpreted  in  its  applications  to  mean 
that  giyen  2  groups  of  objects,  for  every  3  elements  in  one  group,  there 
are  5  elements  in  the  other.  The  two  groups  may  contain  9  and  15  ob- 
jects respectively,  or'SO  and  50,  45  and  75,  and  so  on.  The  essential 
condition  is  that  if  the  first  .group  contains  3  X  fc  objects,  then  the 
second  group  contains^  X  A:  objects.  Similarly  if  the  i»ati6  of  the  side 
of  a  square  to.  its  diagonal  is  given  as  1  to  \/2,  this  does  not  mean  that 
tha  particular  square  being  considered  has  a  length  of  1  unit  and  its 
diagonal  is  \/2  units  but  rather  these  2  .lengths  may  be  represented  by 
2  numbers  such  that  if  the  first . is  some .  number,  say  n,  units  long, 
then  the  length  of  the  second  is  represented  by  the  number,  C\/2  X  n). 
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Only  integers  sueh  as  1,  2,  3,  4,  . . .  (and  later  the  negative  integers 
—  1,  —2,  —3,  —4,  .  /,)  may  be  used  to  make  rational  fractions  sueh 
as  3^.  However,  our  last  example,  the  ratio  of  1  to  \/2,  indicates  that ' 
we  may  also  use  any  real  nuinbers  sueh  as        tt,        in/forming  ratios,. 
We  will  discuss  such  numbers  later.  Here  we  will  illustrate  ratio  in 
terms,  of  pairs  of  positive  integers.  If  a  and  h  are  a  pair  of  numbers 
which,  are  used  to  name  a  ratio  a/6  or  (a,  6),  then  all  pairs  of  numbers^ 
(^•a,  kV)  obtained  by  multiplying  a  and  h  by  the  same  number  k  rep-^ 
resent  the  same  ratio.  Thus  the  ratio  3/5  may  also  be  represented  by 
the  number  pairs  (9,  15),  (12,  20),  (15,  25),  (30,  50),  (36,  60),  (45,  75), 
and  so  on,  all  of  which  represent  the  same  ratio  by  this  definition.  In 
fact,  a  ratio  can*be  defined  as  a  set  bf  ordered  number  pairs  all  of  which 
are  equal  in  accord  with  this  or  a  similar  definition  of  equality. , 

'A  typical  ratio  problem  would  then  be:  "If  the  ratio  of  the  number 
of  Pete's  hits  to  the  number  of  times  he  has  been  at  bat  is  300  to  1000, 
and  he  . has  been  at  bat  20  times,  how  many  hits  has  he  made?"  This 
merely  says  the  (300,  1000)  and  (?,  20)  are  both  members  of  the  same 
set  of  equal  number  pairs.  Noting  that  "3-^0  X  1.000  =  .20  we  realize, 
that  the  number  represented  by  must  be  J^o  X  300  =  6.  This 
problem  also  illustrates  that  a  ratio  may  frequently  be  thought  of  as  a!  . 
rate.  Thus  Pete  was  hitting  at  the  rate  of  300  hits  per  1000  times  at  bat 
or  of  3  hits  per  10  times  nt  bat  or  of  .3  hits  per  time  at  bat.  Of  course. 
i3  hits  is  nonsense  in  baseball,  but  the  idea  of  a  ratio  gives  meaning  to 
the  statertiefit  as  a  whole. 

We  recognize,  of  course,  that  this  problem  could  have  been  written 

and  solved  as  an  equation,  lOOO/i  =  300  X  20.  This  is  often  called  a 

.  ■  ■ 

•  300       n  . 


^  .    1000  20' 

.prrijportion,  or  ms  the  substitution  of  20  for  t  in  another  equation,  some- 
times called  a /orm/z/a,  '  r 
'  •    '                                  •  ■     ni^ .  -    *■  ' 

where  b  represents  the  number  of  times  Pete  has 'been  at  bat  and  h 
represents  the  number  of  hits  he  will  have,  had  if  he  is  batting  300,  We 
believe  that  all  of  these  approaches,  and  two  others,  should  be  tiiught  - 
clearly  and  as  related  to  one  another  as  the  topic,  of  ratio  is  developed 
through  the  grades  at  progressively  higher  levels  of  maturity.  The  two 
other  approaehes  we  refer  to  are  the  graphical  approach  and  the  ap- 
proach via  the  power  function  y  =  aic"  which  ultimately  unifies  direct 
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and* inverse  variation  with  graphs,  ratio,  and  proportion.  This  power 
function  will  ha  discussed  in  the  next  chapter,  **Rqlati6ns  and  Funcr 
tions,''  which  will  also  extend  further  the  discussion  of  sets  of  ordered 
pairs  of  numbers. 

Let  us  return  here  to  the  discussion  of  rational  numbers  and  their* 
€quivalence  which  we  began  above.  We  recall  that  the  early  Greeks 
were  the  first  to  use  any  two  integer3  in  writing  fractions.  We  now  note 
tliat  some  Greek  writers  wrote  the  two  numerals  on  one  lin^ttfus,  3,5 
(using  Greek  numerals);. some  \yrote  the  denominator  above  the  num- 
erator, 5;/ome  wrote  the  numerator  above  the  denominator,  In  all 
•  these  cascjs  there  were  three  central  ideas:  (1)  new  numbers,  today  called 
fractions,  rational  numbers,  or  rational  fractions,  were  constructed  out 
of  old  numbers;  (2)  a  rational  fraction  is  a  pair  of  natural  numbers;  (3) 
the  two  numbers  of.  a  particular  pair  do  not  both  play  the  same  role, 
that  is,  they  are  not  interchangeable  and  must  be  distinguished  from 
each  other.  '  > 

Early  Ideas  of  Equivalence  Classes^  Just  as  a  natural  number  can 
he  designated  by  such  different  numerals  as  5,  (3  +-2),  (4  +1),  so 
a  nitional  number  can  be  designated  by  different  pairs  of  numerals. 
As  a  common  concrete  approach,  a  unit,  as  in  Figure  17,  whicH  has  been 
divided  into  2  equal  parts  may  be  divided  into  4  equal  parts  by  dividing, 
each  half  into  two  equal  parts  or  into  8  equal  parts  by  dividing  each 


Fro.  17 


half  into  4  equal  parts.  From  this  we  see  intuitively  that  two-fourths  is 
(equal  to  one-half  and^that  four-eighths  is  equal  to  two-fourths  or  to  one- 
half.  From  this  and  other  examples  students  discover  that  a  new  but 
equivalent  fraction  may  be  derived  from  another  fraction  by  multiplying 
its  numerator  and  denominator  by  the  same  number.  We  then  may  have 
an  infinite  set  of  different  number  names  for  the  number  property  of  a 
part  of  a  unit.  From  such  experiences  evolves  the  generalization  that  if 
the  numerator  and  denominator  of  a  fraction  are  multiplied  by  the 
same  number  or  divided  by  the  ?ame  number,  the  resulting  new  fraction 
is  equal  to  th^e  earlier  fraction.  In  a  purely  logical  organization  df  the 
fractional  part  of  our  real  number  system,  we  will  see  that  this  becomes 
a  theorem  derived  not  from  diagrams  or  objects  but  from  a' definition  of 
equal  fractions. 
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FRACTIONS  AS  ORDERED  PAIRS  OF  NATURAL  NUMBERS 

Probably  the  best  definition  of  %  from  a  ir.athematical  viewpoint 
is  that  %  is  meirely  an  ordered  pair  of  natural  numbers  which  could  just 
as  well  have  been  written  (3,  5).  The  ordered  merely  means  that  (3,  5) 
is  riot  the  Same  as  (5,  3)  just  as  %  is  not  tb  j  same  as  The  order  in 
which  the  numbers  are  named  makes  the  difference.  We  will  explore  this, 
mathematical  definition,  further  in  the  next  section.  The  preceding  con- 
crete interpretations  may  be  used  as  steps  leading  students  over  the 
years  from  representations  of  fractions  by  things  to  the  abstraction  of  a' 
rational  number.  The  ordered  pair  (3,  5)  together  with  the  mathematical 
principles  governing  the  operations  v/^th  it  are  a  single  mathematical 
model  which  can  be  used  to  represent  these  several  types  of  conceptual, 
physical,  or  concrete  sityations  as  3  of'  5  equal  parts  of  a  unit,  or  a 
comparison  between  a  collection  of  3  and^a  collection  of  5. 

A  rational  number  is  also  on  occasion , defined  as  a  number  .which 
may  be  written  as  p/g,  the  quotient  or  ratio  of  two  integers  p  a,nd  q. 
Our  definition  that  a  rational  number  is  an  ordered  pair  of  integers 
(p,  q)  \s  equivalent  to  this.  Although  logically  arbitrary,  this  abstract 
approach  to  our  definitions  is  being  guided  by  our  intuitive  identifica- 
fion  of  the  pairs  (1,  2),  (2,  3),  (3,  2),  (2,  1)  with  our  old  friends  the 
rational  fractions  2,^,^^, 

.  We  now  ask,  ^*Are  two  different  pairs  ever  equdlnud  if  so  when?" 
'  This  question  cannot  be  answered  with  logical  rigor  until  we  define 
equality  for  ordered  pairs  of  integers.  Past  experience  with  fractions 
suggests  that  a  useful  definition  is:  Two  ordered  pairs  of  integers  (p,  q) 
and  (a,  6)  are  equal  if  and  only  if  pb  =  qa.  This  defines  equality  of  our 
new  ordered  pairs  in  terms  of  the  equality  of  our  old  friends,  the  integers, 
since  p,  g,  a,  and  &  are  integers.  (Actually,  in  this  chapter,  we  have  not 
yet  extended  our  number  system  from  the  natural  numbers  to  the 
integers,  hut  all  that  is  said  here  applies  to  both.)  For  example,  (1,  2)  = 
(2,  4)  =  (43,  6)  and  (3,  5)  =  (6, 10)  but  (1,  3)  (3,  1)  nor  does  (2,  0)  K 
(0,  2).  These  statements  follow  from  the  facts  that  1  X  4  =  2X2; 
that  2  X  6  =  4  X  3;  that  3  X  10  =  5  X  6;  that  6  X  15  =  9  X  10; 
that  1  X  1  3  X»  3;  and  that  2  X  2  0  X  0.  These  equalities  furnish 
the  real  mathematical  proof  that  J-^  = =  H-  We  derive  the  equal 
pairs  from  one  anotlier  by.  multiplying  (or  dividing)  each  integer  of  one 
pair  by  the,  same  integer.  In  general  terms,  the  theorem  that  (p,  q)  = 
(hp,  kq)  follows  from  our  definition  of  equality  of  pairs,  because  p(kq)  = 
q(kp).  This  is  the  mathematical  proof  of  the  rule  that  a  fraction  is  un- 
changed if  its  numerator  and  denominator  are  multiplied  or  divided  by 
the  sam^  number.  We  previously  discovered  this  by  breaking  into  parts 
such  materials  as  geometric  figures,  pieces  of  pie,  and  pandy  bars. 
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OPERATIONS  WITH  RATIONAL  NUMBER^ 

Earlier  in  this  chapter  we  saw  how  we  could  operate  with  the  natural 
numbers.  We  recognized  the  usefulness  and  importance  of  the  fact  that 
the  natural  numbers  obey  associative,  commutative,  and  distributive 
laws  with  respect  to  the  operations  of  addition  and  multiplication.  :We 
would  hope  to  define  operations  with  fractions  such  that  these  laws  still 
hold  true.  ,  '  *  ' 

Addition  and  Subtract^^.  We  recall  *2  +  3'  expressed  the  number 
resulting  from  t^e  union  orwTr^ts  whose  cardinal  numbers  were  2  and 
3  and  that  we  could  also  express  the  result  of  this  union  by  the' numeral, 
*5'.  At  the  early  intuitive  level  we  associated  -*}^'  with  1  part  which  has 
been  obtained  by  dividing  a  whole  into  2  equal  parts.  If  we  wish  to 
combine  .}'^  of  a  unit  and  3^  of  that  s^c^unit, -the  sum  may  be  written 
as  +  H'.' However,  if  we  wish  to  express  this  as  one  fractional 
numeral,  then  we  must  get  a  common  unit  of  measure.  Earlier  we  have 
noted  ^hat  fractions  may  be  changetj  to '  equivalent  fractions  if  we' 
multiply  their  numerators  and  the  denominators  by  the  same  nonzero 
^number.  Our  problem  then  becomes  that  of- finding  a  common  unit  that 
can  be  used  as:  a  measure  for  each  of  the  two  fractions.  We  regard  %  as 
3  X  H  Jind  %  as2  X  H.  Thus  3  one-sixths  and  2  one-sixths  are  5  one- 
sixths.  This  is  consistent  with  addition  of  natural  numbers  for  just  as 
3  +  2  =  3  +  2,  3^  +  2^  =  2^  +  Similarly,  just  as  (1  +  3)  +^ 
2  =  1  +  (3  +  2),  or  4  +  2  =  5,  +  +  Ve  =  Ve  + 
(H  +  H)  or  %  +  H  r=  J4  +  may  write      ^       as  *%  + 

or Thus,  addition  of  fractions  involves  first  getting  equivalent 
fractions  with  the  same  number  as  the  denominator  and  then  adding 
the  numerators,  ' 

Another  hnportant  fact  which  follows  from  the  definition  of  equality 

of  fractions  is  that'2f=  3^  =  ^Jij  =  ^o^qq  f=  a/a  =  1.  This  should 

he  associated  with  several  types  of  problems  and  related  ideas.  For  ex- 

• .  /  •  -  3+1 

ample,  in  dealing  with*  improper  fractions      may  be  regarded  as  — - —  . 

*  .'  "  o 

3    i         1  1 

This  becomes  it  +  .-x  =f  1  +  ^  =  .1  5.  Let  us  note  the  relationship  of  the 
fjxct,  a/a  =  1,  to  the  processes  of  addition  and  subtraction. 

• .  .    ■  -  31 '   •  • 

5^.=  0  +  t  +  I  =  5  +  1  +  i  =  6i,  " 

■     =  ;i+  I  +  ?  =  31 
■      •  •  ^    ■    -  _i« 

o   '■  —   
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Children  come  to  see  that  the  idea  in  the  relatioitship  a/a  =  1  is  re- 
lated to  the. regrouping  necessary  to  combine  fractions  in  addition  and 
.subtraction. 

We  have  emphasized  that  in  dealing  with  natural  numbers  subtrac- 
tion is  the  inverse  of  addition.  We  have  defined  the  operations  ^vith 
fractions  such  that  th(^  have  the  same  basic  properties.  The  commuta- 
tive and  associative  Taws  hold  for  addition  of  fractions  just  as  they  did 
with  natural  ^umbers.  The  process  of  subtracting  fractions  is  the. inverse 


of^  addinur  fractions 


V  adding 


that  is,  % 

\    .     ■  ■■ 


_  3 


0  =  n  such  that  ?g  it- 


=  5(3/or 


Multiplication  and  Division*  In  developing  an  understanding  of 
the  meaning  of  fractions,  we  learned  that  fractions  not*  only  enable  us 
to  deal -with  parts  of  things  but  that  they  ,  also  make  possible  the  divi- 
sion of  one  number  by  another.  We  recall  that  multiplication;  of  natural 
numbers  could  be  regarded  as  repeated  addition;  that  is,  3  fives  (3  X  5) 
could  also  he  obtained  by  adding  five  and  five  and  five.  This  .defini- * 
tion  of  multiplication  soon  breaks  down  if  the  number  system  is  ex- 
tended to  include  numbers  other  than  the  natural  numbers.  However, 
we  use  this  idea  to  help  us  find  a  suitable -definition  for  the  uiultiplica- 
tion  of  fractions.  For  example,  3  one-fifths  or  3  X  can  be  viewed  as 
H  +  H  +  H  or  as  If  we  wish  our  new  numbers,  fractions,  to  behave 
as  did  our  old  numbers,  then  it  must  be  true  that  H  X  S  will  have  the 
same  result  as  3  X  J^.  We  verify  this  at  the  elementary  level  with  dia- 
grams as  in  Figure  18. 


In  Osing  thi^ast  diagram  (Fig.  18)  it  should  be  pointed  out  not 
only  that  thtf^haded  portion  is  ''^^i  of  3"  by  reference  to  earlier  discus-' 
sions,  but  also  that  it  represents  the  answer  to  3  5  =  n,.heca7ise  3  = 
5  X*  n.  We  then  make  the  generalization  that  the  product  of  a  frac- 
tion and  a  whole  number  is  a  new  fraction  whose  nuni6rator  is  the 
product  of  the  whole  number  and  the  numerator  of  the  fraction  nnd 
■\fliose  denominator  is  the  denominator  of  the  fraction. 

In  summary,  when  the  multiplier  is  a  fraction,The  idea  of  repeated 
addition  gives  us  no  direct  help,  but  the  commutative  law  makes  it 
applicable.  In  the  minds  of.  elementary  school  children,  x  3  =  ^5 
is  similar  to  an  earlier  experience        of  3''  =  ^i.  This  dictates  that  if 
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a  physical  object  such  as  a  length  of  3  inches  were  to  be^  divided  into  5 
equal  lengths,  each  would  be  ^  of  an  inch.  We  may  either  divide  3  by 
5  or  we  may  multiply  3  by  3'^.  These  are  the  early  experiences  which 
ultimately  lead  to  the  generalization  that  dividing  by  a  number  gives 
the  same  results  as  multiplying  by  its  reciprocal.  All  of  these  ideas  and 
approaches  at  some  time  fit  somewhere  into  a  growing  and  maturing 
idea  of  fractions. 

However,  because  its  reasoning  is  somewhat  sophisticated  for  elemen- 
tary schoolchildren,  an  initial  approach  to  learning  to  multiply  X  3 
from  3  X  by  the  idea  of  commutativity  is  not  too  desirable.  There 
also. is  a  danger  that  students  may  think  they  are  deriving  the  result 
rather  than  just  defining  it.  Consequently  using  an  inductive  approach 
has  merit  both  psychologically  and  logically  as  a  way  of  developing  their 
beginning  adeas.  In  using  it  we  may  start  writing 
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to  realize  that 

as 

the 

mu 

product  does  likewise,  and  that  if  the  multiplier  is  divided  by  2  or 
the  product  is  likewise  divided,  by  2  or  3. 
Tiiis  inductive  approach  mal^s  three  important  additional  points. 
First,  when  a  multiplier  is  less  than  1,  the  product  will  be  less  than  the 
other  factor.  Later,  children  see  that  if  both  factors  are  less  than  1,  the 
product  is  less  than  either  in  contrast  to  that  which  had  been  true  in  ^ 
multiplication  of  natural  numbers.  Secondly,  it  focuses  attention  on  a  ' 
general  pattern.  It  is  a  means  of  helping  children  look  for  systematic 
changes  and  relationships,  to  think  in  terms  of  if  and  then.  For  example, 
if  in  multiplication  we  decreased  one  factor,  we  decrease  the  product; 
or  more  precisely,  if  we  divide  one  factor  by  any  number,  then  the  prod-, 
uct  will  be  divided  by  the  same  number.  Finally,  and  still  more  generally, 
every  time  a  student  discovers  something  for  himself  by  any  process. 
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he  is  getting  some  introducrtidn  to  the  processes  'of  probleni>^solving  arid 
creativity.  *  *      ;  *  ^ 

Just  as  we  related  the  hiultiplicatibii  of  fractions  to  that  of  natural 
numbefis,  we  relate  the  division  of  fractions  to  that  of  naturiih  numbers. 
We  may  now  ask  the  question,* ''How  many  one-thirds  are  there  in  2?" 
We  recall  from  pur^early  ideas  of  fractions  that  there  are  three  3^'s  \t\  1. 
By  this  children  are  led  to. understand  ^at  i'-^-  M  =  3,  arid. from  this 
that  2  =  6.  Further  examples  will  lead  to^the  generalization 

that  division  of  a  number  by  yfn  is  equivalent  to^Tnulti^licatibn  by 
From  Figures  19  and  20,  they  can  also  see  the  idea  of  divisioir-by  re*- 


grouping.  (1)  How  many  ^'s  in  6?  That  is  if'6 

2 


then  n  = 


%  = 


=  8.  .Or  (2)  How  many  2)^ s  in  gi^?  If  h- 


n,  then  ?J|  h-      =  i}i  =  3%.  Thus,  n  = 


1 
• 

.2 

3  ■ 

4 

5 

■.  8 
1 

9 
t 

We  can  also  develop  processes  for  such  problems"a:.s^l  r^'/a  hy  noting 
that  since  is  twice  as  much  as  3<3,  or  2  X  H  =' then  we  would 
expect  1  %  to  be  only  half  as  much  as  1^-J-  ^a-  Binqe  l:-^  >^  =  3, 
then  1  -  2^  ^  \  iLi?-. 

Or,  1^^  (1  X  3)^  2  =  1  X  Vzr     ■      ^  .  ^ 

This  inductive  process  may  then  l^e  continued:  with  sifch  examples  as 

'  4  -  ^  =  4  X  3  =  12        ..^n  . 
which  may  be  generalized  to        ■•^  ''■''^^^■j^'^r^,  v-- 

2   4  •l^^.'^hy^^^''^^^ 


5^3      5  ^■2^VvS^*^ 


or  to  the  familiar  statement  of  the  ^Kor^  eut^lfl^-i^md^^^^^^ 
invert  the  divisor  and  multiplij.  ^^^-'i''^^^ 
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As  a  student  begins  his  study  of  algebra,  he  is  ready  for  more  emphasis 
on  the  inverse  relationship  between  multiplication  and  division.  He  sees 
that  ' 

\  •     ■  ^  ^  i  —  I  —  ^ 

b  '  d     ?  2/ 

is  equivalent  to 

'      b     y  d 

We  see  from  this  that  the  numbers  to  fbe  substituted  for  x  and  y 
must  be  such  that  x/y  X  c/d  =  a/6.  At  first  in  numerical  examples  such, 
n,s  ^  =  x/y y  we  work  out  step  by  step  xhe  replacement  of  x/y 

by  numbers  such  that  H  =  ^/v  X  %  or  H  =  ()  X       We  think: 
**We  could  achieve  our  goal  of  converting      to  %  in  two  steps.  First 
we  could  think  of  a  fractional  numeral  which  Jf  pnt  in  the  parentheses 
.  would  make  the  right-hand  member  a  symbol  for  one.  This  first  substi- 
^  tution  would  then  ber^^,  since  H'H  =  1-  We  must  next  put  into  ihe 
parentheses  the  number  symbol  which  will  convert  this  from  1  to  a 
-    symbol  for  ^.  This  jfnust  then  be      or  ^  =       X  ^i)  X  H  or  x/y  = 
X  ^.'^From  experiences  as  these,  students  see  that  if  a/b  -r-  c/d  = 
x/t/,  then  x%/  =  a/b  X  d/c,  t 

A  second  approach  whereby  a  student  niay  increase  his  understanding 
of  division  et  fractions  is  by  writing  ■ 

a 

ft  a     c  b  "  * 

b      d  c 

:    d  ■ 

'v|-;^.  .  .      Then  the  teacher  leads  him  to  review  the  ideas  that  fractions  with  unit 
■  ^"  ^-  y-^-^-v: denominators. are  simpler,  and  that  if  one  multiplies  the  numerator  and 
^•<.':/v:;^d^  by  the  same  number,  he  derives  an  equivalent  fraction. 

"fj^-v       V  j|F]^|^^ono^  some  idea  of  the  way  a  student  of  algebra  might 

'%:r/'^Mir:-..^^^^^'i^^'    ■•■  a     a  d     a  d 


b  '  d         c  d  *  i      b  e' 


'^^-•'^-^^iBe  recurring  emphasis  on  -  =  17  andTa^  a)~=  a/a  =  J. 
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DECIMAL  FRACTIONS  AND  PER  CENT 

A  child^s  first  experiences  with  decimal  fractious  are  as  a  sejb  of  frac- 
tions whose  denominators  are  limited  to  10,  100,  1000,  10",^ and 
which  can  therefore  be  represented  by  use  of  the  place  value  concept  in 
a  number  system  based  on  10.  We  derive  the  procedures  for  converthig 
so-called  common  fractions  to  decimal  fractions,  and  conversely,  from 
our  earlier  notions  of  rational  fractions  and  our  defiiiition  of  decimal^^ 
fractions;  Thus  the  problem  of  converting  ^^^5  to  a  decimal  fraction 
merely  asks  %^  =  ?/100.  We  find  the  fourth  number  by  determining 
by  what  we  must  multiply  25  in  order  to  obtJfn  100  and  then  multiply- 
ing 2  by  that  same  number,  that  is, 

2x  _  n 
2b'X  Too* 

Thusn  =  2X4  =  8,  and  ?l>5  =  Koo  =  .08.  At  more  mature  levels, 
these  steps  are  seen  to  merge  into  one;  we  merely  divide  2  by  25.  This 
one-step  process  may  also  be  approached  directly  as  based  on  the  fun- 
damental idea  that  a  fraction  is  the  quotient  of  two  numbers. - 

Children  first  meet  never-ending  or  infinite  processes  when  they  find 
that  3-^  =  .333  •  •  •.  Rather  than  avoiding  or  slighting  discussions  of 
infinite  processes  and  the  limits  which  are  associated  with  them,  their 
abstractness  and  importance  should  be  motivated  by  some  attention  to* 
them  early  and  by  then  returning  if<5^em  in  later  work.  Understandings 
are  not  all-or-nothing  affairs,  bu^jrolv,  develop,  and  expand  as  a  con- 
ccpt  is  met  repeatedly  in  differ mt^tbntexts  and  at  different  levels  of  ab- 
straetion  and  generality.  With  this  in  view  it  becomes  important^that 
we  point  out  and  reteach  such  matters  as  often  as  is  possible  wi^h-%any 
examples  at  successively  higher  levels  of  organization,  and  with  the 
recognition  that  we  aren't  expecting  complete  understanding  and  mas- 
tery at  the  first  approach,  but  that  we  are  building  toward  such  a"goal. 
Thus  the  remarkable  fact  that  i^,  if,  and  so  on,  lead  to  infinite, 
repeating  decimals  is  first  merely  observed;  it  may  then  be  illustrated 
by  showing  that  3-3  is  less  than  .4  and  greater  than  .3.  An  enlarged  scale 
would  ^how  .33  <  }i  <  .34;  .333  <  }i  <  .334;  and  so  on.  Intuitively 
we  see  that  l  -^  corresponds  a  single  point  which  is  within  the  nested 
intervals  .3^.4,  .33^.34,  .333-334,  and  so  on,  and  we  gain  some  feeling 
for  as  the  limit  of  .333  •  •  •  but  as  not  exactly  equal, to  any -terminat- 
ing decimal  fraction. 

Two  questions  may  arise  quite  naturally  from  these  situations.  They 
are  "How  can  we  tell  which  fractions  will  terminate  and  which  w'ill 
not?",  and  ''Can  we  reverse  the  process?  Is  there  an  ordinary  fraction 
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associated  with  every  infinite  decimal?"  Each  of  these  questions  can 
be  answered  at  different  levels  of  rigor.and  abstraction  and  by  using  dif- 
ferent mathematical  tools.  We  will  only  sketch  some  of  these  answers 
here. 

Every  fraction  whose  denominator  Is  the'product  of  2's  and/or  5's 
will  produce  a  terminating  decimal  fraction.  (Such  a  fraction  is  sometimes 
referred  to  as  an  infinite  decimal  fraction  which  after  some  point  repeats  • 
only  zeros.)  We  can  see  this  because  If  we  have  any  fraction  such  as 

7   _  7  ■  v 

200     2        X  2  X  5  X  5 

we  could  mak^l'its  denominator  a  power  of  10  by  pairing  each  2  with  a 
5  as  long  as  they  last  and  then  supplying  any  5's  or  2's  needed  to  complete 
pairs  by  multiplying,  the  numerator  and  denominator  by  the  same  fac- 

tors.  Thus,  ^  .=  x  5)  X  (I  X  5)  X  (2X  5)  =  OT  = 
versely,  if  the  denominator  contains  any  factor  which  Is  not  a  factor  of 
10  it  will  be  Impossible  to  make  It  Into  a  fraction  whose  denominator  is  a  ' 
power  of  10  and  hence,  it  can  not  be  written  as  a  terminating  decimal 
fraction,.  Thus,  whether  or.  not  a  fraction  terminates  depends  on  the  re-, 
lationship  of  the  factors  of  its  denominator  to  the  factors  of  10,  the 
base  of  our  number  ^system,  after  the  fraction  is  written  in  its  lowest 
terms.  '  ■> 

We  can  show  that  a  unique  rational  fraction  corresponds  to.  every 
repeating  decimal.  Perhaps  the  most  elementary  approach  is  typified 
by  the  following  example.  Assume  that  we  have  emphasized  that  the 
dots  follbwing  .142857 .  . .  mean  that  It  is  really  an  infinite  decimal  and 
the  bar  over  .142857  means  it  repeats  those  same  digits  in  the  same 
/brder,  thus,  .142857  14^857  142857  . .  Then,. if  N  is  the  rational  num- 
ber represented  by  .142857  . . . ,  1,000,000  N  =  142857.142857  ....  Sub- 
tracting one  N  from  1,000,000  AT,  we  have  999999  N  =  142857  or  N  = 
142857<,_  1 
999999     7 '  . 

When  geometric  sequences  arid  series  are  studied  later,  tliis  problem 
can  be  solved  in  a  second,  more  mature,  and  more  rigorous  inanner.  A 
geometric  series  is  the  sum  of  a  sequence  of  terms  such  that  each  suc- 
cessive t^rm  is  obtained  by  multiplying  the  preceding  term  by  a  con- 
stant, called  the  common  ratio.  Thus  the  following  are  geometric  pro- 
gressions: 

2  -f  6  +  18  +  54  -f  162 

•  i  +  i  +  i+iftr  +  i^+ 
•    a  +  ar  +  ar^  +  ar""  +       ar"""^  +  ar . 
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The  sum  of  n  term^  of  the  latter  is  5„  =  — — ,  and,  if  r,  the  common 

1  —  r 

ratio,  is  less  than  1  in  absolute  value,  the  limit  of  5„  as  n  increases  without 
bound  exists  and  is  given  by. 

lim  5„  -  --iL_. 
n-»«        '1  —  r 

This  limit  is  called  the  sum  of  the  progressiori^ 

Periodic  decimal  fractions  then  are  but  geometrical  series  in  disguise. 
For  example,  the  infinite  decimal  fraction  0.2T  ...  or  0.212121  . . .  ac- 
tually means  , 

21         21  21  • 

100     10,000     1,000,000  *  *  *  * 

Si  21 

fhis  IS  a  geometrical  series  with  first  term,  a  =  — —  and  common  ratio, 
iUU 

r  =       .  The  summation  formula  shows  that 

21 

iL-"^"  =7^  =  1  =  ^= -212121 

■  .100  ,3  - 

•  When  infinite  repeating  decimals  are  discussed  we  should  also  refer 
to  and  illustrate  the  fact  that  there  are  also  numbers  which  are  rep- 
resented by  infinite  nonrepeating  decimalis.  These  are  the  irrational 
numbers  such  as\/2  =  1.4142  . . .  and  tt  =  3.14159  . .  1  which  are  rep- 
resented by  infinite  decimals  that  never  repeat  the  same  digits  in  the 
same  order.  *  ' 

In  order  to  compute  with  these  numbers,  we.  must  cut  off  the  in- 
finite decimal  at  some  point.  When  we  do  this,  we  select'  a  i^tional 
number  to  be  used  in  computation.  Rounding  off  these  infinite  OQcimals 
introduces  approximations  in  our  Work.  It  is  here  that  students  should 
come  to  understand  that  there  are  mathematical  theories  of  approxima- 
tion and  approximate  computation,  which  are  good,  important,  and 
correct  branches  of  mathematics  and  not  mere  substitutes  for  careful 
woi:k  or  lack  of  knowledge.  Computation  with  approximate  numbers 
will  oe  discussed  in  a  later  chapter  of  this  book. 

Problems  Involving  Decimal  Fractions  and  Per  Cents.  Problems 
involving  decimal  fractions  and  per  cents  most  frequently  involve  three 
numbers,  a3.25%  of  48  is  12,  or  .2  of  15  is  3.  In  practical  problems  any 
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"one  of  these  three  numbers  might  be  unknown  at  the  outset.  Thus  our 
first  example  might  have  arisen  out  of  any  one  of  the  three  (luestions: 

What  is  25%  of  48?  . 
What  per  cent  of  48  is  12? 
12  is  25%  of  what  number? 

Because  these  three  situations  typify  practically  all  per  cent  problems 
as  well  as  those  which  occur  in  connection  with  decimals,  common  frac-  " 
tions,  and  ratio  and  proportion,  teachers  and  texts  have  often  taught 
problem  solving  under  the  heading  of  three  cases  with  three  associated 
rules.  We  believe  that  this  formalizing  of  the  problem  solving  process 

.  .is  undesirable  from  the  viewpoints  of  meaningful  teaching  and  conti- 
nuity. The  unifying  idea  suggested  above  is  merely  that  in  every  case  we 
are  given  a  situation  in  which  the  product  of  two  \iumbers  eqvmls  a  . 
third  [rate  X  time  =  distance;  per  cent  (in  hundredths)  X  baaai^  = 
percentage;  principal  X  rate  =  interest  (or  discount);  sales  X  rateN= 
commission,  and  so  on].  Students  begin  to  solve  problems  of  this  typX 
/  as  soon  as  they  begin  to  learn  multiplication.  (As  soon  as  they  learn \ 

^  2X3  =  6,  they  should  begin  to  think  "if  2  X  something  =  6,  the  \ 
'sometjiing'  is  3.")  They  continue  to  solve  problems  of  this  type  as 
they  learn  that  division  is  the  inverse  of  multiplication., They  progress  L 
through  such  stages  as  are  represented  by:  "H  oi  12  =  n'*-;  X  12  = 
='n/12';;/^25  X  12  =  n";  "25%  of  12  -  n.r  Finally,  in 
algebra,  they  represent  all  problems  of  this  type  by  the  general  sentence 
x-yv=  2  and  acquire  the  ability  to  solve  for  orie  unknown  whenever  they 
are  given  values  of  the  other  two.  If  the  emphasis  throughout  has  been 
on  the  underlying  common  relationship  and  the  connection  between 
multiplication  and  division,  we  belieVe  they  will  not  only  be  able  to 
handle  whatever  case  comes  along,  but  will  also  have  begun  to  unc^r- 
stand  and  appreciate  how  one  mathematical  model  may  represent  many 
different  daily  life  and  physical  situations. 

RATIONAL  NUMBERS  AS  ORDERED  PAIRS 

We  haye  said  that  our  new  rational  numbers  may^  be  constructed  as 
pairs  of  old  numbers,  and  we  defined  two  p^rs  {p,'  q)  and  (ifit,  b)  to  be 
equal  if  and  only  ii  pb  =  qa.  Now  let  us  consider  the  fundamental  opera- 
tions from  this  abstract  viewpoint. 

'  Addition  and  Subtraction.  With  the  idea  that  a  fractionas  merely 
an  ordered  pair  of  jntegers,  we  have  no  need  to  talk  of  like  quantities 
or  common  denominators.  Instead;  we  define  addition  of  rational  num- 
bers as  (a,  6)^+  (c,  d)  =  {ad  +  be,  bd).  The  ordered  pair  JFormulation 
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of  our  problem  14  +  H  would  be  (1,  2)  +  <1,  5)  =  [(1)(5)  +  (2)(1), 
(2)  (5)]  =  (7,  10)  or  Ko-  From  this  definition  of  addition  and  our  earlier 
definition  of  equality  we  can  show  that  addition  of  fractions  also  obeys 
the  commutative  and  associative  laws,  so  important  for  the  natural 
.  numbers.  For  example,  by  definition  (a,  b)  +  {c,  d)  =  {ad  +  be,  bd)  and. 
(c,  d)  +  (a,  b)  =  {cb  +  da,  db).  The  two  right  hand  pairs  are  the  same, 
however,  because  by  the  commutative  law  for  natural  numbers,  cb  = 
be,  da  =  ad,  db  =  bd.  Thus,  {ad  +  6c,  bd)  =  {cb  +  da,  db)  .  We  will  leave 
it  to  our  reader  to  show  that  addition  of  these  pairs  is  associative,  but 
we  would  like  to  point  out  how  to  derive  a  rule  for  subtraction  of  pairs 
from  the  rule  for  addition.. 

Subtraction  is  the  inverse  operation  of  addition.  In  a  subtraction 
problem  wc  are  given  the  result  of  an  addition  and  one  of  the  addends 
and  asked  to  find  this  other  addend.  Starting  with  %  —  ?/?  and 

converting  this  to  the  ordered  pair  form,  it  becomes  (3,  4)  -  (1,  3)  = 
(?,  ?)  =  {x,  y).  Converting  this  to  addition,  the  fundamental  operation, 
we  have  (3,  4)  =  (x,  y)  +  (I,  3).  From  this  we  derive  (3,  4)  =  (3x  + 
!/,  3if).  Our  definition  of  equality  states  this  will.be  true  if  and  only  if 
3(37/K=  4(3x  +  y)  or  5?/  -  12x.  This  last  relationship  is  satisfied  if 
X  =  5  and  7/  =  12,  that  is,  if  (x,  y)  =  (5,  12)  i.e.  ^  -  ^  Note 
that  5y  =  12x  if  x  =  10  arid  y  =  24,  or  x  =  15,  ?/  =  36,  and  so  on. 
These  correspond  to  the  pairs  (10,  24),  (15,  36),  all  of  which  are  equal. 
This  illustrates  the  fact  that  any  single  fraction  represents  a  family  or 
set  containing  an  infinite  number  of  different  equal  fractions.  Such  a 
set  is  sometimes  called  an  equivalence  clasii.  Whm  this  terminology 
is  used,  a  fraction  may  be  defined  as  the  equivalence  class  of  equal 
pairs  of  integersrFrom  this  viewpoint  no  particular  pair  is  regarded  as  ' 
the  fraction  itself,  but  each  pair  is  a  representative  of  the  equivalence 
class  which  is  the  fraction.  This  idea  of  a  fraction  parallels  the  concep- 
tion of  a  cardinal  nuniber  as  the  common  property  of  all  sets  which  can 
be  put  into  one-to-one  correspondence  with  each  other.  Any  one  of  the 
sets  could  be  used  as  a  representative  set. 

Our  arbitrary  definition,  (a,  b)  +  (c,  d)  =  {ad  +  be,  bd),  corresponds 
to  wliat  we  get  if  we  apply  the  rules,  of  ordinary  ninth  grade  algebra 

4-   ^  -u-  ^  1   (^d  +  be       .    ^     .  11- 

b      d'   — •  ^^^^  nrst  year  algebra  procedure  is  usually 

taught  by  extending  and  generalizing  the- process  of  arithmetic  in  a 
formal  way  to  operations  with  literal  symbols.  Not  only  should  students 
see  this  parallelism  of  algebra  and  arithmetic  dearly, -but  they 'should 
also  come  to  appreciate  the  basic  principles  underlying  the  operations 
with  natural  numberdf  (commutative,  associative,  distributive  laws) ,  arid 
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the  fact  that  there  is  no  reason  to  expect  our  construction  of  new  num- 
bers bjr  generalization  and  abstraction  to  stop  with  . the  literal  expressions  , 
of  elementary  algebra.      ,  ■ 

This- idea  of  viewmg  one  number  system  as  an- extension  of  another 
may  be  clarified  by  returning  to  the  idea  of  families  of  ordered  pairs 
mentioned  briefly  above.  We  have  concerned  ourselves  earlier  wiih 
^families  or  equivalence  classes  of  fractions.  'Now  let  us  consider  another 
set  of  pairs,  those  having  1  as  the  second  element  in  each  pair,  for  exam- 
ple, (2,1),  (5, 1),  (96, 1).  Consider  their  sum,  (2, 1)  +  '(5,  1)  =  [(2)(1)  +  . 
(1)(5),  (1)(1)1  =  (2  +  5,  1)  =  (7,  D;  In  general  (a,  1)  +  (&,  1)  = 
(a  +  6,  1).  In  other  words  the  sum  of  any  two  members  of  this  family 
of  pairs  with  1  in  the  second  position  is  still  a  member  of  the  family. 
The  first  element  of  the  sum  of  two.  such,  pairs  is  the  sum  of  the  two 
integers  which  were  the  first  elements  of  the  two  original  pairs.  This 
pfrocess  sets  up  a  one-to-one  corresponcI?ince  between  the  set  of  all 
natural  numbers  and  the  set  of  all  pairs  whose  second  element  ig  1.  Un*- 
der  this  correspondence,  the  suni.  of  two  natural  numbers  corresponds 
to  the  sum  of  the  two  corresponding  pairs.  Mathematicians  call  such  a 
correspondence  an  isomorphism.  When  on^  set  of  numbers  is  isomorphic 
to  a  part  or  is  a  subset  of  another  set  of  numbers  with  respect  to  both 
addition  and  multiplication,  the  second  number  system  is  said  to,  be  an 
extension  of  the  first.  When  we  have  shown  that  tHe  natural  numbers , 
are  isomorphic  to  the  ordered  pairs,'  (a,  1),  with  respect  to  iriultiplica-  . 
tion,  we  will  have  shown  that  this  set  of  ordered  pairs  is  a  proper  exten- 
sion of  the  natural  numbers,  since  by  associating  each  pair  (2,  1),  (6, 1), 
(a,  1)  and.  so  on  with  the  natural  numbers  2,  6,  a,  and  so  on  .we  set  up 
an  isomorphism  between  a  subset  of  the  set  of  pairs  arid  the  natural 
numbers.  '     ^  ^ 

Multiplication  and. Divisioh.  ThQ  next  step  in  this  approach  states 
that  by  definition,  (p,  q)  X-(s,  t)  =  {ps,  qi).  If  3  is  identified  with  the 
pair  (3,  I),  this'.rule  includes  all  cases  such  as  3  X  3^  as  well  as  %  X 
'>5.  The  latter  in  this  notation  would  be  (2,  3)  X  (4,  .5).  =  (2  X  4,  3  X 
5)  =  (8,  15).  Again,  this  definition  was  psychologically  motivated  by 
the  fact  that  ordinary  fractions  had  been  used  and  operated  with  in 
this  manner  for  centuries  before  modem  mathematicians  sel  ,out  to 
analyze  the  structure  of  mathematics  more  rigorously . 

We  can  now  complete  the  identification  with  the  natural  numbers  of 
the  family  of  pairs  whose  second  element  is  1,  that  is,  pairs  of  the  form 
(a,  1).  We  see  (a,  1)  X  (^,  1)  =  (ab,  1);  that  is,  the  product  olf  two 
members,  of  this  subset  of  ^all  pairs  is  still  a  member  of  the  same  subset, 
a  pair  whose  second  element  is  tf  The  first  element  of  the  pair,  a&,  is 
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merely  the  product  of  the  firstjntegers  of  each  pair.  This  get  of  rational 
fractions  is  then  an  extension  of  the  Set  of  natural  numbers  under  our 
definitions  of  addition  and  multiplication,  because  the'natural  numbers 
are  isomorphic  to  a  subset  of  the  raitional' fractions,  the  set  of  all  pairs 
.(a,l).  . 

v;  Altliough  it  is  not  at  all  cfertain  now  that  such,  an  abstract  approach  " 
makes  a  psychologically  sound  beginning  on  fractions  for  school  cMldren, 
there,  is  some  experimentation  which  tends  to  show  that  it.  may  at  least 
be  acceptable  at  the  junior  high  school  level:  This  is  worthy  of  more 
experimentation  since  the  approach  is  in  many  ways  more  simple  and 
\  more,  mathematically  mature -than  are  more  concrete  ap*proaches. 

In  any  event,  such 'an  abstract  approach  should  be  well  within  the 
range  oiF  superior  senior  high  school  students. 

Proofs  thkt  ordered  pait^^o^y  the  commutative,  associative,  .;and 
distribiitive  laws  whert  the  operations  are  defined  as  above  may  be  good 
exercises  in  algebra  for'sifperior  high  school  students,  giving  them  insight 
into  the  structure  of  t|ie 'number  system  and  into  the  nature  of  modern 
mathematics  and  its  philosophy,  provided  that  teachers  point  out  &li 
'  of  these  implications.  .  '  ' 

Division  of  fractions  is  probably  the  most  difficult  operation  to  teach. 
C  Division  exfstg  only  as  the  inverse  operation  to  multiplication.  Questions, 
^  i^eas,  or  problems^ about  division  r^iust  be  checked  by  referring  to  multi- 
pliqation.  ThuSy  ^  :      '  .  * 

(arb)-^  (c,  d)  =  (?,;?)  or  (a,  b)  -  (c,  d)  =      y)        ^  " 

shotild  for  thought  purposes  be  written  as  (c,  d)  X  (x,  y)  =  (a,  h). 
Then,  by  the  definition  of  multiplication  (c,  d\  X  (x,  y)  =  (cx,  dy)-  li 
this  is  to  be  equal  to  (a,  &)>  we  must  have  {cxh)  =  {dya).  -^hese  two 
expressions  will  be  ^qtial  \i  x  ^  da  ^  ad  and  y  =  cb  =  hi  In  other 
words,  (a,  h)      (c,  d)  =  {ad,  be).  Numerically,  this  says 

;     1-  I  -  (3,4)  ^.  (2,5)  =  (3  X^5,4  X  2)  =  =  |.x  |.  - 

In  effect,  by  one  single  sequence '  of  steps  this  both  derives  and  makes 
•unnecessary,  the  old  rule  ,  thp,t. divide  a  fraction  by  a  fraction,  one  in- 
verts the  divisor  and  miiltiplies.    .  .  * 

NUMBERS  AND  DIRECTION  / 

■Signed •Numbers.  In  the^.^^l^mentary  school,  children  were  assured 
that^  someday  they  would  be  ^le.to  take. a  larger  mimbcr  from  a  smaller," 
nt/mfcer.  Students  have  already  felt  the  need  for  some  number  which 


46  "   ^  ^.  '  1  •  'GROWTH  OF  MATHEMATICAX  IDEAS 

would  gijjp  them  the  aq^er  to  5  —  8,  or  a  number  which  would  describe' 
ourscjore  in  a  gagpie^hen  we  wen|  iflj^the  hole,  or  a  way  of  recording  the 
temperature  jvhen  the  ithermbmeter  reading  goes  below  zero.  When  we  ' 

"  jtre  conefemed  witl^^agnitudes  which  can  be  represented  by  lines  ex- 
tendkig  in  eithgr  of  two  diame^i^ly  opposite  directions,  we  have  need 
for  anotfier  kind  of  nunfbe?,  jiumbers  which  have  come  to  be  known  as 
direfftfed  numj-^rs,  feigned^  numb^s,  or  positive  aflnd  negative  integers. 
The  creation  of  negativig^umbers  was  also  motivated  by  the  desire  to 
subtraction  alwSys  possible  and  to  mafee  equations  such  as  a;  + 
b  =  a  a]^va,ys  solvable.  Just  sfe^children  comprehend  that  some  tools 

^.are  iised  for  diiTerent' purposes  and  that  on  occasion  different  tools  may 
be  used  for  the  same  purpose  although  in  sligl^tly  different  ways,  so  they 
loarn  that  (iilTerent  numbers  are  used  for  different  purposes.  Historically, 
the  use  of  directed  numbers  or  si^ed  numbers  was  evaded*  by  mathe- 
t  matipians  even  aft^  the  necessity  for  tbem  was  known  to  exist.  Natural 
numbers  or  in'tegers  were  used  ^Vfien  things  were  to  be  counted,  fractions 
or  rational  numbers  were"!' used  when  things  were,  to  be  measured,  but 
negative  numbers  did  not  occqr  naturally  in  relation  to  concrete  objects. 
However,  one  of  the  earUe^  attempts  to  interpret  negative  numbers 
was  that  of  Fibonacci^- an  Italian  of  the  thifteenth  century.  He  decided 
that  in  determining  profit,  a  negative  result  fm plied  a  loss.  Here  we  have" 
the  basic  idea  undei;lying  this  extension  of  number;  that  is,  direction. 

Developing  the  Idea  of  Signed  Number^.  As  an  introduction  to 
the  study  of  signed  numbers  it  is  useful  for  students  to  identify  positive 
and  negativo  numbers  with  such  situations  as  an  overdrawn  bank  ac- 
count, temperature  below  2:er6,  distances  4fcove  and  below  sea  level. 
Their  introductiory  to  these  new  numbers  is  often  not  by  means  of  their 
basic  properties  afe  numbers,  but  by  means  of  \he  uses  which  may  be 
macjoijof  them.  The-'Jlpplications  of  positives  and  negatives  to  denote 
op^osites  are  u3efuL  for  motivating  the  study  of  positive  and  negative 

•  integers.  If  we  were  to  omit  all  illustrations  by  number  lines  and  prob- 
lems where  ideas  X)f  negative  numbers  may  be  ^itsed,  negative- numbers 
would  probably  appear  as  absurd  to  the  modern-day  iiigh  schosf  students 

^as  they  did  to  the  early  algebraists.  Applications  and  graphical  reprSsen- 

r^tions  still  plav  a  role  in  gainin^^^acceptance  and  understanding  for  new 
mathemfltical  *c||ncepta. 

For  purposes  of  Heriving  operations  and*relati^55l^^i  invblving  signed 
numbers,  their  principal  prop^ty  is  not  a  physical  idea  of  oppositeness 

''hut  the  .property  that  evei^  positive  nimiber,  -fn,  has  a  negative,  — n, 

>  sur.h  that  their  sum'  (  +  n)  +  (  — n)  =  0,  and  conversely,  for  every  nega- 
tive number  thmi  is  a  corresponding  positive  number  with  the  property 
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.  that  (-n)  +  (+n)  =  0.  Thus,  1,  5,  -8,  %  all  have  negatives,  -1, 
—5,  +8,  —      such  that  the  sum  of  corresponding  pau^  is  zero. 

We  preserve  the  properties  of  order  by  ordering  the  integers  from  small- 
er to  larger  as -n,  •  -3, -2,  -1,0, +1, +2, +3,  •  +n.  We^vill 
soon  see  that  this  is  consistent  with  the  earlier  notion  that  if  a  positive 
number  is  added  to  any  other  number,  the  sirni  is  larger  than  either. 
Here  zero  takes  on  a  new  role  as  a  number.  It  is  neither  positive  nor 
negative  but  the  number  property  of  an  empty  set,  and  the  integer  which 
follows  —1  and  precedes  +1.  Graphically  it  is  now  used  to  label  a  point 
or  an  origin  on  a  line  from  which  points  corresponding  to  positive  and 
•negative  numbers  extend  inj&nitely  in  both  directions. 

Addition  and  Subtraction  of  Integers.  We  can  explain  the  addi- 
tion of  signed  numbers  in  terms  of  counting  or  by  addition  of  arrows 
(vectors).  Thus,  if  the  addition  sign  is  interpreted  as  meaning  move  to 
the  right  and  the  subtraction  sign  is  interpreted  to  move  to  the  left,  then 
(+3)  -f-  (-f-2)  rrteans  to  start  at  -f-3  and  move  2  units  to  the  right. 
(+3)  +  (  — 2)  means  to  start  at  -f-3  and  move  2  imits  to  the  left  as  in 
Figure  21.  .  * 


-3     -2  -1 
I  r 


+  1     +2      +3     +4  +5 


(+3)+  (+2)«5 


-3 
J  


+  1  +2 


+3 


+4 


Fig-  21 


+5 


,  C+3)  +  (-2)«1 


A  second  intuitive  approach  to  the  addition  of  signed  numbers  by 
an  inductive  process.  For  example,  we,  may  give  students  a  series  of 
problems  as  ' 


(+4)  -f.  (-f3)  =  n 
.(Tf-4)  -f-,(0)     =  n 


(+4)  -f.  (-f.2)  =  n 
(-f-4)  -h  (-1)  =  n 


.(+4)  +  (+1)  =  n 
(4)  +  (-2)     =  n. 


We  would  expect  the  first  four  problems  to  be  done  quickly  arid  easily. 
The  last  two  may  cause  some  difficulty.  Yet  students  can  be  led  to  see 
from  the  first  four  examples  that  as  we  add  a  smaller  number  to  the 
sameinumber  the  result  is  smaller.  Hence,  since  —1  is  one  less  than  0, 
4  +  (-1)  should  be  one  less  than  4  -f-  0,  or  4  -f-  (-1)  =  3,  and  so  on. 

A  third  approach,  based  on  more  sound  mathematical  situations. 
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develops  the  addition  process  out  of  the  desire  to  have  our  associative 
and  commutative  laws  apply  to  these  numbers.  For  example,. 

5  +  (-3)  =  [2  +  3]  +.(-3)  =  2  +  [(3)  +  (-3)1  =  2  +  0  =  2 

and,  •  .  " 

-5  +  3  =  [(-2)  +  (-3)] +  3  =  (-2) 

'  +  [(-3)  +  (+3)]  =  -2  +  0  -  -2. 

We  note  that  in  this  approach  we  have  used  the  fundamental  idea^that 
(+n)  -f  (— 7i)  =  0  and  have  assumed  both  the  associative  law  and 
that  (—5)  may  also  be  expressed  as  [(  —  3)  +  (  —  2)]. 

Similarly  in  subtraction  an  inductive  approach  may  be  made  in  the 
following  way  ^ 


(+7) 

-  (+4) 

=  +3 

(+7)  - 

(+1)  = 

+6 

(+7) 

-  (+3) 

=  +4 

(+7)  - 

(0)  = 

+7. 

t+7) 

-  (+2) 

=  (+5) 

(+7)  ^ 

(-iy  = 

+8 

(+7)  - 

(-2)  = 

+9. 

Students  *t)bserve  ^hat  as  the  number  to  be  subtracted  decreases' in ' 
size,,  the  difference  increases,  and  they  extend  this  notion  from  (+7)  — 
(Oy=  4^7  to  (+7)  -  (-1)  -  +8. 

Y  Let  us  consider  the  graphical  approach  to  subtraction  (Fig.  22). 
Remembering  that  subtraction  is  the  inverse  operation  of  addition, 
(+5)  —  (  —  2)  becomes  5  =  —  2  +  ?.  The  vector  a  represents  5,  the 
sum  of  vector  b  (b  =  —2)  and  vector  ?.  Since  the  sum  of  two  vectors 
is  the,  vector  reaching  from  the  tail  of  the  first  to  the  head  of  the  second, 
the  vector  n  which  added  to  b  will  give  a      5  is  seen  to  be  ?  =  7* 

-4  -3  -2.  -1  0  +1  *.  +2.  +3  +4  +5  +6  +7'" 
J  -J  \  — L  \   '  ■ 


Vector  subtraction,  (—  2)  =»«.7.  / 

'         Fig.  22  ^ 

This  basic  idea  that  subtraction  is  the  inverse*  of  addition  may  be 
applied  directly  to  numerical  examples^as  a  deviqe  for  leading  students 
to  discover  the  rules  for  subtraction.  If  a*  student  systematically  works 
a  number  of  subtraction  problems  by  converting  thetn  to  addition,  he 
will  eventually  (sometimes  with  some  help)  see  a  pattern.  Of  course 
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tUe  examples  must  be  pUained  to  include  the  various  combinations  of 
positives  and  negatives  such  as  7  —  (—2)  =  n  which  means  7  =  (-2)  + 
—7  —  (—2)  =  n  which  means "^—7  =  (—2)  +  n,  7      (+2),  —7  — 
(+2),  and  so  on. 

All  .this  leads  to  the  generalization  that  to  subtract  a;  signed  . number 
we  change  the  sign  and  add.  It  is  interesting  to  note  that  this  is  basically 
the  same  as  the  rule  that  to  divide  by  a  fraction  we  invert  and  multiply. 
Both  of  these  are  special  cases  of  a  general  principle  that  the  result  of 
*  an  inverse  operation ,  (subtraction^  or  division)  may  be,  obtained  by 
changing  the  second  number  to  i^l^  inverse  (negative  or  reciprocal)  and 
■  then  performing  the  direct  operatfen  (addition  or  i^ultiplicatiop).  Some 
people;  in  teaching,  tacitly  assume  this  principle  and  derive  the  rules 
from  it.  Logically  this  principle  is  a  theorem  which  follows  from  the 
definitions  of  the  inverse  operations  and  the  inverses  of  the  elements 
(numbers)  of  the  system. 

The  rules  for  addition  and  muUiplication  with  positive  and  negative 
numbers  are  arbitrary,  rules,  established  by -definition.  Analogies  and 
inductive  procedures  are  often  used  to  develop  an  understanding  of  the 
rules  and  of  the  fact  that  we  were  motivated  to  define  them  in  this  way 
to  preserve  the  associative,  distributive,  and  inverse,  element  principles, 
but  the  procedures  are  not  a  substitute  for  an  understanding  of  the  in- 
herent properties  of  numbers. 

Multiplication  and  Division,  We  can  interpret  multiplication  on 
the  number  line  in  a  manner  similar  to  the  multiplication  of  natural, 
numbers.  We  recall^hat  by  definition,  3X5  with  natural  numbers  was 
5  +  5  +  5  =15.  In  positive  integers  (+3)  (+5)  is  interpreted  as  (+5)  +^ 
(+5)  +  (+5)  =  +15.  A  natural  extension  of  this  definition  to  negative 
integers  would  be  (+3) (-5)  =-(-5)  +  (-5)  +  (-5)  =  -15.  For  ex- 
ample, if  Dick  loses  $5  on  each  pf  3  days,  then  he  has  lost  $15,  or  3(— 5)  = 
—  15.  If  we  wish  the  commutative  law  to  apply  here  as  with  other  num- 
bers \ye  must  define  (-5)(+3)  =  -15  because  (+3)(-5)  =  (-15).  By 
generalizing  from  arguments  such  as  these  we  help  our  students  to  un- 
derstand^^both  that  the  operations  with  signed  numbers  are  arbitrarily 
defined,  and  that  there  are  reasons  for  choosing  to  define  them  so. 

We  also  may  use  an  inductive  approach  to  motivate  the  definition  of 

multiplication  of  signed  numbers.  Thus, 

'■  ■ 

.4-  4      4      4         4  4. 
X3  .X2    XJi    XO    X-1    X-2  etc. 
,  _  .  12       8       4       0       -4  -8 

Let  us  look  at  the  product  of  two  negative  numbers — how  should  we 
define  ( ^5) (-3)?  We  kno\^hat  by  definition  (+3)  +  (-3)  =  0.  By  the 
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'distributive  law,  if '  it  applies,  (-5)[(+3)  +  (-3)]  =  (-5)(+3)  + 
(~5)(-3)  =  -15  +  (-5)(-3).  But  (-5)  -0  =  0,  hence  (-15)  + 
(  —  5)  (  —  3)  must  equal  zero  if  signed  numbers  are  to  behave  consistently 
with  unsigned  numbers.  Thus  we  define  (  — 5)(  — 3)  to  be  +15,  since 
(— 15)  +  (+ 15)  =  0.  More  directly,  in  some  ways,  one  could  have  writ- 
ten (-5)(-3)  =  (-5)(4  -  7)^  =  (-5)(4)  -  (-5)(7)  =  -20,- 
(  —  35)  =  +15.  This  procedure  assumes  without  proof  that  multiplica- 
tion distributes  with  respect  to  subtraction.  Through  procedures  such 
as  these  students  come  to  understand  why  multiplication  of  two  numbers 
of  like  signs  is  defined  to  give  a  positive  result  and  multiplication  of  two 
•numbers  of  unlike  signs  to  give  a  negative  result. 

We  recall  that  a/b  =  c  means  that  be  =  a.  For  example,  =  3 
means  that  (3)(5)  =  15.  Division  is  the;inverse  of  multiplication.  The 
sign,  rules  for  division  are  therefore  rules  to  be  derived  from;  the  multi- 
plication rules..  -  * 


^  .  ,  ,  (  -3) 

'  ■ :  (+:i5) 

(-3)-;" 


=.  n  rneiins  that  (  — 3)-(n)  =  (  —  15)  and  that  n  =  +5. 

■  .  \        ,■      ■ .  " 

-71ft  means  th'iiLt  (  ^^3)- (n)  ^  (+k5)  and  that  n  =  —5. 


^jj^'     n  meaWtha't  l+"3) •  (n)  =/XH15)  and  thtCTn  =  —5. 

C  +  «j)  '  r  ;^  ^^^  ■/ 

=  n  means  that  (+3) -(n)  =  (rf  15)  and  that  n  =^+5. 

Here  again  concrete,  physical  analogies,  diagrams,  and  induction  have 
been  used  in  the  early  stages  of  development,  but  basic  principles  are 
not  ignored  but  pointed  out  repeatedly  and  concretely. 

OPERATIONS  WITH  SIGNED  NUMBERS  AS  ORDERED  PAIRS 
OF  RATIONAL  NUMBERS 

Let  us  look  at  tl^e  ideas  of  number  represented  by  the  symbols,  5,  +5j 
and  —5.  Although  we  have  associated  them  with  two  (or  three)  differ- 
ent kinds  of  number,  they  have  many  common  properties.  We  recall 
that  (3 ..+-2),  (4  +  1),  (1  +  4),  (6  -  1),  (7  -  2)  all  belong  to  the  class 
5,. a  natural  number.  We.  recall  that  4^,  ^6  *  *  all  belong  to 
the  equivalence  class,  j^,  a  fraction. 

From  this  viewpoint  we  can  regiird  +5  as  the  symbol  for  the  set  of' 
ordered  pairs  of  numbers  such  that  the  first  minus  the  second  is  5,  such 
as  (8,  3);,  (6,  1),  (7,  2),  (10,  5),  (115,  110),  Extendinig  this  idea  further 
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(3,  8),  (1,  6),  (2,  7),  (5,  10),  (110,  115)  •  -  •  all  belang^'ito  ;th^^ 
ordered  pairs  of  numbers  such  that  the*  second  miniis  thejfirist  isj$/^ 
can  associate  this  class  with  —5,  a  negative  number.  v^V/  i  ^  r^^'  / ^ 

At  advanced  levels  of  thought  two  ordered  pairs  of  >itionai^iiumb^^ 
(a,  b).and  {Cy  d)  are  defined  to  be  equivalent  if.  and  <m7^/  ^  i^    '<i -r^  ^-^^  V 
Of  course,  the  thinking  that  led^to  this  definition  was  bas^d, 'on 
that  with  natural  numbers  ifa  —  6  =  c  —  d,  ihen  ar:+  ^ 
example,  (7,  2)  =  (9,  4)  because  7  +  4  =  11  =  2  ::l:^'9^-|n;t^ 
could  also  have  written  7  —  2  =  9  —  4.  However,' -^ivittr^^^ 
bers  we  could  not  have  assigned  any  meaning  to,-2 -^^^^ 
with  ordered  pairs  we  may  also  write  (2,  7)  andC(i4v$^ 
they  too  are  equal  because  2  +  9  =  7  +  4,  ■;  ^   v'N.V.'  .''^^ 

We  can  now  compare  the  ordered  pair  approaeh>,td  signe^^^ 
with  our  earlier  definitional  approach.  By  our  :^'^.fi[mtion  b^^ 
pairs  with  both  members  the  same  are  equal^-t'th^i-^^^^ 
because  a  ^  b  =  a  +  ftAFurther,  any  pair  of  ;tUii3\typ6'goi*fe^^^^^ 
zero  becaus^^^en  added  t^ any  other  pair  tli6;n'eyif)ai^^^^^ 
original.  To  test  this  we  must  first«>define  additi6n;  Of;|>aW^^ 
.(a,  b)  +  (c,d)  =  (a  +  c/b  ^dYor  (2,  5)  .+!;^^:;2j'^ 
motivated  by  and.  corresponds" to\tHe  fact  .thj^^^^  —  '2)  = 

11  —  7.  In  ordered  pair  notation  (5.+  /;; '0'.+  X^^^ 

and  (0  +  ?n,  5.'+  m)  corrGsponds,  to  T.Ken/j[^^-^^  '(jbire- • 

sponds  to  (5'  +  k,  0  +Jc}  +  (0  +  m,  5  .+;?rt);=^^^ 

k  +  5  +  m).  Since  t^le^t^y6  eloments/of  t^ig  la^  the 

pair  corresponds  to  zjsro  and;the  -sum  of  vlhe;*  6rdor.e^^^ 

to  (+5)      (•— 5)-  =  0.  We  have  essentiaUy  prcive^^^  the 

set  of  positive  and^ne^atjve  integers,  iind^  0,. 

+  1,  +2,  +3,; -  -/  .la  isomorphic  to  the  s.^'t^^^ 

pairs  of  integer^  ufider  these  definitioni  of-additio 

that  corresponding"' tgf*  every  integer  A^  piliin^^^  is  an 

infinite  set  of  pair^,  Jthus^*  ~o  corresporij^s^^^^^^^^^^^  for  all . 

values  of  m.  Aiiy  member  of  this  set  c(iuld';b6^  and 

would  behave  the'samfe  as  any  other  of; tiiS  bet.' our 

previous  iwdrU  with  fractions  where  %:i)it^'^^ 

family  (l7?0/2r7i  or  (.Im,  2m)  all  of  =  WlSuii^ 

■alike,  ^      a  \'[' _  . '.-.v^^^v  /i;!:.^:-^^^^  V 

After  we  define  -multipTication  of  .these ..•ne^Vr^  to  . 

signed  nbmBers  we  (^ould  ptove  them:  i.s6h^ 

.integers  with  re.spcct  to'.multjplicatio^^^  go:  one  step 

further  and  phow  that -the  .set^of  all\pa;in5  ;{^ai^  ;^^^^^^^  element 
is  zero  is  isomorpliic  uTlder  both' addition  a  the  set 
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of  all  natural  numbers  and  zero..  This  would  show  that  this  system  of 
pau^  IS  an  extension  of  tfie  system  of  integers.  Further  if  we  had  used 
rational  number  (and  irrational  ninnber)  wherever  we  used  integer  above, 
the  arguments  would  have  been  the  same;  that  is,  the  (positive)  rational 
and  irrational  nuipbers  can  be  extended  in  this  same  manner  to  a  system 
of  signed  ration^Land*  irrational  numbers,  or,  in  other  words,  to  the  set 
of  all  real  number^.  . 

At  thisdeyel  of  abstraction  we  define  the  product  of  two  signed  num- 
'bers  when  they  are  represented  by  ordered  pairs,  as 

.  (a,  6)(c,  d)  =■  {ac  +  bd,  be  +  ad). 

By  way  of  illustration  with  the  same  examples  as  we  used  when  they 
weV^  represented  by  single  numbers  with  +,  —  signs  this  definition 
would  give:  ' , 

(+5)(+3)  =  (5,  0)(3,0)  =  (15  ;f  0,0  +  0)  =  (15,  0)  =  +15 

.    (-5)(+3)^  =  X0r5y(3.^);^  (0  +  0,  15  +  0)  =  (0,  15)  =  -15 

'  ^  (+5)(-3)-=  (5,  0)(V3)  =  (0  +  0,  0  +  15)  =  (0,  15)  =  -15 

(-5)(-3)  =  (0,  5)(0,  3)  =  (0  +  15,  0  +  0)  =  (15,  0)  =  +15./  * 

4Ve  define  division  by  the  equation 

(a,  b)  ^  (c,  d)  =  {z,  y)    if  and  only  if    {x,  y){c,  d)  =  (a,  6). 

Following  the  pattepis  of  our. previous  discussion  with  rational  numbers 
^  we  would  derive 'a  rather' elaborate  expression  for  (a:,  y)  which,  since  it* 

is  less  intuitively  obvious  and  less  uisef ul  than  other  forpis,  we  will  leave 

to  the  reader  to  work  out  (!)    .  „ 

Sin6e  the  rules  for  operating  with  negative  numbers  are  applicable  to 

all  rational  numbers,  not  merely  to  the  integers  which  we  have  used  in 

our  illustrations,  the  operations  of  subtraction  and  division  are  now 

always  possible  in  the  field  of  rational  numbers  (with  the  exception  of 
^division  by  zero)  and  all  linear  equations  are  now  solvable.  The  categories 

ojf  numbers  still  needed  in  elementary  mathematics  are  the  irrationals 

and  the  complex  numbers. 

/  BEYOND  THE  RAtlONALS 

Irrationai  Numbers..  Using  only  the  rational  numbers  we  are 
unable  to  solve  some  quadratic  equations  such  as.x'  =  2  which  may 
arise  from  such  a 'simple  geometric  problem  as  the  determination  of  the 
length  of  the  hypotenuse  of  a  right  triangle. 

^ a  •  ■  ■ 
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This  incompleteness  in  our  number  «y8tein  may  be  pointed  Out  to 
students  as  early  as  when  repeating  decimals  are  first  met.  We  noted 
earlier  that  each  rational  number  is  represented  by  either  a  terminating 
or  a  repeating  infinite  decimal.  There  also  are  infinite  decimals  which 
neither  terminate  nor  recur.  For  example  we  can  construct  the  number 
.101001000100001. . .  where  each  'V  is  followed  by  a  set  of  zeros  con- 
taimng  one  more  zero  than  in  the  set  preceding  the  T.  Such  an  infinite 
decimal  would  never  repeat  and  never  te^^inate. 

A  more  familiar  though  less  obvious  example  of  a  nonrepeating,  non- 
terminating  decimal  is  foimd  in  tt  =  3.14159. ..  .  By  this  we  mean  that 
tifere  is  a  succession  of  rational  numbers;  namely,  ri  =  3,  =  3.1, 
U  =  3.14,  Ta  =  3,l42crl  =  3.1416,  •  •  •  which  differ  from  tt  by  smaller 
and  smaller  amounts  such  that  r„  can  be  made  to  be  a&  good  an  approxi- 
amatioh  to  tt  as  is  desired  by  taking  n  sufficiently  large.  v. 

The  ancient  Greeks  reahzed  and  proved  that  there  was  no  rational 
number  whose  square  is  2.  But  such  numbers  as  the  square  root  of  2 
are  required  for  geometry.  If  a  square  is  1  unit  on  each  side,  then  the 
length  of  the  diagonal  of  that  square  is  a  number  whose'^quare  is  2.  It 
was  customary  with  the  Greeks,  as  it  is  today,  to  express  lengths  or  dis- 
tances ;in  terms  of  whole  numbers  and  the  ratios  of  whole  numbers,  - 
rational  fractions,  but  whole  numbers  and  their  ratios  were  closely  tied 
in  with  the  philosophy  of  the  Pythagoreans.  Consequently  they  were 
disturbed  to  discover  the  existence  of  a  constructable  but  "incommensura- 
'ble"  distance,  the  diagonal  of  a  square  (Fig.  23).  Just  as  we'have  con- 


Fia.23 
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structed  numbers  to  solve  such. equations  as*4  —  7  ^  n  or  3n  =  10,  so 
additional  nilmbers  had  to  be  constructed  to  be  soliftions  of  conditions 
such  as  =  2  and  to  represent  lengths  such  as  diagonals  of  squares.  To- 
day there  are  several  satisfactory  ways  of  doing  this,  but  all  of  them  have 
been  developed  within  the  last  century.  Symbolically' we  represent  the 
solution  of  =  2  by  V2,  or  in  general,  a  solution  of  =  c  by  v^. 
Formally,  is  a  member  of  the  solution  set  of  the  condition  =  6  if  and 
only  if  d"  =  7>.'Thp  ininihers  represented  by  these  symbols  must  be  con- 
stnictcul  fron^  the  set  of  nitional  luinihers  ju.st  as  our  rational  n\imbers 
were  constniotod  from  the  intogeVs.  This  construction  is  different  from 
those  previously  encountered  and  involves  the  concept  of  limit. 
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Actually  children  meet  the  idea  of  a  limit  early  and  fairly  ofted.  When 
we  write  M  =  .3333. . .  we  mea.n  that  is  the  limit  of  the  sequence  of 
numbers  .3,  .33,  .333,  .3333,  and  so  on,  which  may  be  derived  by  taking 
the  partial  sums  of  the  series  .3  +  .03  +  .003  +  .0003  +  -  •  •  .  Children 
may  be  ff^scinated  by  recurring  designs  such  as  in  Figinre  24"  in  which 
the-  area  of  the  innermost  square  quite  clearly  approaches  zero,  and  the 
sum  of  the  areas  of  the  squares  considered  separately,  if  the  larger  square 
is  one  unit  on  a  side,  is  1  +  }^  +  H  +  H  ^+  He  +  H2  +  -  This 
infinite  sum  can  be  written  as  the  sequence  1,  l  ^-^,  1  ^Me*^ 
1  ^y'i2>  "■'  7  where  the  second,  third,  and  nth  terms  of  the  sequence  ' 
represent,  respectively,  the  sum  of  2,  of  3,  and  of  n  terms  of  the  series,  a 
geometric  progression  normally  studied  in  detail  in  second  year  algebra. 
However,  this  sequence,  and  hence  the  series,  can  be  seen  intuitively  by 
inspection  or  by  dra^ving  diagrams  of  the  'successive  partial  sums  to  ap- 
proach 2  as  a  limit  without  having  recourse  to  the  formal  processes  for 
summing  a  geometric  progression.  • 


Fig.  24  •  , 

Although,  as  stated,  children  meet  the  idea  of  a  limit  early  and  are 
fascinated  by  it,  both  the  concept  and  its  rigorous  treatment  are  moder-^ 
ately  sophisticated.  Comprehension  of  such  concepts  develops  out  of 
repeated  contacts  with  them  at  successively  more  mature,  general,  and,, 
abstract  levels.  For  these  reasons  we  feel  that  teachers  should*  seek 
opportunities  to  introduce  these  ideas  wherever  appropriate  b*ut  should 
not  devote  too  long  a  period  to  them  nor  expect  ^compjete  insight  and 
mastery^,  in  the  students',  early  contacts  witlt  them.  For  example,  in  ., 
recerit  years  it  has  often  been  argued  that  such  ideas,  though  logically 
unavoidable,  are  too  mature  to  be  introduced  into  the  discussion  of  area 
even  in  demonstrative  geometry.  As  a  result  of  this  some  teachers  have, 
'  when  deriving  the  formula. for  the  area  of  a  rectangle,  avoided  discussions 
of  the  possibility  that  the  sides' might  be  incommensurable  witli  each 
other  or  with  a  unit  of  measure.  With  the  i;estrictions  noted  above  and 
for  the  reasons  stated  there,  we  believe  that  the  limit  concept  should  be 
introduced  here  and■whe^e^•e^  appropriate.  However,  we,  in  this  chapter^ 
must-tuni  back  from  the  general  concepts  of  limit  to  its  relationships 
t^)  number,  especially  to  irrational  numbers.  For  a  detailed  discussion  of 
the  limit  concept  see  .Chapter  VH  of  the  twenty -third  yearbook. 
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An  irrational  number,  a  number  which  may  not  be  written  as  an^* 
ordered  pair  of  integers,  may  be  defined  ?is  the 'limit  of  an  infinite  se- 
quence, of  rational  numbers  in  many  ways.  PerHaps  the  most  obvious  ; 
example  and  most  direct  process  occurs  when  we  slightly  formalize  tl^^'' 
division  method  for  finding  the  square  root  of  two-Testing  quickly  sho\^  ^ 
that  since  1^  =  1  and  2^  =  4,  the  square  root  of  two  is  between  the.<^ 
integers  1  and  2.  This  assumes  that  certain  properties  of  order  exist  jn 
the  rational  number  system,  for  example,  that  if  a,     c  are  pbsitive^and 
a  >  b  then  ac  >  be  and     >  h^.  We  will  not  takei  the  time,  to  elai)orat« 
these  principles  of  order  and  the  associated  inequalities  here,  but 'we 
strongly  recommend  them  to  our  readers  for  further  study  and  for  in- 
corporation into  the  teaching  of  algebra,  geometry,  and  analysis  in  the 
high  school  and  perhaps  in  some  junior  high  classes. 

This -first  fact  can  then  be  written  as  1  <  <  2  and  thfr  interval 
from  1  to  2  can  next  be  subdivided  into  n  parts.  In  our^decirhal  number 
system  it.  would  be  convenient  to  take  n  =  10.;  By  testing  1.1,  1.2,  ... 
1.8,  1.9  we  find  that  1.4  <  \/2  <  1.5:  Repeating  this  subdivisiqn  and 
testing. process  will  show.successively  that  1.41  <  v^2  <  1.42,  1  414  < 
<  1.415,  and  so  on'.  Each -of  these  JntervtMit*  1  to  2,  1.4  to  1.5,  1.41 
to  1.42,  1:414  to  1.415  is  nested  within  all  the  preceding  intervals  and 
the  ^etpf  nested  intervals  gives  rise  to  .two  sequences:  the  sequence  of 
lower  bounds,  1,  I  A,  1.4 1^  1.414,  •  •  -  ,  ancllthe  sequence  of  upper  bounds 
2,  1:;5,  i:42,  1.415,  •  •  •, .  If  it  can  be  sho^n  (as  it  can  be  in  this  case) 
that  these  two  sequences  approach  the  same  limit,  that  limit  is  by  defi- 
nition-the  square  root  of  two-  Equivalent  to  the  proof  that  the  two 
sequences  have  the  same  limit  would  be  a  proof  that  the  length  of  the 
intervjils'in  our'  nested  sequence  approaeh(^s  zero  as  a  limit.  Intuitively 
the  latter  approach  is  helpful  because  one  can  conceive  of  a  point  (Fig. 
25)  which  is  within  all  of  the  intervals.  This  would  be  the  point  corre- 
sponding to  v^-  It  could  be  constructed  with  a  straight  edge  and  com- 
passes (see  Figure  23)  but  could  never  be  located  by  measuring  with  a 
ruler.  *  v  ' 


^.  i:'4i    .  >  i.42 


Fig.  25 


^  Every  irrational  number  can  be  described  as  the  common  part  or 
intersection  of  a  sot  of  ricf^ted  intervals  whose  length  approaches  zero 
JUS  a  limit.  Ciivcu  two  sets  of  nested  intervals,  the  sum  of  thej^rrespond- 
ing  numbers  can  be  defined  to  be  the  number  represented  by  a  new 
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set  of  nested  intervals  derived  from  the  two  given  ones.  If  the  number 
'M  is  define^  by  the  intervals  ai  <  M  <  hi ,  a2  '<  M  <b2 ,  di'  <  M  < 
bz  ,  •  "  ai  <  M  <  bi  and  a  second  number  N  is  defined  by  the  set  of 
nested  intervals  d  <  N  <  di ,  then  M  +  AT  can  be  defined  by 

iai  +  ci)  <  {M  +  N)  <  {bt  +  dO,  ia2  +'  C2)  <  (if  +  N) 

<  ib2  +       .  - .  (a,-  +  c)  <       +  iV)"<  (bi  +  di),  - .  . 

Multiplication  of  numbers  defined  by  .  nested  intervals  can  be  similarly 
defined  and  on  these  definitions  of  addition  and  multiplication  we  can 
base  definitions  of  their  inverses,  subtraction  and  division.  . 

This  system  for  defining  numbers  actually  describes  the  rational 
numbers,  too,  and  hence  can  be  thought  of  as  including  the  entire  system 
of  real  numbers  (irrationals,  rationals,  integers,  natural  numbers).  This 
is  easily^  demonstrated  by  remembering  that  =  .333.  . .  can  be  re- 
garded as  .3  <  M  <  v4,  .33  <  H  <  333  <H<  334,  -  -  •  .  Simi- 
larly,^ although  numbers  such  as  .5  are  called  terminating  decimals, 
they,  too  can  be  written  ,  as  infinite  repeating  decimals  which  can  then 
,be  translated  into  nested  intervals.  Thus,  .5  can  be  written  as  a  repeating 
decimal  in  two  ways,  .5  =  .5000.  . .  =  .4999. . .  .'The  seCond  of  these 
"  says  .4  <  .5  <  .5,  .49  <  .5  <  .50,  .499  <  .5  <;  .500,  •  •  •  and  so  on. 
Allrof  this  is  really  unnecessary,  in  a  sense,  because  we  know  that  the 
upper  bound,  .5,  is  the  number  we  are  describing  exactly,  but  it  does 
show  that  nested  intervals  can  be  used  to  define  both  rational  and  irra- 
tional numbers.  The  property  of  being  represented  by  repeating  se- 
quences of  digits  in  a  place  iyalue  numeration  system  with  an7/_,  base, 
b  >  1,  is  a  property  which  distinguishes  rational  numbers  from  irra- 
tionals independently  of  the  base.  Both  rationals  and  irrationals,  and 
hence  all  real  numbers,  can  be  represented  by  the  nested  interval  te.ch- 
nique!  *  . 

There  are  two  other  currently  used  procedures  for  defining  irrational 
numbers  out  of  sets  of  rationals.  George  Cantor  defined  real  numbers 
directly  as  the  limits  of  sequences  of  rational  numbers.  A  sequence  of 
rational  numbers  ai ,  a2 ,  «3 ,  ,  -  •  •  a„  ,  •  •  •  is  defined  to  have  a  limit,  -, 
A,  if  for  every  positive  number  e  there  exists  q-n  such  that  for  all 
terms  in  the  sequence  after  the.  AT/^'  the  difference  between  A  and  a„ 
is  less  than  6,  that  is  forn  >  AT, ,  |  ^  —  a„  |  <  Using  this  definition 
it  can  be  proved  as  a  theorem,  that  a  necessary  and  sufficient  condition 
for  such  a  limit  to  existr  is  that  the  difference  between  two  terms  of  the 
sequence  approaches  zero  as  a  limit,  as  the  two  terms  are  selected  farther 
and  farther  alonpj  in  the  sequence.  Such  sequences  are  sometimes  called 
Cauchy  scqnciiccs.  A  more  t^^chnical  statement  of  thcf  theorem  would 
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.  ithen  be:  A  sequence  of  raticmal  nmnbers^  ai\  02 ,  oi 04 ,  • '  •  a„  ,  •  •  is 
a  Cawhy -sequence  arid  represents  a  real  numher  if  for  fvery  e  >  0  there 
exists  an  jfV.  s^h  thatfor'all     m  greater  than  iV« ,  |  a„  —  a„  |  <  t.  Since**, 
every  infinite  decimal  fraction  can  be  regarded  as  a  sequence  of  rational 
numbers  which  can  be  shown  to  approach  a  limit,  every  infinite  decimal 

•^represents. a  real  nurnber.  From  thiSf  viewpoint  H  can  be, represented  ' 
by  .3,  .33,  ,333,        and  !5  can  be  represented  by  either  .4,  .4$,  .499,  . 

;  •  •  •  or;  by  .5;  .5,  .5,  •  •  ■  .  Thus  this  Cantor  sequence  approach  also  . in- 
cludes both  rational  and  irrational  numbers  in  its  definition  of  the  real, 
numbers.         '         ' .  v      ,  "  ; 

The  third  ,.approach..to  irrationals- by  way  of  Dedekirtd  cuts  is  closely 
related  'to  the  nested/interval  approach  but  nlakes  more  use  of  set  tleo- 

.  retic  ideas.  We;shaii  not  take  the  space  to  expound  it  or  other  approaches 
such'a^.that,  cvia  continued  fractions.    '  ^ 

'  Trahsqehdental  Nuihtiors.  One  of  the  fir^t  irrationals  to  be  met  in- 
this  chapter,'  aKd  *  in  |bhe;hisiorical  cievelopment  of  mathematics  as  well 

\  as  in  :lhe  secondary  school /curriculum,  i  today  denoted  «by 

the  Greek  letter  tt.  This  num^ber  is  a  mehiber  of  a'subset  of  the  irrationals 
which  is  more  numerou;^?  (in  the  sense  of  infinite  sets)  than  the  set  of  all 
nth  roots  of  rationals,  but  which  was.hot  even  proven  to  exist  until,1844. 
This  is  the  set  of  nui^ibfers  called  tra7i$cendenta(f  jh\s  name  is  used  for  all 
numbers  which  are  not  algebraic  where  algebraic,  hximbcrs  are  defined  to  be 
numbers ^vhich  can.  he  roots  of  equations  of  the  form  Cox"  +  aix"~\  + 
^i^",:  +  '  V-  +  tin^ix -\t  On  =^  .0  where  w  is  la  positi\'e  integer  and  all  thea,- 
are  integers;.  Thus  \/2  and.  v/2  a5  well  as  —  2^  are  algebraic  because  they 
are  the  roots  respectively  of  x^  —  2  ;=  0,     —  2  =  0,  and'3x  +  2  =  0. 

,  Other  transcendental  numbers  in^^  elementary  mathematics  in  addi- 
tion to    are  e,  the  logarithms  of  many  numbers,  and  the,  trigonometric 

.  iFunctionS'  of  many  angles. 'T  was  not  proven  to  be  trans- 

cendental C^-nd.tbe  famous  Greek  problem  pf  squaring  the  circle  finally 
thereby  shown  to  be  impossible  -of  sdution  with  straight  edge  and  com- 
passes) until  1882  shows  something  of  the  difficulties  of  a  theoretical 

.  treatment  of  irrationals  and  transcend entals.  This,  however,  does  not 
mean  that  secondary  school  students  should  not  have  at  least  he^i^d  of 
them.  Quite  the  reverse!  Here  is  one  of  the^ few  places  where  secondary 
school  students  can  be  brought  close  to  the  boundaries  of  modern  mathe- 
matics and  helped  to  feel  something  of  its  vigorous  vitality. 

Computation  yith  Irrationals.  In'  practical  computations  irra- 
tional numbers  are  replaced  by. rational  approximations  such  as  tt  ' 
3  H»  or  TT.  -'^  3.14159,  or  \/2      L414,  The  tojiic  of  computation  with 
numbers  arising  from  approximations  is  (J^scussedjjjfiter  in  Chapter  .5. 
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The  Real  Numpers,  la  conclusion  'We  will  merely  ppint  out  again 
that  although  we  have  used  th6  decimal  place  value  notation  sySfem, 
(especially  decimal  fractions,  in  discussing  irrationals,  ..the  basic  distinc- 
tions between  rationals  and  irrationals  are  hot  properties  pf  any  particu- 
lar base  ^r  evien  of  the  general  idea  of  place  value  number  notation. 
However,  tlk  limit  concept  Jn  som6  form  is  inescapable  in  defining 
irrationals  and  can  be  applied  in  such  a  way  that  rationiil^'and!  irAtion-  ' 
als  all  are  seen  to  be.  part  of  the  same  real  number  systftn.      '  ^.  '.  | 

THE  LAST       NEW  NUMBER  /  ;  ^ 

With  the  real  numbers  we  can  solve  all  equations  of  the  foon^oo;'  + 
6  =  0  and  of  the  form' cx'*  +  c?  =  0  where  a,  6,  c,  d  are  real  numbers 
and  w)iere  c  and     have  opposite  signs.  However,  such  a  simple  Jittle 
equation  as     -t  ^  =  0  can  not  be  "solved  using  any  of  our  reahiumbers. 
There  are  mimy  mor^  equation^^f  interest  to  hothvpure  and  applied 
mathematicians  wjiich  caif  not  be -solyeji^sing  only  the  real  numbers, . 
To  end  this  unhappy  situation  anotherVjnew  number  was  «^efl5keci.  In  . 
elementary  approaches  this  is  cdmmonly.'represented  by  the  let'f^t,  v  ' 
and  I  is  endowed  by  d^finiti6n  with  the  property  that  f^f^t^  <ft-.f^:vThis'T( 
definition  suffices-  to  sho^v  that  i  is  . a  solution  of      +  '  1  =  0.  We- will"  . 
assume  that  our  readers.afc  familiar: with  the  further. definit.ipns  whereby  ? 
this  unit  imaginary^  f ,  is  combined  with  real  numbers  to  produce  co^/ex  r 
numbers  such  as.2  +  V,  3  —  2V,  \/2  +  1.5i,  a^pd'so  on.  The  general  ^com- 
plex number  is, defined  to  be  any  number  of  the  form  a  +  hi  \yhere  a  ' 
and  6^r(5present  real, numbers.  * 
.   ^  The  equality,  sum,  difference,  product,  quotient,  and  integral  powers 
of  complex  numbel^,  a  +  hi,  are  then  usij^Hy  defined  with  such  a  strong 
appeal  to  their  analogy  with  real  binomials '•^S- to  make  these  definitions 
appear  to  students  to  be  derivations.  Thus  (a  +  hi)  •  (c  +  di)  is<  often 
mrdtipticd       to  give  ac  +.  a:di'+  hci  +         then  ir  is  replaced  by  -^1. 
and  the  final  result  written  as  (ac  —  M)  *+  {ad  +.  6c)f.  Actually,  .this  . 
latter  expression  is  a  r?r/Znt7fon  of  {a/^oi)  ■  (c  +.  rff),  biut'many  sti^djgnts 
never  even  see  it.  T^he'y  af<j'  taught  toaise  the  analogy  VvitK  multi^ca^- 
tion  of  binomials  in  "bvery  numerical  situation  such  as  (2  +  3i}(— 4.—  if 
and-the  general  definition  is  pointed- out 'passingly  if  at  all,       .  ; 

Pedagogically  this  approach  has  the' values  of  being'cohcret^,  capit^liz-  ,; 
ing  .on  previous  experiences,  using  a  (partially)  .meaningful  process  rather 
than  an  iirhitrarily  presented  and  .memorwed  rule.  This' presentation 
fails  to^xplain  the  logical  foundationi?  of  these  numbers  and^^their 
j>pcr|5mtes.  It  fails  fo  sliow  clearly  their  fundamental  differences  Trom 
the  real  numbers  j^s  well  avS  their  similarities  and  the  sources  of  these 
Mmilaritips.  In  the./Writers*  opinions,  an  approach,  which  oQiits  such 
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fundamental  ideas  or  leaves  them  unnecessarily  obscured  i^  not  a  fully 
sound  pedagogical'approacft  We  shall  here  present  concis^^^^  modern  ,  '  ' 
abstract^  approach  to  complex  numbers  and  then  suggest  con^deratfons 
from  which  our  readers  may  develop  a  cbinpletely  sound -pedagogical 
approach.  We  shall  be  quite  concise  because  the  detailssare  so  much  like  ""^  " 
f  those  we  have  elaborated  .Jih  ,ca^nection  with  the' int;egers  and  the 
,  rational  numbers.   ^'  '  .  ,  . . ^  , 

In  this  approach  a  complex  number  issdefined  to  be  any  Ordered  pair  > 
of  real  numbers.  Thus  if-'O  and  h  are  real  numbers^  (a^6)  is  a  complex 
number.  We  then  give  the  following  arbitrary  definitions:  ^ 

.•  ■.  '         :%     ,  '  : 

Equality:  {a,  h)  =  (c,  d)  if  and,  only  if  a  —  c  and  b  = 
'  Addition:  (d,  b)  +  (c,  dy=.  (a  +  c,  6  +  d)  •  -  • 

Multiplication:  fa,  b)  X  (c,  d)  =  {ac  —  bd,  ad  +  be).  '  ^  ■" 

Note  that  each  of  these  definitions  for  ordered  pairs  is  phrased  in  terms  . 
of  previously  established  numbers  (real  numbers)  fed  operations  with    W  "  - 
Ihem.  Using  the  idea  that  we  sti^Nvant     Refine  subtFactiori  and  divi-  ' 
sion  to  be  the  inverses  of  addition  and  multiplication  ,^e  can  work  out         .  .. 
the  formulas:  '  ^ 

(a,  6.)  —  icy  d)  =  (a  —  c,  6  —  d)  . '  .  . 

/    J  V      /■  jt\    '  / +  bd  be  —  ad\  ■  . 

These  formulas  are  actually  based  on  the  idea  that  the  pair  (complex 
^  number)  (0,  0)  when  added  to  (a,  b)  gives  (a,  b)  and^that  the  pair  (1,  0) 
when  multiplied  times  (a,  6)- gives  (a,  b).  These  pairs,  (0,  Q^^ and  (J,  0)^/ 
are  called,  the  additive  and  mtiltiplicative  fcZeriWfcs  respectively.  These 
pairs  correspond  in  our  new  (complex)  number  system  to  the  zero  and* 
.  one \of  our  integers. 

We  could  now  prove  that  the  complex  number  system  also  obeys  the        '    ,  » 
closure,  assqcidtive,  commutative ,  and  disiribiitiv^  l^^s  .  which  we  have 
preserved  at  each  step  of  the  process  of  building  new  numbers.  In  fact,  *  * 
^^^^Ithough.  logically  we  could  have  defined  equality,  addition,  and  raulti- ' 
plSation  of  complex  numbers  any  way  that  we  wished,  we.  were  actually 
guided  in  our  choice'of  definitions  by  the  desire  to  have  our  new  numbers 
again  behave  as  much  like  our  old  ones  as  is  possible.  Actually  the  com- 
plex numbers  lack  one  property  which  is  a  most  important  and  lisefful  4; 
■  one  in  the  rieal  field.  This  is  the  property  of  order.  -Foj  any  two  real 
.  numbers  a  and  6  it  is  always  true  that  a  >  b,  or  a  =  6,  or>a  <  b.  The 
ideas  oi. greater  than  and  less  than  can  not  be  defined  |or  complex  nuA-       '  ^ 
bers  in  such  a  way  as  to'^have  the  same  properties  as  tllese  do  i&  the  rea^ 
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number  system;.  In  jthis'^ense  we  cave  up  so^^iing  when  we  extended, 
the  r^l  numbers  #  the^ompkx  nfeld.  In  this'^ense  then  the  real  num- 
b^rs  were  the  Iq^  nt^^I^s— i.e^the  last  num^ejs  with'all  thosaproper- 

However,  we  also  gained  som^ing;  namely i4i^  field  of  9pmplex 
numbers  all  equations  of  the  fomRioX'*  -f  aix*~^  -  k'\CLn^ix  +  a„  =i*  0, 
wBere  the  a^  ar^  rearnumbers,  not  6nl^b»,ve.a  solution  (as  proven  by 
,C.  F.  Ciauss  about  1800)^  but  in  fact  fi^y^  n  roots.  Actually  this  same 
'.'Statemefit  would  be  true  even  if  th^^jcoefficients,  ,  were  complex^  It 
4.is  fey  this  jeasoa  that  f he  complex  riumbe^system  is^called  complete^ 
i.e.,  no  new  numbeTS  -are  needed  to  sglvc  the  jgeneraUequation  even  if 
the  coefficients  areithemselvpe^ibprnplexV  ^  -  > 

Since  we  are  asstlming  tha^those  who  hOp^read  this. far  already  know 
about^  the,  traditional  gru^phical  representation  and  polar  fomi'^  of  com- 
plex numbers  and  th^lr  fascinating  relationships  with  the  trigonometric^ 
functions  (if  yoi^.dd^not,  see  the  referenced' ifr  ChSpter  Jl),  we  will  not 
exj^ound  Qji  them  pr  on  their  applications.  (Remember,4n  the  study  of 
^leqtricity'our  unit  ima^ary  is  repre^nted  by  j*tath6r  than  t.)  r 

H(^wever,  pdS^^ically  as  weU  ^s  historically,  these  comp^x  numbers 
are  probably  the  fcrdest  ones  for  students  to  accept.  The  name  imag- 
inary is  both  merely  a  ^istortcal  hangover  and  a  pedagogical  handicap  as 
it  seems  to  indicateHhat  there  is  som'^ning  ahnost  supernatural  about 
them.  It  wouldibe  bett^, to  stress  the  tenn^mpte,  but  one  cannot  omit 
mentioniijg  imaginary  since  It  is  so  generally  i^ed.'Histori<si|g}iy  antj  peda- 
gogically,  making  g^j^ical*  representations  of '%oth  the  numbys  and 
the  operations  with  them  and^some  discussion  ofi^their  many  an^^yaried 
applications  will  quicken  their  aojoept^nceu^^l  of  the'Se  together  with  some 
later  discussion  of  the  logical  structure  of  number  sy^ms  &d  the  reasons 
foragd  metTiods  of  j'^tending  theni  Avill  I^lp  stut^ents  ultimately  to  de- 
vel^in  their  understand^jift  not  only  of  thfi^  numbers  but  ^pf  number 
•  systems  and  mathematics'as  a  whole..  >^  . 

We  cannj^t  leave  the  topics  of  jjf|imBerB  and  oper^ii^ns  wi^out  a  word 
.  or  t\yo  on  dach  of  three  topics — (T)  still  furt^r  new  nuijibers,  (2)^e  role 
of  structure  in  mathematics,  apd  (3)  the  connections  bet^feen  operations 
and  relations.  ^       '    '    -  u  :  >  ' 

■  V  '     .  ■  ...    r-  ■         ■  ^ 

«;V       '  STILL  OTHER  NEW  iSfUMBERS^  , 

We  ^can  make  no  further  extensions  of  our  nuniber  system  without 
making  some  saSrifices.  In  fact,  as.  we  noted  a^\%,  w(j|^ad.  to  shcriftbe 
the  of der  relations  greater  than^nnd  less  than  when  we  d^ftfed  the  complex 
numbers.  However,  if^we  don't  htiJpd  an  occasional  .sacrifice  there  are 
many  sets  oX  mathematical  elements  for  which  we  can  define  operations 
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comparable'  to  addition  and  multiplication.  Some  examples  are:  qua- 
ternions  which  can  be  represented  by  quadruples  of  real  numbers  rather 
than  by  mere  pairs,  vectors  wl^ich  can  be  regarded  as  special  cases  of 
.matrices  and  which  can  be  defined  as  triples  of  rea,l  numbers,  matrices 
which  are  reefUngular'arrays  of  real  numbers,  Gau^an  integers  which  are, 
numbers  of  the  form  a'+  bi  where  a  and  b  are  restricted being  ordinary 
integers,  algebraic  integers,  p-adic  numbers,  and  others.  Quaternion,  vec- 
tor, and  matrbc' algebras  all  sacrifice  the  commutative-'law  for  multipli- 
cation,, i.e.,  it  is  not  necessarily  tru^  in  these  algebras  that  A  X  J?  = 
B  X  A .  Gaussian  integers  are  much  like  our  ordinary  integers  (winch  are 
also  called  rational  integers) .  Thus,  though  5,  which  is  prime  in  the  set 
ordinary  integers,  is  (2  +  i)  X  (2  —  i)  in  Gaussian  integers,  factoriza- 
tion is  unique  in  Gaussian  integers.  However,  if  we  call  integers- the  set 
of  aH%umbers  of  the  form  a  +  b  \/— 5' where  a  and  b  ^j-e  ordinary  or 
rational  integers,  we  .find  that  these  new  integers  faif  to  satisfy  the  funda- 
mental theorem  of  arithmetic;  namely,  that  every  integer <;an  be  uniquely 
(except  for  sign  and  order)  fa,c.tored  into  prime  factors.  In  this  last  sys- 
tem, for  e.xarnple,  21  can  be  factored  into  primes  in  two  different  ways: 

21  -  21  +0.v^^5  -  k'l  =  (1  +  2V-5).-(l  -  2V~5). 

These  arithmetics  arid  algebras,  and  many  more,  have  been  and  will  be 
further  explored,  by  many  mathematieians.  Tliore  is  rib  end  to  mathe- 
matics, its  fascination,  and  its  uses!      ,  • 
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IHvo  simple  finite  arithrnetics  are  defined  by  the  two  sets  of  table.s  in 
r  Figure  26.  Thefee  tjibles  ^mean,  for  example;  that  in  Arithmetic  I,  6  + 
c  =  d,  and  in  Aritl/metie  II,    X  c  =  c.  <<• 

It  is  an  interesting  exercise  for  oneself  or  for  a  bright  group  of  students 
toMook  U>r,  tabulate,  aruilyze,  and  systefinatize*  the  similarities  and  the 
(fiJlTerences  between  Arithmetic  IjS:nd'*"?\rithmetic  II,  between  addition 
and  nmltf^lication  in  general,  betw^erv addition  in  thh  two  different  arith- 
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metics,  multiplication  Ln  the  two.  For  example,  (1)  all  four  tables  have 
the  property  that  none  of  the  entries  within  the  table  uses  a^^number  or 
^yrobol  which  did  not  occur  in  the  outer  row  and  column.  This  property 
is. called  c^osizr^, Nvhich  means  that  the  sum  (product)  of  two  elements 
in  the  basic  set  is  also  an  element  in  the  set.  Other  things  which  ntay  be 
observed  are  that:  (2)  whatever  t\vo  elements  you  pick,  x  and  ?/,  x  +  y  = 
y  +  x  an.d  x  X  y  =  y  X  x,  (3)  in.  each  table  there  is  a  row  (and  column) 
which  is  exactly  the  same  as  the  top  or  outside  row  (left-hand  column). 
Property  (2)  is  called  the  commutative  law,  and  property  (3)  is  expressed 
by  saying  that  there  is  an  identity  element  for  addition  (a  in  these  exam- 
ples) and  one  for  multiplication  {h  in  these  examples).  Thus  if  x  is  any 
other  element  in  the  above  sets  x  +-a  .=  x  and  x-6  =  There  are  other 
similarities  and  differences.  For  example,  subtraction  can  be  defined  for 
all  pairs'  in  both  arithmetics,  but  division  can  be  completely  defined  only 
in  Arithmetic  I.  Can  you  define  these  operations  and  explain  why  and 
in  which  cases  one  cannot  completely  define  division  in  Arithmetic  II? 
Actually,  these  are  examples  of  modular  arithmetics,  modulo  5  and  6,  and 
can  be  written  with  numbers,  representing  a,  6,  c,  d\  e,/by  0,  1,  2,  3,  4, 
5.  Try  it!- Can  you"figure  out  an  explanation  for  why  division  wijl  be  al- 
ways* possible  only  in  arithmetics  with  a  prime  modulus? 

These  arithmetics,  though  fascinating,  are  not  to  be  explored  here. 
They  are  exhibited  to  illustrate  the  point  that  there  are  certain  basic 
ideas  and  relationships  that  opcur  time  and  again  in  mathematics,  in 
many  different  situations,  sonVetimes  disguised  by  different  symbols  and 
terms,  but  still  fundamentally  the  same  ideas.  If  the^e  basic  ideas  can  be 
perceived  to  be  present  in  a  new  mathematical  structure,  the  mathema- 
tician can  then  immediately  write  down  for  the^^iew  system  the  conse- 
quences which  he  has  previously  shown  must  always  follow  when 
the  basic  structure,  however  disguised,  is  present..For  the  student  the 
perception  of  this  structure  increases.his  understanding  of  the  new  struc- 
ture and  also  of  why  it  was  originally  defined  and  built  as  it  was. 

There  are  many  different  typical  mathematical  structures.  Two  very 
important  ones  which  are  also  present  in  our  arithmetic  and  algebra  are 
those  called  groups  and  fields. 

A  group  is  an^  system  having  a  set  of  elements  with  a  single  operation 
and  equality  defined  such  that  it  • 

(1)  is  closed.  *^  . 

(2)  is  associative,  -  "  ■ 

(3)  has  an  identity  element,  (In  qj:dinary  arithmetic  this  is  zero  for 
addition  and  one  for  multiplication.  It  is  a  for  addition  and  b  for 
multiplication  in  Arithmetics  I  and  II.)  .  ,  ; 
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(4)  for  every  element,  has  an  inverse  element.  (An  element  such  that 
added  to  (or  multiplied  by)  the  given  element  their  sum  (or 
product)  is  the  identity  element.  Thus  the  additive  inverse  of  +2 
is  —2  ^J/id  of  —3  is  +3  in  ordinary  arithmetic,  while  the  multipli- 
cative inverse  of  ^  is  >f  and  of  ^  is  In  Arithmetic  I  the  addi-:. 
tive  inverse  of  d  is  c,  in  Arithmetic  II  it  is  d  itself.) 

If  the  elements  of  the  group  are  also  commutative  the  group  is  called 
a  commutative  or  A  belian  group.  Thus  the  positive,  negative,,  and  zero  in- 
tegers form  an  .4belian  group^under  adcfition.  The  positive  rational  num- 
bers form  a  group  under  multiplication.  Arithmetics  I  and  II  each  form 
groups  under  addition,  but*  II  is  not  a  group  with  respect  to  multiplica- 
tion. Can  you  fell  why? 

A  field  IS  O.  system  having  a  set  of  elements  with  equality  and  two  op- 
erations defined  such  that: 

.  z        .  * 

(1)  It  is  a  commutative  group  with  respect  to  addition. 

(2)  It  fs  a  commutative  group  with  respect  to  multiplication  (if  the 
\.  additive  identity,  zero,  is  omffted). 

(3)  Multiplication  is  distributive  with  respect  to  addition,  that  is. 
a  -      +  c)  =  ab      ac.      ^  •  - 

Thus  the  rational  numbers,  th^  real  numbers,  and  the  comple^f  num- 
bers are  fields.  So  is  Arithmetic  I.  We  could  have  said  that  in  this  chapter 
we  were  going  to  study  some  of  the  groups  and  fields  of  modern  mathe- 
matics. We  felt  that  here,  as  in  secondary  classrooms,  abstractions  and 
generalizations  should,  in  general,  be  built  up  from  beginnings  which  are 
more  concrete  and  special.  However,  have  tried  to  show  the  impor- 
tance of  these  ideas  as  we  went  along  and  how  they  are  a  continuous 
thread  running  though  all  our  arithmetic  and  algebra.  In  this  section  we 
have  merely  hinted  at  the  fact  that  they  are  a  part  of  the  structure  of 
many  other  mathematical  systems  and  that  as  such,  they  are  most  useful 
and  fruitful  concept's  for  the  advanced  mathematieian  and  for  the 
students  whose  insights  and  understandings  are  increased  and  broadened 
as  he  pqrceives  them.      ^  - 

OPERATIONS  AS  RELATIONS  ,  ^ 

In  the  following  chapter,  "Relations  and  Functions,'*  a  relation -will  be " 
defined  as  a  set  of  ordered  pairs  of  elements:  The  meaning,  significance,., 
use,  and  pedagogical  advantages  of  the  concept  of  relation' will /^le  dis- 
cussed and  illustrated  there.  Herice  we  will  merely  note  that  operations 
may  he  cla.^sified  according  to  the  number  of  elements  involved,' £\s  uni- 
tary; binary,  ternary,  and  so  on,.'a,ntl  further,  they  may  all  be  classified 
•■under  the  heading  of  relations;  Thus  .ordinary  addition  of  integers  may 
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be  regarded  as  a  binary  operation  and  as  a  set  of- ordered- pairs  in  which, 
the  first  element  of  the  pair  is  itself  a.pair  of  integers  and  the  tecond  ele- 
ment of  the  pair  of  the  relation  is  a  single  element,  their  sum/ This  can 
be  represented  as  illustrated  in  Table  4.  Thd  rfieaning  of  the  c?omam  and 
ranfire  will  also  be  further  illustrated  in  tJiQ  ne^t  chapter.  .  '  . 

TABLE  4  .  ,      ^    .    *  •  •    .  •  :   .  ■  -'^  V 
RELATION/'-}-"  DEFINED  FOR  INTEGERS  '  ■;  '-      .  '.  ^ 


First  element 

.  .      ,  *        .  Second  element 

Domain:  pairs  of  integers 

^                '  Range r  integer*   ;  ' 

(2,  3) 

(-3,4) 

(0,2) 

(-4,  -S) 

(-5.  -4) 

■  '     -9  '         '  '"■  ■ 

.    (0,  0) 

etc. 

.  .     *  •  etc.  ;          "■ ' 

In  set  notation,  this  relation  can  be  represented  by. 

.|[(2, 3),  5],  K-3, 4),  n,  [(o,2),2],  K-4,  -5);'^9j,: V  '  ;  .  : 

[(-5,  ~4),  -9],-[(0,  0),  0]'^  ■  - }  or  by '{[Or,  y):M.\  x  +  y  -=  -z\'< 

This  approach  to  the  concept  of  an  operation  is  interesting  and  eri^- 
larges  one's  mathematical  horizons,;  but  is  beyond -the-; ^^(ippe  of  this  , 
chapter  and  probably  not,  relatively,  a  sigiiificant  conc^pt/fpf  the  sec-- 
ondary  school.  Sec  Chapter  11  for  biblidgraphih  and  siig^e^Ut^s  for  the 
further  study  and  use  of  the  materials  in  the  chapter.  '       )■     '  M  .  . 
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■    :  "TKe  ciiltivation.of'the  mathematical  imagination  depends 
•,      fchiePy  on  th^  child  being  put  into  the  right  attitude  towards 
:miittLemati^     concqp^ioiiB  in.his  earliest  years;  and,  after  thai, 
^  ;'on  the  right  use  b^iiig^ade  fef^ertain  nodes  or  criticdl  points, 
,    ;  .whfch  o0cut  Here  and' there  m  each  branch  of  mathematics  and ' 
wl^ich^i^iduld  'be  dqalt  w.ith  in'a  *<i}ilte  different  manner  froiti' 
it  A   tlie  re^stof  thecouite.^— Mary  Everest  Boole  inPrejpafation 

:'?'■':•':■  ■  ■  --'.-U'^ -     l      .  "    ."■     '  ■  V-' 

:  ; V       NtJMBER:  J^mS  IN  EfcEMEiNfTARY  AND^ 


.  '.TpEAGHERS  of  inath^atjcs'^are  very  f^,Tpifiax!fe^^ 
'aiid  *f unction',  !6^oJh  worHs^re  frequently  "usOTnin  a  nonrpathematicial 
vcpnlext  as  weji  as  in    tritttheripj^tiM  most  Iiistaiices,  'rela- 

-  jj^ion'  ;is  used  ^yery  lo^^eljf;  a^^^  wi^  imapy ,  sh^^  .of  meamng.^tii  f apt, 
v    eiementar}^-^^^^   skiohd?iiy'  m^ithenp^at^ij^/r^^         has ;  had  no.  precise 

-  me^mng^^  ■■         /  -.■ 

: '  vTHe  ^o.:^;/f^  h^isri^ald  a/pr;ecise*;meaning  In  secondary  mathe- 

i-.ma;tics  ;fp|:  soii^^  frequently  ijoorly  understood 

;  .to  lfe(juently;  nol;*£ven*meiitiqja     as  an  important  <;on- 

*;;;c^pl^i^^  ;  i^.     '  ^'.--^  ^  .  - 

-  V;  Ijecenily^^^^  brought  about  a  c^nge  in  the 

S5el£j^tion*'4sj?tow         a  vgry  definite  mather 
"  inati^^^^  there'has  been^^change  in  the^fi^tion  ^>%unc- 

^i6ri*-^a  Ye)|^  cmmge^  Cpnjtempprary  mathematics  pfeferS/ 

.to  definie  ^i^^  in  ferms  dl^^sets;  in  fect,  in  contem- 

/f^drni^^  to  be  more  fjihdai^ental 

than' the  idea  of  »  ■       ■      -  ■  •  .."^^ifj^ 

§ets. of  ]lUm.b6wraDd  s^J^j|w\i^ 
•  affiire.^J'amiliat^ 
■  charts, -and  !do^4^^ 

^  T^hich :  WQ-^^  d^^  For; 
weight/  (ntiiiab^r      ilmcesj  of  a  letter  witJ 


ippear  very  :orten  jii  daily 
charts,  temp^Vature-time 
think  of  other  ^^ases  i 
ixample,  we  can  pair  the 
the  postage .  (number  of 
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cents)  it  requires.  We  often  pair  objects  other  th^in  numbers.  In  the 
gradjj  bool^,  a  final  average  is  pajxed  .\vith  each  student  at  the  end,  of, 
the  year.  Also,  in  a  class  record'book  we  pair  with  eachjiour  fhe  names 
of  students  irx  the  class  at  that  hour.         y      ■     ^  . 

Perhapsiith«  firsi  pairing  that  the  small  child  encounters  is  the  asso- 
ciatibn  of  names  with  objects.  He^soon  §nds  that  more  thaii"<,one  object 
is  paired  with  the  same,  name,  and  thiCt  more  than  one  name  is  often" 
as.'^ckited  nvith  the  same  object.  In  his*first  urithmeticfe-1  experiences 
the  child  'Ibarns  to^  count  a  collection  of  objects  by  pairing  off  the  ob- 
jects with  names,  %uo\  'two/,  *thrGe',  ifnd  so  oit.  Hc^  learns  that  hy^ 
this  counting  process  a  nuntbcr  name  is  associated  witfi'cach  collection; 

-  that  is,  one  can  pair  off  collections  with  numbei:  names.  In  these  and 
many  other  instances  the  child  learns  to  pair  things,  lliAt  is,  to  associate 
things,  to  make  thipgS''1:^orfesp6nd.  Of  ^course,  he  docs  this  without 
hei'Hg  consciously 'aware  of  the  idea  of  pairing.    *  , 

In  the  schools,  we  first  study  number  paits  in  tabular  and  graphical 
form.  The.  elementary  schpol  piipih  encounters  tivbles  and  graphs  as 
ways  of  showing  how  numbers  arc  paired.  This  first  encounter  may  be 
a  time-temperature  graph  in  which  he  has  recorded  the  temperature 

•for  each  hour  of  the^  schopl  .day.  In  this  case  the  graph  visually  shows, 
such  number  pairs  as:  (8,  45°),  (9,  47°),  -(II,-  55°),  (12,  56°), /(I,*  60°)} 
(2,  Gl°);  (3,  59°),  j(4,  54°).  Here  the  first  member  of  each  pair  records 
the.vhoin;  of  the  day  and  the  second  element- records  th^  temperature. 

?You  arc  familiar  wit^i  graplis,  and  hence,  we  wiJJ.not  sB§fw  the  pairings 

ifis  thoy^might  be  presented  in  elementary  .schoql  or  junior"?iigh  school. 

The  Sfofneubary  school  pupil  also  meets  pairings  involving  things  Other 
than  numbers.  For  example,  (Iowa,  2,600,000),  XKan.sas,  2,000,000), 
(Illinois,  9,400,000),  (Minnesota,  3,200,000),  (Nebraska,  1,400,000). 

Herl^^tes^e  paired  with  their  populations.  These  are  the  raw  data 
fronv^^Tiich  t^^  could  make  a  graph.  It  is  a  set  of  pairs  which 

lends^lseirtb  tabulation  and  graphical  techniques.    .  ' 

Since  these  pairing  situations  occur  so  frequently,  it  is  nfot  siirprising 
that  the  study  of  pairs  is  of  great  importance,  in  math'ematics.  We  shajl 
seg  that  the  pairing  idea  is  the  key  to  understanding  many  important 
niathematiealideas.'    •     ^  . 

Because  tilbles  and  graphs  are  simple  ways  of  visualizing  pairings, 
they  are  suitable  for  use  in  the  elementary  grades.  Aft6r  working  with 

.pairihgs  as  shown  in  tlibles  and  graphs,  the  pupil  is  ready  for  a  more 
abstract  method  of  showing  how  numbers  are  paired.  The  pupil  learns 
that.it  is  ea.«5y  to  write  M  =  s-*  as  a  rule  for  pairing  certain  numbers. 
The  formula,  or  rule,  is  more  concise  than  the  table  of.squares  appe(ir- 
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ing  in  every  student's  mathematics  book  which  expresses  the  same 
pairing  in  tabular  form.  .  ^ 

In  many  other  situations  the  pupil  learns  to  use  formulas  along  with 
tables  and  graphs,  and  much  time  is  spent  in  achieving  an  understand- 
ing of  these  diflerent  devices  for  showing  how  numbers  are  paired.  As 
soon  as  the  pupil  has  reached  this  stage,  he  is  already  dealing  with  some 
features  of  .diathematical  relations;  namely,  (I)  a  collection  of  pairs 
(which  may  be  exhibited  in  a.  table  or  graph),  and  (2)  a  rule  or  formula 
that  indicates  how  the  objects  are  paired.  In  our  example  above  we 
have  a  collection  of  pairs,  [  (1 ,  1),  (2,  4),  (3,  9),  •  •  • }  and  a  rule  A  =  s^, 
which  tells  us  that  the'second  number  in  each  pair  is  the  square  of  the 
first.  '  . 

Too  frequently,  in  algebra  classes,  the  rule  is  stressed  almost  to  the 
exclusion  of  such  other  aspects  of  relations  as  number  pairs  and»sets 
of  number  pairs.  But  there  is  need  to  keep  all  of  these  before  the  stu- 
dent at  all  times.  This  is  certainly  desirable  because  both  the  formula 
and  the  number  pair  idea  are  "important.  The  most  effective  work  in 
mathematics  comes  from  using 'them  .simultaneousl;yr.  However,  in 
spite  of  the  usefulness  of  fornmlas,  it  is  the  pafrs  of  objects  with  which 
we  are  basically  concerned.  The  formula  is  just  a  w;iy  of  defining,  de- 
scribing, and  dealing  with  a  (Collection  of  pairs.  Many  different  formulas 
give  the  same  collection  of  pairs.  For  example,  .1  =  s-,  .4  —"fr  =^  0, 
^and  .s  ='db\/.4-aH  define  the  same  collection  of  pair3^{(l,  1),  (—1,  1), 
(2,  4),  (3,  9),.  •  •  •  !•  SiiiGe' we  are  concerned  in  this  chapter  \v4tii'  the  ■ 
nature,  of  relations  and  the  means  by  wliich  the  student  may  he  brought 
to  understand-  them,  we  shall  approach  the  subject  by  considering  . 
collections,  or  sets  of  pairs,  of  numbers/ 

SETS  AND  VARIABLES  ~~ 

The  idea  of  a  s^^t  of  things  is  very  common  and  quite  easy  to  grasp. 
Children  think  iu  t^jrjns  of  sets  and  operations  with  sets  at  a^very  early 
age.  Alathematifiians  Eftkve  taken  the  notion  of  set  as  a  very  basic  ele- 
ment ill  the  construction  of  virtually  all  mathematical  systems,  and 
maffy.  bf  them  think  that  sets  should  be  basic  to  our  system  of  instruc- 
tion in  the  elementary  and  secondary,  schools.  Tlius^  it  becomes  im- 
perative that  we  explore  the  idea  of  sets.    .  "  • 

A"  set  is  essentially  a  collection  of  things.  Associated  \^ith  a  set  is  a 
rule  Svhich  enables  one  to  tell  whether  a  given  element  belongs*  to  the 

^'set  or  not.  Without  such  a  rule  the  idea  of  .set;,  might  be  vague.  You  can 
think  of  all  the  things  on  your  desk  as  a  set  of  things.  This  Set  of.  things 

'may  consist  of;  peiiciL  eraser,  paper  clip,  pipe,  and  pen.  In  order  to- 
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indicate  tKat  you  are  to  think  of  tbeae  things  as  a  whole — a  sq(£Wwe 
make,  uso  of 'braces;  The  set  is  symbillized  by  '{pencil,  eraser,  type^ 
writer,  pen,  paper  clip,  pipej  '.  The  M  T  indicate  that  you  are  to  think 
of  this  collection  as  a  set  of  things  and  not  as  individual  objects.  But 
where  is  the  rule  which  tells  us  whether  a  given  object  should  be  an 
element  (a  member)  of  the.  set?  In  this  case  the  rule  is  suggested  by 
*the  things  on  your  desk'.  If  an  object  is  on  your  desk  it  is  in  the  .set; 
if  it  is  not  on  your  desk  it  is  not  in  the  set. 

,  The  above  set  might  appear  in  an  elementary  arithmetic  class  as  a 
set  of  objects  to  be  counted.  In  more  advanced  classes  in  the  elementsfi^Jf^^ 
school,  the  junior  high  school,  and  the  senior  high  School,  sets  of  num-'''' 
bers  appear  naturally.  Let  us  see  how  this  could  happen. 

Suppose  that  a  class  decides  to  put  on  a  benefit  show.' They  plan  to 
have  a  35  cent  admission  charge.  (Note  that,  the  class  itself  is  a  set  of 
individuals;  iianiely,  {Mary,  Jan^,  ^Joe,  -  •  •,  Sam)  .  The  students  are 
elements  of  the  set,  and  the  rule  is  'Is  a  member  of  the  sixth  grade'.) 
In  order  to  help  the  boys  and  girls  who  mil  sell' tickets  at  the  door  the 
class  makes  a  table  such  as  illustrated  in  Table  1.  .      <  v 

V  TABLE  1  / 

Number  of  tickets      ...  *  Cost  (m  dollars) 

.35 
.  .70 

1.05  , 
1.40 

1.75  .        /  . 

2.10- 
2.45 
2.80  . 

Since  the  class  decides  that  it  is  unlikely  that  anyone  will  buy  more 
tlian  eight  tickcfts,  they  don't  extend  the  table  any  further  than  sho^vn. 

Now  in  this  situation  we  see  two  sets  of  numbers.  The  one  set  we 
will  call  *D';  D  =  .{1,  2,  3,  4,  5,  6,  7,  8},.  and  the  other ^i2';  i2  =  .{^5,' 
.70,  1.05,.  1.40,  1.75,  2.10,.  2.45,  2.80).  Note  ^at  D  and  R  each  have 
eight  elements  and  eight  ,  elements  only,  and  that  the  elements  in  D 
and  7?  are  paired  iis  shown  in  Table  1.  The  element  .70  of  R  is  paired 
with  the  element  2  of  Z).  This  can  be  indicated  by  writing  ^(2,  ,.70)'. 

I^et  us  look  more  closely  at  Z).  It  has  eight  members.  The  number-2 
is  a  member  of  7),  or  in  symbols  ^2  e  D\ -But  9  is  not  a  member  of  D; 
in  symbols  *9  4.7)'.  Similarly,  4.S  i  D  and  50  4  2).  These  and  other^ num- 
bers are  excluded  By  the  nature  of  the  physical  situation.  We  can  de- 


1 

2 
3 
4 
5 
ft 
7 
8 
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scribe  D  as  the  set  of  all,  whole  numbers  less  than  9.  Similarly,  R  eon- 
tains  Only  certain  numbers:  anci  not  others.' It  inight  be  deseribed  as 
the  first  eight  mijltiples  of  .35.  ' 

Some  ehildren  might  think  tbf\t  a  graph  would  serve  the  purpose  in 
this  situation  as  wejl.us  a  table.yin  such  a  -case  it  woul3  do  wise  to  make 
a  graph.  This  is  giyeri  in  Figure  !.  .  " 


=3 


c3 


2.80 
2.45 
2.10. 
i.75 

i;4o' 

1.C5 
•  .70 
.35: 


.1      2,3      4      5  •  6      7  8. 
'  Number  of  Tickets 

■  ,Fia.  1  ,    •  .    ■  ' 

You.  should  Botied  that  the  line .  has  not  been  drawn.  The  pupils 
should  ^notice  this' also.  The  line  is  not  drawn  beeause  there  are  only, 
eight  niimbcr  pairs  to  plot.  These  eight  number  pairs  make  up  a  .  set 

.which  we  call  {(1,  .35),  (2,  .70),  .(3,  1.05),  (4,*1.40),  (5,  1.75),  - 

(0,  2.10),  (7,  2.45),  (8,  2.80)).    "    ■  '  .  -  .    •  .  • 

Certainly,*  when  teacihing  this,  you  would  want  to  raise  the  question 
about  other  ways  to  show  how  the  elements  of  two  sets  of  numbers  .are 
paired.  X^e  pupils  will  have  notieed  that  the  numbers  in  the  seeond 
column  in  the  table  are  respectively  the  produets  of  the  eorrespbnding 
numbers  in  the  first  eolumh  and  .35.  Indeed,  the  table  was  eonstructed ' 
by  carrying  out  sueh  multiplications  or  else  by  suecessive  additions  of 
.35,  whieh  is  another  way  rff  aceomplishing  the  same  result.  Aecordingly, 
it  is  natural  to  formulate  a  rule:  'The  second  number  in '.each  pair  is 

•t^^.^first  times  .35*.  We  now  ean  easily  formulate  a  rule  that  defines  F: 
^^yiV^i  number  in  >eaeh  pair  must  belong  to  .;/),  and  the  eorresponding 
seeond  number  mu^be  the  first  number  times  .35.  In  other  words, 
F  =  .  {all  number  pairs  whose  first  miembers  belong  to  Z)  and  whose 
seeond  members  are  their  first  naembers  tinies  .35 
^  The  rule  defining  F  can  be  stated  iu  words,  but.stieh  statements  are 

^eunibersome.  Since  the  .student  has  already  had  some  experience  with 
formulas,  what  eoiild  be  more  naturarthan  to  replace  '^c  second  num- 
ber ihu.st  be  the  first  number  tim^s  .35'  by  'y  =  .  .35x7  Here,  it  is  under- 
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Stood  , that  we  may  replace  the  letter  'x'  by  a  name  of  any  member  of 
D  and  so,  obtain  an  eqViation  giving  ?/,  the  6or^'espondi;ig  memh^er  of 
R.  For  example,  if  we  replace  . *xM)y  '?',  we  get  ij  =  (.35)  X  2  ^  .70. 
Knowing  D  and  the  equation  we  can  find  all  the  number  pairs  and  so 
determine  F.'  .  '  /  •  .  , 

.  From  the  illustration  it  is  now  possible  to  .abstract  the  idea  of  a  vari- 
able as  it  is  used  in  mathematics.  First,  there  is  a  set  of  numbers,  Z), 
which  may  be  an  arbitrary  set;  for  example,  {0,  4,  19,  456,  1980) 'or  all 
positive  integers.  Or  it  may  be  a  set  that  is  dictated  by  tho  requirements 
of  some  physical  situation,  as  in  the  case  just  discussed :0r  in  situation 
in  which  yards  of  cloth  are  purchased.  In  the  last  case,  the  numbers 
in  the  set  under  consideration  must  be  positive  real  numbers  not  greater 
than  the  maximum  number  of  yards  for  sale. 

Now  we  nlay  wish 'to  talk  about  an  arbitrary  member  of  the  soVD. 
In  order  to  do  thh  we  use  a  symbol,  usually  a  letter  of  thc^alphahet, 
to  .  stand  for  an^  member  of  the  set.  It  now  becomes  po^iblc;  to-ipake 
sentences  about -any  member  of  Z).  To  illustrate,  /or-the  set  /).  con- 
sidered in  the  ticket  .problem  ahov^,  we  Tct  stand,  for  n  ^lan^fe  of  a^ 
member  of  Z).  rThen  we>  can  say  that  a:  J>  0,  x  <  8^  a:  €  Z),  and  so  on. 
Similarly,  we  can  let  stand  f6r  a  name  pf^  a:  mpixiher  of  R.  Then  hj  = 
.35x'  is  a  sentence  that  rausfe^rbe  satisfi^ed  by,  a  pair  V,  2/)  for  the  pair 
to  belong  to  F.  In  fact,  F  =^  {  the  s^  of  (x,  y)  such  that  x  i  D  and  y  = 
.302:);  that  is,  F  =  {(x,'y)  such  that  x  <^  and  y  =  Mx}.^ 

Let  us  notice  several  Ibhirigs  "about  'x'  tmd  'y'  in*  the  examples  above. 
First,  they  are  symbols,  letters  of  the  ailphabet.  As  anyone'can  plainly 
see,  they  are  not  niiipbels,.  Thef 'simply'Wve'as  placeholders,  that  is, 
they  occupy  places  which  may  be/)ccupied  by  other  symbols,  particu- 
larly, number  symbols.  The  symbols  that  can  be  substituted  are  names 
of  members  of  some  set.  We  describe  tl^ls  by  saying  that  'x'  and  'y' 
stand  for  the  name^  o|,.the  elcifients^of  the  sets  D.  and  72  Te'spectively. 
We  call  members  oT^se  sets  values  of  *x'  and  *y\  We  have  emphasized 
that  'x\aud/?/'  ai;e  symbols  by,  us^.single  quotation  mai:ks.  Thus, 
when  we  say  .that 'x\is  a  letter  of  tM  alp^iabet,  we' are  talking  about 
the  letter  'x\  Wben  we^ay  thaC  in  a  set  D,  x  <  8,  we  are  talking  about 
the  members  of  D.  What  we  mean  here  is  that  the  sentence  ';r  <  8' 
yirlds  a  st«.temeTit  ^which'is  true  if  we  ?ubstitute  for  ^x'  a  name  of  any 
member  of  7).  We  call  'x'  and  *y'  variables.  Roughly  speaking,  a.variablc  • 
is  a  symbol  for  which  one  sulistitutes^narriLes.  for  some  objects,  usually  a  . 
numbei:  in  algebra.  A  variable  is  always  associl^^ted  wi^th  a  set  of  objects 
whose  names  can  be  substituted  for  it.  These  objects  are  called*  values 
of  the  variable.  ^.        .  '  y 
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We  illustrate  with  a  simple  exahlple  inv^d^aug  only  one  variable. 
,  Let  U  =  JO,  1,  2,  3,  4,  5,  0,  7/8,  9/1.0,  11,  12).  Ut  'xV  he  a  variable. 
•'  whose  range  is  L'';  that  is,  the  mime  of  any  member  of  U  may' replace 
'x^:  Then  consider  the  sentence.      •  —  1  >  10'.  Substitti|tiiif!:      for  'x' 
^    we  get  4  X  0.  -  1  >  10  which  is  false,  and  substituting  '4^'  foF  'x', 
get  4.  X  4  -  I  >  10  which  is  true,  hi  this  way  the  sentence  .'  Ix  —  1  > 
10'  can  be  used  as.  a  set-builder  to  find  a  subset  of  LI  whose  members 
satisfy  it.  By  trial  we  cafi.find  that  tl^e  set  of  numbers  that  .belong  to  (7 
and  satisfy  Ax  -  1  >.  10  is  {3,  4,  5,  6,  7/8,  9,  10,  ll,*l2.)  . 

Pedagogical.  Implications.  The  definition  above  describes  aVariable 
in  terms  of  how  :it  is  used. 'By  way  of  contrast;  consider  the  following 
definition  still  in  general  use.  .1  variable  is  a  (juaiititij  that  vafies.  -ThQ  pupil 
may  well  be  mystified  by  this  definition,  since  it  is  hard  to  see  how  the' 
letter  ^x'caii  vary  or  how  a' letter  can  be  a  quantity.  In  our  example3,  'x' 
was  merely  a  symbol  that  held  a  place,  iri/a  sentence  until  .we  got  read^ 
to  replace  it' with  the  name  for  some  object  (number).  ,  .  . 

To  help  emphasize  this  thought  let  us  take  .another^  illustration. 
Consider  the  set  N  =  {all  positive  and  negative  integers  arid  zero),/ Let 
be  the  placeholder  for  any  member  of '^V.  Suppose  we  wrjito  the  sen7 
teiiceox—  1  >  24.  As  yet.we  have  said. nothing  that  ean  be^reacted 
^to  as  true  or  fiflse.  The  sentence      -  1  >  24  is  much  like  the  sentence 
'It  is  a  bpok'.  In  each  case  we  cannot  tell,  whether  the  sentence  is  true 
or  false  u^trl,  in  the  former,  the  niim^ber  nafne  to  replace  V. is  specified 
and  in  the  latter  the  antecedent  of  'it'  is  specified.  However,  if  we  do 
replace  '-5'  by  'x'  we  see.  that  the  statement  5  ■  (  — 5) 
is  false.  Our  next  replacement  may  be- 4000*.  In  this  case 
1  >  24  is  a  true>staten)jent.  Note  that  what  we  substitute  f<^r;^y$^^b^v 
♦    are  also  symbols  (e.g..  numerals),  though  they  are  names  of  feitij^id^'g^^^ 
things  (e.g.,  humbcrsk  Such  symbols,  that  stand  for  specific:^tiii^[^^ni^ 
objects,,  are  ciiUod  :mnstants.  Thiis  all  numerals  are  eonstants/ The 
numeral  '2'  is  a  name  of.  (stands  for)  the  number  2.  Othef  numerals 
which  are'riames  for  the  same  number  are  'IP,  '4  —  '2',  and  '^rf.  Sub- 
stituting constants  for  variables  is  one  of  the  important  operations  with' 
whicji  the  student,  is  familiat  before  he  reaches  high  school. 

Vou  now  sec  that  the  variable  did  not  vary  -stud  cannot  vary  in  the 
sense  fhe  Ayord'  'vary'  Ls  used  ordinarily.  The  'x.*  is  Qnly  a  placeholder 
in\i  mathematical  sentence."  It  ,is  a  mistake  to  say  that  a  variable  varies 
just  like  temperature  vdriesy  b^cau.se  'variable'  is  not,  used  in  that  st^nse. 
in  mathematics.  In  mathematical  terms'  we  can  describe  the  physical 
situation  in  which  tcn^iierafurei; Varies  a.s  follows:  If  we  measure  the 
r  tenriperature  .at  djfTerent  times,  we. get  a  set. of  numbq^.  pairs..  In  these 


72  .     .  \"   .  '  GKOWTH  OF  MATHEMATICAL'  IDEIAS 

pairs  the  first  compqueiU-  Is," '.say,  the.^time,'and\the  second- component  < 
is  the  (!orreyr\ohdliig  tempc^raturo.  We  rnay.  use  varial^es*  and  say^  tl^at 
a  temperature,  !/\.4;orr{?sponUs  to  eadi*  tinie,  ^  Then  the  Viiria&tt;  ""T' 
tiikes  diftereiit  valueA  at  difTereht.  times, ^but.  the  variable  itself  (the" 
letter  '7?')  does  hot  vary,  even  though  we  can  use  it  elTectiyely  ^6  de- 
scribe the  physical  changes  in  temperature^-*  ^  »     •  ' 
This  situatron  a;fTords  an  excellent  chance  for  you  .toi  t^each. vocabulary 

'•and  language'structure-in  aaiuith^matics  clas^/ By  clarifying  tho  mean- 
ings of  frequently  Ubed  words  jou  will-;^ave  th^.^Studc^i^t  nmf;h  c()iifus 

"and  speed  his  niathen>utieat  progress:  T:()  .illjLiiitr^^^^    l<^t  'Us  exaniine  a. 

vfreqi,iently  used  m«.th(^d  f(^r.  intnoducing  thcvfotj>ui:^(->tiHlk^  *ii»e    of  a 

:  jectangla  In  tlp<^ixth  or  seveuth  grade,  (uui?  iii'&n.s  or  nnother;  the 
pupil  is  led.  to  theWeneralization  that  the?afea  :iS|iiial.^  the -length  tinW 
the  width'.  This  eWession.js  ^>hortene(l  t(j:  Area X  Widths 

'  Tlie  next  step  is  thev^imple,  in  fact,  too  sin>ple,  step  4  =  /j.  X,i  IF,  avhere  ^ 
'A\  is  the  abbreviatidv4^ur  ^Aroil',  Mf  ^'or  'Width',,  and  'L'  for  ^Length'.  . 

The  pupil  is  accust(7hiL»d  to  multiplying  rpn^  Now  we  appear 
to  bQ  asking  hirn:  to  multij^lv  w^ordsjvndjej;^  Of  eourse^  in  this  con- 
text both  wofds  and  lettm  aTG-ljcmg^  variables  (placeholders) 
whose  role  is  ' io.  (Xieirj^th  ^j(>sition  in  which  the  pupil  is  to  sub.stitifto 
appropriate  ayni6rals.  IJut  this  ideals  freqnently  not  eniphasi5«}d. 
.  Is  it  any  Myjnder^that  .e'liildreri  liiid  matheuiatitis  hard?  If  they  ajc 

■not  let^n  bar  the  secret  of  how  syinbols  are  used  in  nuithematjics  front 
the^beginniiig  it  must  be  difficult  to  find  oUt  what  it  is  all  about.  Tflere 
ig  a  great  need  for  a  re-eva)uation  of  tlie  nietlujids  used  to  introduce  .  - 
children  to  th?J  us^- ()f  variables  iir  niathernatics.  The  illustration  used 
at  the  outset  of  this  eiuipte'r.  would  seem  'to  be  sirni^ler  than  the  forrii^iila 
for  the  area  ()f  a  rectaiigle.- It  wtniU  serve  more  appropdately  as  a  first 
C(jri/aci  with lilgcbra  than' a  formula  for  a4-eu.       '  *_' 

Other  Names  for  Sonie.  Use«i  of . Variables.  Variables  appear  in 
mathemii4,ics  under  difTerelit  names.  One  of, these  is ''unknown'.  Por  ex- 

^ainple,  when  we' ask  the  student  to  solve  the  equation  *3x  —  2.  =  0',  we  >. 

:  call  an  unknown.  Blithe  are-'really  ti.'^ng  him  to  find  the  valu.e(s) 
of  the  variable  whosq  names  make  true,  sta tangents  when  substituted 
for  *x'  in  '3a:  —  2  ^^Py  So  we  f^ee  that'an  unknoh'ivis  just  a  variable  that 
appears-'when  we  ,^ave  equations.  .  ;  ,  ^      -  ^" 

A;,nother  afias  is  *para1neter'^Suppase  wC/ask  the\  student  to  solve 
the  lequation  ,2j^  —  2  =  c.  Sometimes  *c'  is  described  as  a  constant.'  ^ 
Obviously,  it  is  not  a  rianvfe  of  a  nimiber,  afid  so  is  not  a  constar^t.  It  ie-  ' 
more  appropriii,iely  called  a  parameter.  Clearly Jt  is  a  variable,  ^liico 
we  can  substitute  numerals  for  it.  When  wd  a^k  the  studeiit  td :s^]\'e^ 

r^x  —  2.  =  c,  we  expect  him'  to  write  . '4:  =  *(c;+  2)/3'.  Now  tikis'  is  the 
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'  formula  that,  gives  the  . sQlUtion  to  the  equation  for 'any  value  of  'c\ 
That  is,  we  can  substitutes:  a  nu^       for  the  variable  'c'  in  both  3x  — 
2  =f'  c  arid  X  =  (c  +  2)73,  feertainly  .  then,.     plays  the  role  of  a  variable,* 
since. it  is  a  symbol  fpr  \yhich  AVjp:  cap  s'iife^^^^^      appropriate  numerals.  • 
Generally,  a  variable  for  .\vhich%e  do  hot  want  to  solve  or  which  plays  , 
some  auxiliary  role  is  called  a./parameter'  to  distinguish  it  from  the 
variables  on  which' our  attention  is  focused  primarily. 

Another  example  of  the  use  of  a  parameter  is  in  graphing  an  equation 
:  «uch  sts^t  +  y  =  c.  Actually,  we  cannot  graph  ifevuntil  we  substitute 
V.  This  fact  alone  makes  clear  that -'c'  is  not  .a  constant.  On  the 
/copltrary,  'c^  is  a  variable' for  which  we  substitute  a  name  for  any  real 
JjiMHiber.  When  we  do  substitute  we  get  a  straight  lin^  which  is  a  geo- 
;ffl.etric  picture  of  the  set  of  pairs  (x,  y)  that  satisfy  the  eqimi^n^^^ 
^  •fexample:  X  +  ?/>=  2  is  satisfied  by  (1,1),  (2,  0),  (0,^2),  ■  TaII  of  the 
solutions  niake  up  a  set  of  pairs  whose  graph  is 'a  straight  line.  For 
each  value  of  the  parameter  'c\  we  get  a  set  of.  number  pairs  whose 
graph  is  a  line.  Corresponding  to  the  set  of  all  choices  for  'c'  we  have  . 
a  family  (set)  of  straight  lines;  so  again;  'c'  plays  the  role  of  a  variable 
'in  a  special  way  and  is  distinguished  by  the  name  'parameter'. 

REjLA'HOJNS  ^ 

Many  times  in  life  yoli  must  use  sets  of  number  paire  or  even  sets 
of  iiurqg^r  triples,  or  quadruples.  In  fact,  the  number  of  times  a^d'ay  ' 
that  one  heeds  single  numbers  is  not  great..  When  the  situation  iavolves 
nothing  more  than, counting,  then  a  single  number  is  sufficient  to  report  , 
or  record  the  result.  The  number  of  eggs  in  a  basket  and  Ihe  number  of 
dollars  in  your  purse  are  examples  of  su^^situations.  Even  here  more 
thag^nfe  number  may  be  involvedj^if  the  tinie  ox  place  of  counting  must 

.  l?e  recorded.  ;  *  .  " 

In  contrast,  consider  the.  items  ^ou  buy.  at  a  grocery  store.  Here, 
number  triples'arc  usually  involved.  You-know  the  price  per  it^^  and 
the  number  of  items.  This  pair  of  numbers  enables  you  to  find  a  third 

'  uumber  which  you  interpret,  as  the  cost  of  the  purchase.  In  reality  you 
use  a  number  triple.  This  situation  prevails  in  tlfp  illustration  used  at 
the  beginningyof  the  chapter.  The  cost  per  ticket  was  not  recorded 
because  it  wa*  $.35.'  You  could, almost  ignore  it  and  pay  attention  to 
■only  such  number  pairs  as. (3,  1;05).  So  it  is  not  top  surprising  to  be, 
told  that  the  study  of  .  number  pairs,,  triples-^,  and  so>^n,  is  very  useful 
as  a  me^ms  of  recording  or  studying  events  in  Jhe.w^M. 

Look  again  at  the  table  the  &th  grade  class  made  to  help  ticket 

^  seHers  at  their  benefit  show  (Table  1).    *  \^.. 

"Youihave  already  Sated  that  two  sks  ofi.  niimbers  weffe- involved  and 
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thiatithe  numbers  in  each  of  these  two  sets  were  put  in  one-to-'bne  cor- 
respondence by  the  way  their  names  were  written  in  the  'table.  This 
one-to-QUQ  corr^^spondence  was  also  given^'by  means  of  the  rule  y  ~,  .35x.^ 
It , was  important  to  note  too  tl^e  range  of  the  \'ariable  ^e'  an^  the  range  ^ 
£f  the. variable  V'.  'x'  ranges  aV'er  the  set  D  =  [0,  l;2;^,  4,  5,  G,  7,  8j 
and  V  ranges  wer  the  set  ^  =  {.35,  .70,  1.05,  1.40,  r75,  2.10,  2.45, 
2.80K 

There  is"  still  another  idea  buried  in  this  set  of  number  pairs  which 
needs  to  be  broiight  out.  in  any  study  of  elementary  algebra".  Before 
identifying  this  idea  precFsely  let  us  take  a  look  at  several  instances 
in  which  sets  of  number  pairs  have  been/plotted. 

The  set  of  number  pairs  K  =  |Q,  .35),  (2,  ,70),-  (3,  1.05),  (4,  1.40), 
.(5,  1.75),  (6,  2.10),  (7,  2.45),  (8,  2.80)}  used  by  the  fifth  grade  at  their 
benefit  show  is  graphed  as  in  Figure\2. 

•    :      .  2.80' 

S  ^'^^ 

1.40 
1.05 
^  .70 
^5 


■  Q 


I      2      3      4.5      6  7 
Number  of  Tickets  (n) 
Fia.  2 


190  h, 
180 
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160 
150 
140  - 
130  - 
■  120  - 
110  - 
100  - 


.  60 
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66 


68 


.70, 


Height  to  Nearest  Inch  (h) 
Fig.  3  ^  ■ 
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The  set. of  number  pairs  w)}  obtained  by  measuring  the  height, 
hj  (nearest  inch)  and  weight,  (nearest  pound)  of  the  members  of  a 
liigh  school  class  is  plotted  in  Figure  3. 

Figure  4  displays  the  set  of  pairs  {(n,  ^)j  represeating  the  amoimt, 
i4,  of  money  Mr.  Brown  has  in  his  Checking  account  ($100)  after' n 
years,  assuming  he  forgot  about  his  account  entirely  and  received  no 
interest  during  a  five  year  period.  • 


j|  200 

4^:%  50 


1  2  3  4  5 
Nilmber  of  Years  (n)^ 

Fia.'4  ' 


The  set  of  number  pairs  (x,  y)  giy.en  by  the  h>i^]ruila  +  y.  =  6' 
(where  the  range  of  'x'  and  'y'  is  the'iSt  of  all  real- numbers)  is  graphed 
in  Figure  5.  .  ^ 

Figure  6  shows  the  set  of  number  pairs  {(n,  c)j  which  would  .be* 
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obtained  if  postage  were  for  a  letter  weighing  an  ounce  or  less,  6)5 
for  a  letter  weighing  more  than  one  ounce  but  less  than  two,  etc.  The. 
dot  at  the  right  end  of  each  segment  indicates  that  the  right  end  point 
of  each  one  (but  not  the  left  end  point)  is  on  the  graph.  (Seepage  108.) 

21  Ir  .  ,  '  *  V 


18 
^  12 

.a  • 

•  3 
0 


*3       4       5  6 
Number  of  Ounces  (n) 
Fio.  6  ^ 


•  ^    ^   .  The  shaded  area  in  Figure  7  represents  the  set/of  number  pairs  { (x,  y)  . 

"        such  that  ^  +  2/  >  6j  (Note  th^t  the  boundasry  line  is  rifet  included!)  fl< 
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while  the.  shaded  urea  in  Figure  8  represents  the  set  of  pairs 
such  that  jr^  +  if  <        (Note  that  the  circular  boundary  is  h({_^ 
cludedO-  The  graph  of;{(ar,  ij)  such  that  ?/  =  x'\  is  shown  iaFigu^ 
The  graph  of  {{x,  y)  such  that  y      x)  is  shown  in  Fiiure  10,  - 
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'     .  i^owJet  uB  examine  these,  graphs  and  note  some  outstanding  charac- 
^  teristics  atd' outstanding  differerices.  '  *  ;H 

"       1.  In  each  case  we  have  a  set  of  number  pairs  whose  graph  is  a  set  * 
■■'  of  points  in  the  plane.    /  •  -  ' 

^  .2.'  In  ^ach  ca^  j.here"are  two  sets  of  numbers,  the  set  of  first'  com-j^  ^ 
'ponenits'^arid  the  upt  pf  :  second  components  of  thfe  number  p9.irs.  The  >  " 
i^umfers'  1X1  these  'soiL^^^  in  a  man^r  defined  by;  the  rule  and 

;.  -  \d!?ualizei  iruthe  gra^      f  > '         ,*     '    •  .  .  - 

.     ^  3.  ^^Bi  so^le  cases  d  member  of  tiie  first,  spt  is'  paired  with,  only  one  *^ 
?  -meml?t?r.  of  the,seco<pd  set  (in. Figs.  5  hnd  9,  ft)r  example).  In  other 
. /case%  several  memWrs  of  the  second  setr  are  paired  V 
^  mer^r  (iTi  JFiga.  '7  ,.arfd .  lO^  for- examp      R  might  be  interesting  for  - 
yb.u'/tp'^b^k  411Vthe,e3iampIes;^nd.. assign  to  one.  di  the  abovef 

■  ^tegqriea. .  '   "  -'^ ^  '  : 

V.' Relation  Dcfinjed;  -Th^*  iriipoVtant.  .thing  for  the  secondary  school.  ; 
-Atiicli^nt  i&  .tg'  be.c6m'e  sfajriiiliat-J  \v?th  th^  "yaTious  ways  tq^  degne  relations 


w|St  is**  A, .rejatiqn?';  ijs  .a'.hitturat  orte;.  It . calls'  upoji  us  point 
^.  isprpel^ng  aiid  say/ *-*$hat .  ^^the  iela^^        GJleariy  the  formula  is  not  .  : 
^-  .siSLtisfactoryJ,$iilce^^  fprmillas  yield-  the  ;same  relation. 

■.  ^  V  'Qn  t he«  o thter^'  Hand ,  tfe ;  Ret  /  of  ^pai rs '  itself  seem s  a  «a;tijSactory '  c hoice,  • 
'  ;  ;  since  if  we*to"o\y  this  Set'^v^^^^^  and  . 

■j^''^'-       ■y  :X'cp3iverselyrA(xfordingly,^^^  set  of 'ordered  pairs. 

> . Hence,  an^ 's^t  .dfVordere^  If  weVare  giv6n  a  set  of 

;^^>/*^ordered  pairs;  we  may  des'cnbe  it  gralphically  or  by  mi|an6  of  a  formula, 
. ; '   .  a  rufe, .  a  seji tence,  or  a  ■  table .  But-  the  relation'  i^.  not  j^the  linguistic  or 
. -^  pictorial  deyiCes  used  to  talk  about  it.  Thp  .relation  is  tHfe  set  qjjprdered; 
.  pairs.    :l  .,,'  7  •■"  .•i 

In  j.he  example  of  tickets- ff)r  .ihe;be^      show  pictured  in  Figiire  I 
On^page(69-t^'e  relation  is  g^^^^^  .35),  (2,  .70),  ■  •  ■  ,  (8,2.80)}. 

—  ,( 2/)  such  that  x  e  p  jmd'y  =^  ;35x.};  Here         .35.t'  is,a  formuL 
defining  the  relation.  The  sot  of;  first  components    7)  =  ( 1;  2,  •  ■  8}* 
WWh  call  the  set  of ^rst  elemcnis  of  a  relation  its  domain.  . Henc^fflpD'iis 
the  <ionmiri'af -F:^  of  F  is  72  =  (.So,  .70,; 

2.80)  .  Wo.  calK  the  set  of  second  elements^ofiar^relatiiin^it^^^ 
Ht^yipe,  72  is  the  rahge  .of  F.  "  f6l 

finest)/  the  <\dyantag0s  of  this  point  of  view  is  that  in  elementary  5i- 
struction- wo  "caji- idoiTtify  , the' graph  as  the  picture  of  the  relation  (that  , 
is,  th(i^picture- of*  the  set  ofjordered  pairs),  and  this  conforms  to  familiar 
ways  of  talkiiig;  thinking,  aiid  visualizing.  The  formula  is  then  treated 
iis.apowcHul  4?jimputationaI  device  for 'talking  about  the  ^graph  and/or 
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.  .  'ttie  setrQ^^  e3'carriples  given  in|fchis  chapter  .it  is  6asy  ' 

V,  to.  idejitify^^y^^^^  rai^^'its  graph,  and  oJie  . 

;Qr  more  f orbi^^^^  example.  fdr  :€£.q  very.first^elatiori' 

hieVitipi^ey,  thi' domain  D  is  the  set  of  hourly  Tradings . 

.  from  S  a.iidv^  indj^lsiye]  {he  range \R.  is  a  set  of  temperatures, 

the  'grxij^h  is^^'e^sii3(;V^  the  relation  ,F;*may  be  defined  ,F>y 

F';=  svic^ft^ii^'r'  iD'^id  y  '^  the  temperature  at  the  time  x\  '. 

In  the^coiji^;^^^^^^^  6G),  . the  domain  is  a  set  of  five  states, ; 

tho  rangQ%;iei^M^^^^  a  defining  rule  is  V  is  the  population 

:     To  rei>.e^t^^  F;  is  a  set  of  ordered  pairs,  with  a  dpmidijj<T&;  ^ 

rxo^sisti:^^^^  a  range,  y^,  .consisti^g  of- the^^i^on^ 

>^  ,  company  sentence,  condition)r7^ay  /r(ic,  .  ?/)*, 

■.^'^y  b^^^^  the  relation.by  F-  =^  (("J,"'?/)  such  that 

For  example,  in  Figure  7,  page  76,  the  rule 

;6;v.i^^^-'2A;;^  -fi''     ;  /  .   ; '  ■  .  ,^  ■ 

words  'such  that'  are  abbreviated  in 
X:  '^^^V^'^^'  t^^most  comTit&n  being  the  stroke'  |    Then  the  relation  bf, 
I^igiire:^^^  ,  :  \^  ' 

f,^'*':^^^^!^  Relations,  In  the  preceding  paragraph 

a  relation  as  a  set  of  ordered  number  pairs.  In  what 
• '  'i^^^yie  'li^e^the  letter  'R'  to  designate  a  relation.  Thus,  R  =  { (x,  ?/)  |  x 

It  i|  (j>^^        write  'x^T/'  for  (x,  7/)  e  /£.  This  notation  is  convenient 
y^;.;^at -tii^e^^^^^  often  prefers  the  'xRif  designation  rather  than 

^K^^^S^  'S^^ation  as  given  aiDOve.  For  example,  'x-  is  ii^  father  of 
can  be:)\:Titten  as  'xRif  where  72  designates  *is  the  father  of.  Note  that 
also  defines  a  set  of  pairs.  Thus,  the  series  Mr,  Smith 
V;|:/r-4<>fin';^^    Smith     Susan;  Mr.  Smith  R  Fanny;  Mr.  Smith  R  Joe, 
wherd  i^j:designates  'is  the  father  of  is. more  conveniently  designated  by 
^..7^^vC(M^^  (Mr.  S,  Susan),'(Mr.  S,  Fanny),  (Mr.  S,  Joe)}. 

fit^^  relations  can  be  expressed  via^tlie  'xRif  symbolism.  Here  are 
*r  ^^}&;    few.  (l)-Let  'R'  mean  'is  greater  than',  then  'xRif  mkns  x  >  y. 
(2),, Let  '72'  mean  'is  taller  than!,  then  'x/^y'  means  'x  is  taller  than  ?/'. 
...You  can  supply:  nja^iy  others.  In  each  case  it  is  instructive  to  set-  up 
/-the  relatiQ^j.^  n  „^^nf  nriiered  pairs,^  and  also  in  the  'xliy'  way  where 
.iW  domain^of  'x' and  the  range  "of  '?/'  are  specified. 

Now  some  relations  hdye  three  especially  important  properties.  The 
most  common  of  such  relations  is  that  designated  by  '  =  '. 
.  Propeuty  h  JfxRx  for  all  elements  of  the  domain  of  R,  ilieri  R  is  said 
to  be  reflexive.  . 

Not  all  relations  arc  reflexive.  Obwusly,  Xr>  x  is  not  true  for  any 
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nunxerical  replacement  of  put  x  —  xis  true  for  all  such  replacemerffe. 
Such  relations  as^is  the. sister  off'  are  not  reflexive  but ''as  heavy' as'  is 
a  reflexive  relation.  ^  *  .  " 

Property  2.  //  xRyUhcn  yR'x  for  all  x  in  the  domain  oj  (ill  y  in 

the  range  of     then  the  relalionjs  said  to  be  symmetric.         ^^^\  ^ 

Equals  is  a  symmetric  relatian,  for  if  x  —  y  then  yj^.x.  hn 
other  hand' Ms ^he  brother  of  i^ not  JSymrnetric.  /  / 

Propef^ty.  3///  xRy  nnd  yRz,  then  xRz.  Jn  thii>  cas^ R  is^said  to  he  a 
transitive  reloLion.  ,  •  ^ 

• .  Equals  is  a  transitive  relation,  for  if  x      y  and  y  =  i,  then  x  ==  z.^ 
i/ie  2;roif/ier  o/ is  not  transitive; -  neither  is  the  relation  /i7:e.s  transitive, 
but  IS  greater  lhan  is  transitive. 

Relations  which  are  s^'mmetric,^  transitive,  and  reflexiv^e  occur  fre- 
quently in  mathematics.  They  also  ocoirr  in  non mathematical  situations. 
Consider  the  relation  goes  to  the  same  school  as\  and  let's  apply  it  to  all 
children  who  are  ten  years  old  in  a  given  city  at  a  given  time^  Designate 
Ihis, relation  by  ^R\  Now  x/2?/,  .where  'x'  and  *?/'  are  placeholders  for  the 
names  of  children  in  the  cityj^'^artitiuns  Iill  the  children  who  are  ten 
yedrs  old  into  groups  (assunje  iill  the  children  go'  to  a  school),  each 
group  going  to  a  particular  school.  This  happens  because 7^  is  an.equiva- 
lewce  relation,  that  is,  it  is  symmetric^ ^reflexive  and  transitive.  A  little 
thought  will  show  that  .sjich  nonequivalence  relations  as  is  less  than 
and  is  the  sister  o/ will  not  partition  a  set  into  mutually  exclusive  gFOups. 

Some  Uses  of  Equivalence  Relations.  We  have  already  seen  that 
-equals  is  an  equivalence  r^plation  in  the  sel  of  integers.  If  we  define  two 
fractions  a/b  ani  c/d  to  be  equ^l  provided  ad  —  be  (a/b  =  c/d  if  and 
only  if  ad  =  be)]  then  =  is  an  equivalence  relation  over  the  set  of  frac- 
tions. Let  us  convince  ourselves  that  this  is  so.  Since  ^3  =  2,3  equals 
relation  is  reflexive.  li>?'3  =  f'Q,  then  ^0.=  ^3,  ?o.  =  is  symmetric. ^If 
^3  =      ^f^d  %  =  ^i2vth(in.^3.  =  ^12,  so  =  is  transitive. 

An  equivalence  relation  partitions  the  set  over  which  it  is  applied  into 
disjoint  subsets.  Let  us  apply  this  principle  to  the  fractions  of  aritlimetic.'^ 
We  will  select  a  few  fractions  and  spe  what  other  names  wc  can  find  for 
them.  All  names'for  the  same  fraction  will  be  put  into  one  set.^ 

Start  with  2.3,  What ''other  names  canVe  find  for  it??  ObvB)Usly,^G'> 
'Vi2\  '2^30^^  '22.33',  ^tnd  ^jp  ont  N6Vform  the^sef 

.  ^  f2  4  0        20   '  2n 
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*The  rational  number  2/3  can^ow'be  defined  as  the  set  of  all  pairs  a^Tsucli 
that  2/3  =  a/6.  See  Edmund  Landau:  Foundaliom  0/  Analysis  (tr.  by  Stein- 
hardt).'New  York:  Chelsea  Publishing  Co*.,  1951.  ,.     '  % 
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In  the  same  way  form  the  set  o 
and  the  set ;  *-  ^     .  . 
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•  If  this  process  were  to.l^ei.continue^  dd  inj^nitum  you  would  find  that 
no  symbol  occtfr^  in  two  different  sets.  In  other  words,  the  set  of  frac- 
tibpa  can'be' .partitioned  into  mutually  exclusive,  sets  by  means  of  the» 
equivalence  relation^  =  .  This$is  not  true  of  such  a  relation  as  >.  You' 
^lAay  wish' to  show-that  this  statement  is  true.  - 

How  are  these  ideas  used  jn  arithmetic?  The  pujpil  is  faced  with  the 
task  of  adding  .^"^  and  As, it  stands  the  problem  is  inconvenient.  So 
he  selects  another  member  of  B  (^)  and  another  member  of  A  {%). 
He  knows- as  a  result  of  previous  instruction  that  ia  just  another 
•name  iov  }4  so  it  can  be  used  instead  of  Now  the  thing  he  should 
see  is  thajb  any  number  pair  iu  B  plus  any  number  pair  ip  A  always 
results  in  a  nijmber  pair  which  is  an  element  of  C  In  other  words,  the 
pupil  has  a  great  deal  of  liberty  lis/fo  how  he  can  go  about  adding 
'  and  %.  He  knows  he'll  never  go/wbfag  if  he  siQbstitutes  the  names  from 
one  equivalence  class  for  a  name  in  tKat  same  class. 

FUNfcriONS 

The  mathematical  concept  of  relation  as  described  on  the  preceding 
page^  is  fairly  close  to  the  idea  of  relation^  as  used  outside  mathematics. . 
In  contrast,  the  meaning  of  function  in  mathematics  is  practically  in- 
dependent.of.  th^  ordinary  usage  of  this'word^in  such  expressions  as 
"The  function  of  the  heart  is' to  circulate  the /blood."  However,''/the 
modern  mathematical  concept  of  function  is  linked  naturally  to  the" 
historic  use  of  the  word  /function'  by  mathernaticians  and  scientists.^ 
Historically^  'function'  has  been  used  to  indicate  conditions  under  wMch 
one  thing  determines  another.  For  example,  the  physicist  niety^  say 
that  distance  is  a  fundioi^  of  time  meaning  that  if  we  know  the/^ime  we 
can  find  the  distance.  Now  in  some  pf  the  relations  considered  in  this 
chapter,  a  knowledge  of  the  first  c^ixipon^t  61  a  pair  belonging  to  a 
known  relation^ieljs  us  what  the  second  component  must  be.This  ^as^ 
true  in  the  case  of\he  states  and  population,,  for  example,  sinee  eaeb 
stafe  has  a  unique  pop^l^l^n.  We  .call  such  relations  'functions-. 

We  say  that  a  functioit&.  a  relation  in 'which  each  element  of  the  do. 
main  belongs  to  only  one  pair.  This  means  that  each  .first  elgrnent  is 
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paired  with  only  on^  second  element.  Jt  means  also  that  a  rule  defining 
the  relation  must  be  such  that  if  a  value  of/x'  is  given  in  the  domain, ' 
there  is  only  one  corresponding  value  for  'y  \  Thus  the- relation  in  Figure 
7  (page  76)  is  not  a  function'  since  for  a  given  value  of  'x\  x  +  ?/  >  6 
has  many  solutions.  .    ^  .  J 

T^he  gr?iph  of  a  function  reflects  in  a  very  sirrfole  way  the  fact  that  a 
unique  second  ^component,  corresponds  to  each\first  compon^rit.  ^ir?"i 
line  drawn  parallel  to  the  7/-axis  crosses  the  grabh  of  a,- function  only 
6nce/Figure  9  (page  77)  illustrates" this  x^xy  jcle^vHy.  In  Figure  10,  a 
vertical  line,  two.units  to  ftie  right  of  the  origin,  intersects  the  graph  of 

=.  X  twice.  Hence,  the  relation  {(x,  y)  \  ?/-  =  x}  is  not  a  function.  But 
4:lie  relation  {(x,  y)  \.y.  =  xi]  sfiown  ia  Figure, 9  is  a  function,  since  any 
line  parallel  to  ,Uie  7/-axis  intersects  the  graph,  if  at  all,  only  once.  You 
.  may  be  interested.in  ifpplying  the  above  criteria  fot  determining  which 
of  the  relations  in  Figures  2  to  8  are  also  functions. 

You  should^see  from  the  definitions  given  for  function  and  relation 
that  a  set  of  pairs  is  always  a  relation  but  that  it  may  be  a  special  kind 
of  relation;  namely,  one  in  whiclji  a  unique  second 'element  is  paired  with 
each  of  its  first  elements.  Hence,  a  function  is  a  relation  but  ^  relation 
is  not  necessfi^^y  a^uncticyn. 

,  ■ 

C>VRTESIAN  PRODUCTS 

When  we  graph  a  set  of  pairs  (x,  2/).that  satisfy  a  sentence  such  as. 
y  =  x^,  ^ye  are  selecting  a  subset  of  all  the  points  of  the  plane  to  picture 
the  relation.  Iri  other  words/ the  universe  in  which  we  are  setting  up 
the  locus  of  points  such  that  y  =  x-  is  the  set  of  all  pair^  whose  com- 
ponents are  real  numblrs.  Let  'L'  be  the  name  for  the  set  of  all  real 
numbers;  the  set  of  all  points  in'-  the  plane  from  which  we  select  our. 
graph  is  { (x,  y)  \  x  eL  and  y  e  L} .  It  is  convenient  to  have  a  short  name 
;  for  this  set  which  is  the  entire  plaiie.*We  call  it  the  Cartesian  product 
(after  Reh6  Descartes)^  of  L  and  L  and  symbolize  it  by  'L  X  L'.*  ' 

Jilore  generally,  if  .4  and  B  are  any  two  sets  whatsoever^  A  X  B  is 
the 'set  of  all  pairs  that  can  be  formed  by  selecting  a  first  component 
from  /I  and  a  second  from  B. 

Suppose  we  are  discussing  /I  ==  {,1,  2,  3}.  Then  A  X  A  is  the  set  of 
all  those  number  pairs  whose  jcompononts  are  chosen  fron\^.4.  In  sym- 
bols, ^  X  A  =  [{x,y)  \xe^A  mdye  A]  =  {(1,  IJ,  (1,  2),  (1,  3),  (2,  1), 
(2,  2),  (2,  3),  (3,  1),  (3,  2),  (3,  3)}.  The  graph  of  the  set  A  X  A  on  a 
•  rectangular  coordinate  is  shown  |n  Figure  11.         ^     .  ' 

Let  A  =.  {1,  2}  and  B  =^  {3,  4,  5} ..  Then^'the  Cartesian  product 
A  X'B  -  {(x,  y)  \x  e  A  and  y  e  B]  =  {(4,  3),.  (I,  4),  (1,  5),  (2^3), 
(2,  4),  (2,  5) J.  The, graph  is  shown  in  Figure  12.  /  ^ 
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To  fix  the  idea  yoti  may  be  interested  in  forming  and  graphing  other 
Cartesian  t)roducts.  Let  L  be  the  set  of  all  real  numbiers,  72  the  set?  of  all- 
rational  numbers^.  AT  the  set- of  all  positive  and  negative  integers,  P 
the  set  of  all  positive  integers.  Oh  rectangular  axes  plot  some  members 
of:  the  following  sets:  (1)  P  X:P;  (2)  N  X.  P;  (3)  L  X  P:  (4)  L  X  L; 
(5)  N  X  R;  and  (6)  R  X  - 
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Now  let's  think  of  N  X  N  as  the  universe  in  which  we  are  workings 
Figure  13  shows  the  graph  of  iV  X  AT  f 6r  a  portion  of  the  plane. 

If  we  wish  to  consider  the  setjpf  points  for  which  y  =  in  this  imi- 
verse,  the  next'step  consists  of  selecting  a  subset  oi  N  X  N  according  to 
the  rule  'y  =  This  subsei  is  5  =  { (x,  y)  \  x  eNy  y ^'N\  and  y  =  x^}. 
A  few;of  the  elements  of  5  ^re  (1,  1),  (-1,  1),  (2,  4),  (-2,  .4),  (3,  9), 
and  (t-3,  9).  Figxu-e  14  shows  part  of  5  as  *»i5ubset  of  N  X  A/"/ Compare 
this-with  Figure  9.  It  shows  the  .graph  of  the  same  .i;eIationln  L  X  dj. 
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If  the  universe,  in  which  we  are  workings  is  L  X 'L  then  the  graph 
L  X  L  is  the  whole-plane.  A  subset  of  L  X  L  may -be  selected -according  . 
totherulo^^  =  x\  This  subset  is .  =^  ( (a:,  ■?/)  |  x  €  L,  ?/ €  L,  and  y  =  x}. 
If  vve  plot  the  elements  of  /C  there  appears  the  familiar  straight  line  as 
Jn  Figure  15.  ^,  '  '  '  ' 

On  the  other  hand,  if  the  universe  in  which  we  are  working  is  AT .  X  -/V, 
then  the  subset  A" >  { Or,  ?/)  |  x  e  N,  y  e  N,  and  ?/  =  x]  gives  rise  to  the 
graph  in  Figure  16. 
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I,  of  graphing  iSyyery  .simple.  One  scts^up-^ii  bne-to-one; 
ictween  the  totaliW  of  points  in  a  universe  and  the  to- 
r  pairs.  Tliis  totalJVy  of  pairs  is  a  Cartesian  product, 
the  universe  is  identified 
^raph  of 


by  {a  condition' that,  selects 
xhe  given  set  and  also  the 


corre^ondence 
tality  of  numbt 
Then  a  subset  o 
certain  pairs.  Th^csul 
graph  of  the  contiiuht 

WcJ'can  now  give  a  l'K?H^jtjdt?fiiiiti()n  of  relation  and  function. 
I)rcFiNiTio^-:  .1  nlation  ovcr^a  srt  A  is  a  subset^  of      X  A.  If.  'W  clc- 
notes  .th(r  rdation  and  (a,  b)  e  Ry  then- at  times' wc  write  aRb.  . 
'  DF.Vi'Si'Vio^::  A  relation  whihh  has  only  one  seeond  element' paired  ti-ith 
each  first  clemerd  of  the  nnmher  pairs  is  called  a  'function^      .      ■  ..  - 

Pf)INT8  OF  VIKW  PERTAINING  TO  / 
RKLATIONS  AND  FUNCTIONS  ^ 

'  The  definitions  of  a  relation  as  a  set  of  ordered  pairs  and  of  a  function*^ 
ii.s  a  {fecial  kin;l  of  relation  are  enlightening  'and  useful  in  many  ways. 
But  it  is  evident  that.a  great.(leal  (:an  he  done  with  pf>rticular  relafcionK 
Jincl  functions  before  thersbulefit  roiichcs^he  stage  at  which  this  point 
of  view.is  iieeessaty.  Indeed;  he  must  ho/iomQ  fahuliar  .with  many  specific 
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cases  before  he  is  reader  to  grasp  thp^general  idpa.  Functions  and  relations 
iappear  in  jnany'quite  ..different  situations,  in  many  disguises,  and  under 
many  different"  names.  Hence,  thiey  can  be  treated  from  many  points  of 
view,  each  of  \vhich  maizes, a.  contribution  to  a  full  unde^fcnding. 

'  Often  a  relation  is^deacribed^  a  corj-esponderice.  We  think  of  the  set 
pf  pairs  as.a'^et  ofrcorrespomding  numtbers  or  objects.  We  think  of  the 
jille  as  defining'  the  correspondence^  We  say  that  the  rule  defines  the' 
:correspondehce  by:  telling,  which  things  correspond.  If  the^rdation  is  a 
ftmction,  then  juiyt  one  bbje'ct  iit  the  .raQge  corresponds  to  each  object 
in^'the  doi^in^  If  j^^s^?!  function,  we  may  ^vTite  *F(x]'  jas  a^name  fojf 
the  obj ec€  corres"|i6t^c^  to  Then  "the,  rule  may  be  written  in  the  forrti,^ 
V>=  /^(i)^  ticket  situation,  /'(x).  =  .35x. 

.  .This  familiar  afunctional  notation  h^is  given  rise  to  much' misiinder^ 
standihg.  The  practice  of  teadiag  *?/  =  as  y  is  a  jfmciion  q^x  is 

very  confusing  since  y  is  not  a  functlpn  at  all.  This'way*of  talking  is 
related  to  such -statements  as  co^t  is  d^nction  of  pnce,-which  means  that 
«  cqst  ^depends, on  price.  But  %  such; expressions  *functit)n'  is  not  bein^ 
iised*  in  the.  matfiematical  sense.  It  is  better  Jbo:  reacl . *?/  =  -^{x)'  \ 
equals  F.-at  x'  or  *?/  =  th6  object  that  corresponds  i-o  x'.  • 

Another  c6mmon  way  of  spealcing^  that 'sometimes  causes  coriusion* 
is  I  to  ctesQribe  ^f{x)*  asHhevahie.ofJhe  functim.  correspoTid  T^34s 
arises  from  conlusing  the  formula-  with,  the  function  itself,  the  func- 
tion defined  by  y  ,r=.  -T-,  /(x)  =  a?^.  If  we  say  that  y'ls  a  fjindicm  ofx 
and  identify  'if  aiiji'^(xO'  ^vith  the-fi^nction  jitself,.then  it  i§  natural  to. 
say  that  y  is  the  vahii^  of  ' the  Junction.  But  the  symbol  */(?>)'  has  the, ad- 
vantage that  it  involves  explicitly.  This  makes  it  convepienj  for  in-  ' 
dicating  the  y  corrcsporirling  to  a,  particular  x.  For  example,  J"(2)  is  th^ . 
vtUue^ corresponding  to  2.  This\ise  of  the  functional  notation.is  familiar^ 
and  has  lost  none  oT  its  impoiiance.  ,    .  "  ' 

.^The  fufictional  notQ.tion  can  be  uped  to.  write  a  more  coihpaoli  ^pres^ 
.siph  for  a  set  of  pairs , that  is  a  function.  Since. therb  is  just  one  yalue  of 
'y'  for  each^i^|^e«^Qf/x',  we  mAyyise  %xy  to  represent  this  y  arid  defihe 
the  funcfion^'t^i^  \<ixy  f{x))  \\  e  D}..-For  example,- 

.{(^y'fU)  slich  i^l^a?^^  y  =       =  { (x,  x^)  \x  \s  real}. 

We  might  evert  J^e  jiist j ^  leaving  thq  domain  to  be  understood. 

Another  veryRiRcful  poi^bf  view  arises  frora considering  maps.  In  a. 
map  of  a  terrain;  each  ' ppint  on'  toe  map  corresponds  to  a  point  of  the 
terrain^  each  map  feature  to  a  feature  of  th6  t6n^ain..'Here  is  a  set  of  pairs 
in  whibh  the  fifst  member  is  a  point  on.'jbl)e  grouT)Hj  the  second  pbint  oh  a, 
map.  Similar  remarks  a't^ply  to  any  plan,  cH'art,  or  pictorial  representa- v- 
'tioy^  The  fart  that  maps  are  instances  of  functions' giVesii  way  of JnCro- 
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ducing  the  ideas  of  sets,  pairings,  and  felations  in  terms  farrdhar  to, very 
young  pupils.  .    -  -  . 

But  the  above  observation  has  much  greater  application.  Every  rela- 
tion may  be  oonsidefeidjas  a  pairing  of  objects  with  their  maps.  As  sug- 
gested in  Figure  17,  ^vS^S^y  fihijik  of  the  domain  D  of  the  relation  as  a 
set  that  is  mapped  onto  ^gpfef  range  R.  Note  that  in  Figure  17  the  point 
a2  is  mapped  into  two  different  points  &2and  62 .  Hence,  thisjnapping  does 
not  yield  a  function.  When  we  speak  of  relations  as  mappings  we  speak, 
of  the  objects  in  the  range  as  the  images  of  the  objects  in  the  domain. 
)ye  also  speak  of  object  in  the  domain  being  carried  into  corresponding 
•objects  in  the* range.  This  terminology  is  often  suggestive  and  gives  a 
way  to  visualize  a  relation  that  is  quite  different  from  the  familiar 
graphs..  Obviqusly,  it  may  be  used  in  cases  where  a  graph  might  not  \>q 
helpfuL  For  example,  the  son-parent  relation  defined  by  'x  is  a  son  of 
may  ^tev'isualized  by  thinking  of  the  domain  D  consisting  of  all  sons 
and  T  consisting  of  all  parents.  Clearly  every  son  has  two 

parents,  so  'there  are  two  7/-values  corresponding  to  each  Xrvalue.  In 
Figure  17  we  may  think  of  bz  and  &2  as  the  father  and  mother  of  • 
Even  where  a  graph  is  convenient,  the  mapping  point  of  view  may  be » 
informative.  For  exartiple,  the  function  defihed  by  ?/  =  maps  all 
real  numbers  into  nonnegative  real  numbers,  an  important .  fact  for 
the  stiident  to  realize  and  one  that  can  be  easily  visualized  by  thinking 
of  the  sets  of  real  numbers  and  the  set  of  nonnegative  reals.^ 

We  have  presented  several  different  points  of  view  from  which  func- 
tioRS  {and  relations)  may  be  considered.  We  may  describe  them-  as  sets 
of  pairs,  sets  of  points,  tables,  correspondences,  or  as  nmmings.  We  may 
emphasize  the  ruje  or  we  may  concentrat^ttention-^  tB"e  set.  In  the 
Wstorical- development  of  mathematics^  these  diffei:ent  aspects  have  been 
stressed,  to  a  varying  degree  at  different  times.  The  modem  point  of 
view  is  not  contradictory  to  any  of  them,  but 'unifies  them  all  and 
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Trnakes  clear  that  they  are, all  different  ways  of  talking  about  the  *ame 
thing — sets  of>  ordered  pairs.  °  -  I 

One  can  almost  hear  the  argument,  **What's  been  good  enougli  for 
.   mathematicians  for  over  iOO  years  ought 'to  be  good  enough  for^thf  Aext 
.  100  years,  \tliy  ohange?"  The  reason'lies,  o{  Course,  "deep  in  the  hqailt  of 
mathematics.'*       ^^^"""^--^  •   '  - 

For  more  than  half  a  cetltury  mathematicians  have  been  working  on/ 
the  foundations  of  their/6tjbject.  They  havd  asked  questions  about  the, 
key  ftieas  of  matheniatics  in  ^their  effort  to  get  these  ideas  arranged  in  a 
logical  sequence.  They  feve  been^ structuring  mathematics.  In  the  proc- 
ess, mathematicians  have  found  that  the  idea  of  set  is  very  basic,  in  fact/ 
it  is  an  idea  on  which  much  of  mathematics  can  be  built.  This  mep-ns 
that  they  are  talking  Si  set  langicage  more  now  than  they  dr3^ fifty,  or 
even  ten  years  ago.  It  further  means  that  the  definition^ of  fundamental 
mathematical  ideas  are  stated^  in' terms^o^sets  or  in'^t^rms  which  are 
readify reducible T.0  sets.  j  ,',/  ^ 

This  drive  to  reduce  igathea*tfEh^o  its  simplest  :and  clearest  terms  is 
refl/jeted  in"  the  definition  of  function  and  variable.  The  languag^e'is  so 
chosen  and  th(e<H)ncept  so  organized  that  all  ideas  lead  back 'to  certain 
very  elementary  ideas  about^sets  and  elemeTits  of  sets.. 

To  illustrate  the  ndvantage.s  of  using  set  language  let  us  try  to  formu- 
late a  degnition  of  function  in  terms  of  the  concept  of  correspondence. 
1\'e  mvCy  say  that  a  function  is  a  correspondence  in  which  a  unique  object' 
corresponds  to  each  one  of  certain  objects.  But  Avhat  is  a  correspondence? 
-The  definition  is  not  very  enlightening  until  we  know  what  a  corre- 
.spondence  is.  It  does  not-seem  tha£  'correspondence'  should  be  undefined^ 
-in  mathematics,  .yet  it  does  not  seem  possible  to  define"  it. 'excqpt  ii; 
terms  of  sets  of  ptiirs.  And  if  we  do  this,  we  may  as  well  define  a  relation 
in  terms  oS  sets  of  pairs  and  consider  'correspondence'  as  another/term  ' 
for  talking;  about  relations.  By  using  the  conciept.of  a  set  as" basic,  we 
remove  the  mystery  from  our  subject  and  define  inriportant  concepts  in 
simple' terms  more  understandable  to  everyone.  ' 

It  is  not  pos.sible  here  to  discuss  all  the  different  terminology  used  "to 
talk  about  relations  and  funations.  However,  if  the  concept  is  understood 
it  is  easy  to  interpret  properly  most  discussions  found  in  mathematical 
and  scientific  waiting.  Fpr  example,  one  often  finds  a  function  defined  as 
a  "borrespondence  in  which  to  every  vallie  of  o1?e  variable  there  corre- 
sponds one  or  more  valuers  of  another  variable.  If  just  one  value  cor- 
responds, the  function  is  called  sin^lcTvalued,  otherwise  multiple-valued. 
WriUTs  who  use*  this-  terminology  (and  their  number  is  decreasing) 
are  calling  functions  *sinKlo»- valued  functionsVand  o^her  nelat^ons  'nml- 
tiple-valued  functions'."  \ 


^REIiATlpNp  AND  F0NCnONSfc»  \  f  ' 

FUNCTION  AND  RULE       "  M  ^  ^ 

In  much  of  the  work  with  functions,  attention  is  cOB.centrated  on  the 
*rule  that  defines  .the  set/«f  pairs.  Three^typical  situations  arise^ 

Situation  I  occurs  when  a  set  di  number  pairs  is  given  and  we  wish  to 
find,  if  possible,  a  formula  that  enables  us  to  pair  the  eleilients  in.tbe  two^ 
sets.  Thislcind  of  problenvoccurs  freque^y  in  statistics,  where  the  given 
number  pairs  are  the  result  of  approximate  observations.  It  occurs  in 
suc^simple  problems  as  finding  the  equation  of  a  straight  line  on  which 
we  are.given  two  points  or  a  point  and  the  slope.  In  such  caSes  the  fuhc- 
^on  is  defined  without  e:^Iicitly  giving  a  formula,  and  the  problem  is 
toVfind  the  formula.  ^  ^  .       \  - 

Situation  II  occurs  when  a  iformula  is  known,  so  that  we  hive  the  func- 
tion (defined  by  the  forms^  { (3:,  /(a:)) ) '  or  *  ( (x,  y)  \  ij  =  f(x) } '  and  we  wish 
to  calculate  the  second  element  in,  ^  pair  whose  first  element  is  given. 
This  is  a  matter  of  substitution  in  the/formula.  It  is  among  the  first 
algebraic  manipulations  that  the  pupn  encounters.    '\  . 

Situation  III  occurs  when  a  formula  is  given  and  we'  wish  tp  calculate 
firs^^lements  corresponding  to  a  second  element.  We  ^say  elements," 
since  there  may  be  more  thjln  one.  For  example,  the  function  defined 
by  =  x-  ''inthe  domain  of  r^l  numbers  is  {(x,  ?/)  j  x  is  Veal  cfnd  y  x^). 
We  may  iisk,  **How  can  we  fill  the  blank  in  (_,  9)  so  that  this  number 
p:ur  belongs  to  the  function?'*  Tha  answer  is  that  either  3  %3r"3  will 
do..  The  problem  from  an  algebraic  point  of  view  is- that  oflblving 
?/  =  X-  fd)r  X  when  y.  is  given.  Thus  the ^whole  problem  of  the  soluopn  of 
equations, may  be  \'i(nved  .as  an  aspect  of  the  study  of  functions  arly  i;e- 
lations. '  ,  . 

All  three  of  these  situations  occur  in  the  practical  (ahd  theoretical) 
applications  of  mathematics.  Hence,  it  is  importflnt  in  the  study  of  al- 
^gebra  that  students  loarn  to  work  with  functions  and  relations  in  these 
three  different  situationsrfn  common  terminology,  Situation  I  is  usually 
i  called  curve  fitting  or  Tihding^^the  equation  of  a.  locus.  Situation  II  is 
usually  called  substitution: and  evaluation;  it  is^^intKoduced  in  all  be- 
ginning'Algebra  courses  at  an  early  date;  Situation  III  is  classified 
as  equation  solving.  '  , 

^        L\yi-RSE  FUNCTIONS  AND  RELATIONS   V  " 

In  the  study  of  sets  of  number  pairs,  it  sometimes  becomes  conveni^m^ 
or  even  necessary,  to  study  the  set  of  number  pairs  obtained  by  inter- 
changing the  first  and  second  elements  of  each^  pair*  in  the  ,set.  Thus, 
rather  than  study  the  set  (funq^on)  /  =  {(x,  x^)),  it  becorpes  convenient 
to  .study  the  relation  r  =  { (r^,  x) ) .  The  relation  obtained  by  ititerchang- 
ing  first  and  seco^id"  elements  in  the  pairs  of  a  given  relation  is  called 
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the  inverse  of  the  given  relation.  Let/^^  How  this  idea  works  by  fir?t 
studying  a  finite  set  (it's  simple^  to  get  across  the  idea.       ^  ' 

function  /c  -  {(0,  0)o<lJl),  1),  ^2,  4),  (-2,  4)}  liJis  a?  its 
.  inverse  r  =.  {(0,  0>,  (1,  1),.(1,  (4>2),  (4,  -2)}.  No>.that  theMii- 
verse  of  ^e  function  k  is  the  relation  r  (r  is  not  a  function).  'iTXe-graphs 
*shown  in Vipires  J  8a  186  will  hfelp  clarify  this  point. 
'  In  Figure  18/>  yQ^^n  see  that  the  condition  that  just  one  value 
correspohds  to  each  a;  value  is  not;  fulfilled  since  (1,  1)  and  (1,  -1) 
are  elemeBt^of  r.      -  » 

.  Consider  a  seconcj^exampie.  Let/' be  the  function  {  (1,  4),  (2,  1),.(3,  5)^ 
(4,  6)}.  Theinvepscoff  is  /  =  {(4,  1),  (1,  2),  (5,  3),  (6,  4)|.  r'  is  a  rela^ 
tion  but  it  is  also  d  func^tion 'since  it  does  r\ot  contain  two  pairs  with 
identical  first  elements.  ,  '  r 

Graphically  it  is  readily  apparent  that  the  point  (6,  a)  is  a  Reflection 

\of  the  point  (a,  b)  In  the\bteector  of  the  90°  angle  in  the  first  quadrant. 

^l^ncfi.  (6,  a)  belongs  to  the  ?i\verse  relation  if  and  only  if  (a,  6)  belong^* 
'    to  thD  original  relation,  graphing  an  inycu"se  is  simply  a  nlatter  of  yre- 
flecting  the  origibftl  graph  in  the  lin^  defined  by  'y  =  x\  For--example, 
from  Figure  18a  to  Figure  185  (^  i)  is^reflec^d  into  (4,  -2),  (2,  4) 
into  (4,  2),  and  so  on.  *  \  ^      ':  ^ 

*^Itis  often  intorest*  to  inquir^^'tb  whether/th^nverste^  a  given 
function  is  also  a  function.  A  condicipn  is  quite^eacmy  \vr;lt^n.  The  in-  * 
verse  of  a  JSunction'is  also  ia  functiol|U)i)0iH^ed  no^vodifferent  pairs 
belonging  to  tHe  original  relation  hijfve  the' same  sfecon3">lement.  In 
other  words,  for  both  a'functlon  and  its  inverse  tb  be  functions/each  first 
element  must  app^  once  and  only  once  and  each  second  elenttent  once 
and  only  once.  Graphically S^ny  horizontal  line  must  cross  the  gt-aph 

^e  original  fimction  atTj^r^st  onc6.  For  example,  the  function  of  Figure 
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19  and  its  inverse^are  evidently  hioth  fimctions.^  On  the'ottijr  'hand,  the 
invi6rse  of  the^unction  graphed  in  Figure  9  (page  77)  is  ij^u  a  function** 
as  is  evident  from  the  graph  of  this  inverse  in  Figure  10  (p/ige  77). 
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The  concept  of  *in verse  is  closely  related  to  situations  of  typ^i  Hixdis- 
.  cussed  above;  namely,  those  in  which  we  are  given,  the  formulo/definpg 
a  function  and^ish  to  find  the  first'' component  (or  comjjonerrte)  iior- 
responHing  to  a  given  siecond  component..   ^  > 

'Since  the  inverse  relation  . is  obtained  by  interchanging  compoDTeK 
ft^the  p|iirs;the  formula  defining  the  inverse  is  obtained  by-intocHanging. 
vjjiriables.  If  a  function  is  defined  by  '?/  =  f{^)\  we  are  most  of t^  coh-i, 
cerried  with  problems  of  type  II,  that  is^  given  x,to  find  ?/.  If  we  are  con- 
cerned with  a  problem  of  type  III^  that  is,  \i  y  =  /(x),iind  we  are  given  y 
to  findx,  we  may  view  the  problem  as  of  t3^pe  II  by  interchanging  vari- 
,  abjes  to  g&i  x  =  f{y),  that  is,  to  get  a  formula  defining  the  inverse  func- 
tion. Another  way  of  describing' this:  is  to  say  that  whether  or  not  we 
consider  a  funct'ionoi;  its  inverse  is'^ust  a  natter  of  which  set  of  objects 
.  we  wish  to  consider  as  first  comparfents.' Groing  from  a  furiction  to  its 
inverse  interclianges  the  elements  in  each  pair.  But  it  is  simply  a'differ- 
ent  \vay , of  looking  at  |he  same  situation. 

.  In  tcrnis  of^the  mapmng  idea^  the  inverse  of  a  relia^ion  is^the  mgtpping 
that  {/ocs  the  other  tra?/,  xhat  maps  the  old  fange  (now  tke  domain  of  the 
inverse)  into  the  old  domain  (no.\y  the  range -of  the  inverse).  It  is  the 
reverse  mapping.        »  .  "  .  .     .     '        ,^  ' 
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In  order  to  find  the  rule  for  the  inverse  one 'simply  int^changes  vari- 
ables and  solves  for  the  other  variable.  If  the  solution  is  unique,  we  have 
a  formula  that  defines  the  inverse  function.  For  example;  the  inverse  of 
the  function  defined  by  2x  —  6'  is  obtained  by  solving  x  ===  2y.  —  6 
to  get  t/  =  (x  +-6>/2.  The/graphs  of  the  two  fimctions  are  shown  in. 
Figure  20.  / 


Here  it  is  readily  observed  that  the  one  line  is  a  reflectibn  of  the  other, 
line  in  the  bisector  of  the  90''  an^  in  Quadrants  I  and  III.  * 

In  this  example  the  inverse  oT^a^function  is  a  function.  By  way  of 
contrast  consider  the  function  defined  by^*2/  =  x^'.  The  inverse  is  de- 
fied" by  *x  =  7/2  Solving  we  get  y.  =  "  v^Or  2/  =  -  Vx.  For  each  value 
of  *x'  we  get  two  ?/- values  in  the  inverse  y/x  and  —  as  illustrated 
in  Figure  10.  (Note  that  's/x'  stands  for  just  one  number,  the  non- 
negative  number  whose  square  is  x.)      .  . 

It  is  possible  to  define  one-to-one  correspondence  very  simply  in 
.terms  of  the  function  and  inverse  concepts.  If  the  inverse  of  a  function 
is  also  a  function  we  call  it  a  one-to-one  correspondence.  This  gives^ 
precise  characterization  of  the  familiar  process  of  ^tablishing  one-to-one 
^rrespondence  by  pairing  off  members  of  sets.  SometimA  functions 
whose  inverses  are  not.  functions  are  called  many-one  correspondence^ 
and  their  inverses  are^  called  one-many  correspondences. 


^lONS  AND  INTERSECTIONS  OF  RELATIONS* 

Sinrfe  relations  are  sets,  we  cai)  apply  to  them  tlie  techniqi;es  of  set 
operations.  First  we  recall  tho "meaning  Df  union  and  intersection:  Con- 
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sider  the setvi  =  {1,2}  andthesetB  =  {5,  6,  7,  8) .The  union W  i4. and 
B  is  .4  U  5  2i  jl,  2,  5,  6,  7,  8)  .  The  union  of  the  two  sets  is  simply  the 

.   two  sets  throvm  in  together  to  make  o^  set.  This  is  the  simplest  of  ideas, 
and  is  understood  by  even  young  children. 

.  By  the  intersection  of  two  sets  S  and  !P,  we  mean  the  set  of  elements 
which  are  common  to  both  of  the  sets  S  and  T,  Thus  the  intersection  of 
S  =  [0,  1,2,3,4,  5)aridT  =  {4,5,6,7,8)  isthesetSfl  T  =  {4,5). 
The  intersection,  of  the  sets  A  and  B  of  the  previous  paragraph  has  no 
members.  We  call  a  set  with  no  members  the  null  set,  and  we  write' 
|1,  2)  n  {5,  6,  7,  8)  =0.  Sets  whose  intersection  is  the  null  s^t  are 
called  disjoint  sets.  Yo^ng  children  are  used  to  forming  the -union  of 
disjoint  sets/ Indeed,  the  number  of  members  in  the  union  of  two  dis- 
joint sets  is.  the  sum  of  the  numbet'  of  members  in  the  indivi'dual  sets. 

•>  However,  we/^an  still  form  the  union  of^two  sets  that  are  not'^isjoint. 
For  example,  .  ^ 

.  S  U  r  ^  {0,  .1,  2,  3,  4,  5)  Ir  {4,  5,  6,  7,  8)  =  {0,  i;  2,^3,  4,  5,  6,  7,  8) 

In  previous  sections  we  have  classified  the  s^t- of  number  pairs. 
{(^,  y)       =  ^]  as  a  relation  which  is  not  a  function.  You  will  readily 
recall  the  graph  of  thiis^t.  It  is  shown  Jn  5'igure  21.  Let  us  call  this 
relation  V.     ^  \  " 

Now  consider  the  two  function^/  ^^{(x,  y)\y  =  \/x]  and  F  = 
{fe  y)i\  y  =  '  — \/x)„  The  graphs  ctf  the  l^unction  /  and  the  function  F 
are  shown  in  Figures  22  and  23..  .  ' 

The  figures  (21,  22,  and  23)  indicate  very  clearly,  that  the  relation 
'  r  =  {(Xj^^y)  I      =  x]  isjust  the  union  of  the  function  /^nd  F,  since  if 
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we  join  the  two  graphs  in  Figures  22  and  23,  we  g6t  the  graph  in  Figure  21. 
In  symbols,  r  =  /  U  F. 

y  . 


FiG.  22,  iSB^tion  /. 
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■    ,  ,  ,  "  FiG.»23.  Function  h\  ' 

The  reader  can  easily  verify  for  himself  *&iat  the  relation 

C  =  \{x,y)\x'  +  if  =  161      i  '  - 

is  the  union  of  the  two  functions  g  =  {(a:,  2/)  1 2/  VlS  —  1  and 
G  =  {(x,  2/)  I  ?/  —  . --\/l6  —  x^.}.  Indeed;4he  graph  of  C  is  a  circle  of 
radius  4  with  center  at  the  origin.  The  graph  ctf  is  the,  upper  half  of 
this  circle,  and  the  graph     is.  the  lower  half.  Evidently  C  =     U  G. 

Any  relatTon  can,  i^  a  similar  way,  be  viewed  as  fl  union  of  functions. 
Of  course,  this  can  usually  be  done  in  several  different  wa^s,  and  more 
than  two  functions  may  be  reqirired.  ^ 

A  few  fnore  illustrations  of  how  the  union  an,d  ititersection.of  two  sets 
might  occur  in  high  scliodl  algebra  may  be  helpful.  Consider  the  set. 
S  =  {(x,  y)\x  +  y  :>  6|  and  the  set  T  =  {(x,  y)  \  x>  \  <  A],  The 
graphs  of  S  and  T  arelshown^in  Figure  24. 
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FiQ.  24 
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The  graph  of  the  union  of  iS  and  T  (S  U  T)  is  the  set  of  all  points'  in 
any  shaded  region  of  the  plane.  The  intersection  of  5  and  T,  (SO  T), 
is, the  set  of  all  points  in  the  doubly  shaded .  region  of  the  plane. 

You  nowjiave  a  picture  of  iS  U  T  =  { (x,  2/)  1  x  +  y  >  6  or  x  -  y  <  4} 
(all  the  shaded  area)  and  /S  H  T  =  { (x,  |  x  +  y  >  6  and  s  —  y  <  4  } 
(the  doubly  shaded  area).  Notice  that  for  the  union  the'  disjunction  'or' 
was  used  between  ,  the  two  conditions  x  +  y  ^>  6  and  x  —  y  <  4.  In 
other  words,  the  number  pair  (x,  y)  must  beV  5  or  in  T  or  in  both 
S  and  T  if  it  is  an  element  of  jS  U  T.  For  the  intersection  the  conjunction 
*and'  was  used.  In  this  case  the  number  pair  (x,  y)  must  be  in  bo'th  S 
'and  T  if  it  is  to  be  an  element  of  SO  T. 

O'f  course,  you  are  familiar  with  the  ust^al  solution  of  two  conditions 
such  as  X  +  2/  =  10  xind  x  -  ?/  =  -8.  The  solution  is  x  =  1  and  ?/  =  9^ 
How  would  this  familiar  problem  look  in  terms  of  thfe  set  terminology? 

The  sentences  x  +  y  =  10  and  x  —  ?/  =  —8  are  conditions  that  define 
relations.  The  condition  x  +  y  =  10  gives  rise  to  the  set  .      .  ' 

K  =  {(x,y)\x  +  y  =  10}, 

and  the  condition  x  —  ?/  =  —8  gives  rise  to  th^  set 

Q=  {(x,y)\x-y  =  -8}.. 

The  graphs  of  K  and  Q  are  th^  lines  shown  in  Figure  25. 

In  other  ^Vords,  we  have  pictured,  all  the  number  pairs  that  belong  to 
K  and  the  pairs  that  belong  to  Q,  or  we  have  graphed  K  \J  Q 

is  the  set  of  all  number  pairs  which  graph  intonoints  on  either  of  the  two 
lines.  Now  what  is  K  ()  Q?  It  is  tte  nuiji^r  pair  associate(^with  the 
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intersection  of  the  two  lines  in^the  graph.  K  fl  Q  =  {(1/9)}.  This  num- 
ber pair  corresponds  to  the  intersection  of  the  two  lines. 

Pedagogical  Implications,  use  set  terminology  and  symbolism 
when  solving  sihiultaneous  equations?  You  have  no  doubt  experienced 
pupils  solving  two  equations  such  as  x  -}-  2y  =  6  and  z  .—  2ij  =  4  by 
writing:        r-  *  .    '  , 

^  X  +  2y  =   6  5  +  2y  =  6 

■  _  ;       X  -  2y  =   4  y  =  '  — ^ 

^  2x  =10  V 

•     ■  ■  > 

Subsequent  questioning  showed  that  the  pupi]  did  not  think  of  using 
5  and  H  to  form  a  pair,  {b.'^^i).  This  is  an  essential  part  of  the  solution. 
»  Observ?  thd^  difference  if  we  ask:  Fhid  the  set  {(x,  2/)  I  2;  +  2?/  =  6 
and  X  —  2?/  =  4}.  In  this  case  the  question  asks  explicitly  for  a  set  of 
pair§.  t)f  courel^  if  taught  .properly,  the  usual  language  also  asks  for 
pairs.  But  thqj.set  language  Helps  the  pupil  understand  what  he  is  doing 
and  hoi^  his  afgebra  is  related  to  the  graph.  Moreover,  the  set  ideas 
may  be  used  to  SQ^ve  simultaneous  equations  by  graphical  means  oi/  to 
find  interseclion^?  before  thb  pupiUs  facile  with  the  mechanics  of  algebra. 
By  using  the  cfs^ncept?  of  union  a-nd  intersection,  the  teacher  can  show 
students  how  to'-^vritie  ^conditions  defining  quite  elaborate  sets  of  points 
in  the  plane.  Experience  shows  thatlstudents  find  it  thrilling  to  be  able 
to  define  a  set  such  As  the  interior  of  a  square  as  the  intersection  of  two 
sets.  The  student  can  easily  verify  that    *•      ,  . 

{(X,  7/)10^x  <  Ij  n  {(x,2/)10  <y  <l]^ 

is  just  the  interior  of  Ihe  unit  square  resting  on  the  positive  x-axis  with 
lower  left  ^corner  at  the  origin.  By  graphing  othei;  examples  and  con- , 
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stoicttog  examples  of  his  own,  the  istudent  will  learn  a  great  deal  about 
equations  and  inequalities. 

Generally,  in  high  school^work  the  universe  of  discoui-se  is  taken  for 
granted.  It  is  L  X  L,  although  most  rfoints  that  students  plot  ace^n 
R  X  R,  that  is,  the  points  that  have^ational  coordinates.  But  shoidd 
the  student  always  be  working  in  L  X  L?  Should  he  not  at  time?  work 
in  P  X  P  or  in  still  smaller  Cartesian  products?  For  example,  candy 
bars  cost  5  cents  each.  Assuming  that  no  more  than  12  bars  will  ever 
be  purchased,  use^this  information  to  construct  a  graph.  From  the 
physical  situation  one  sees  that  two  sets  are  involved. 


C  =  {0,5,  10,  15, 
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and  B  =  {0,  1,  2,  3,  4,  5,  6,  7,  8,  9,  10,^11,  12}:  The  universe  in  which  A 
we  are  working  is  J?  X  C  and  we  select  a  subset 

•?  ■         ,  ^ 

{ (^y  y)  1  X-  e  B,y  t  C  and  y  =  5xj'.  .  *t 

The  resulting  graph  imbedded  in  its  universe  is  shoWn  in  Figure  26. 
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This  same  graph  if  drawn  by  an  eight|i  or  ninth  grader  should  loo(c  like 
thttt  shown  in  Figure  »27.  ^ 

"^foo  much  of.  the  g/aphing  in  junior  high  school     done  without  due 
, consideration  of Jthe  rOTge  of  the  variables  involved.  In  the  example 
•  above  the  range  of  the  variable  ^x'  is  B  and  the  range  of  the  variable 
''•^i/'  is  C.  The  physical  situation  tells  us  that  in  each  case,  only  a  subset' 
of  the  positive  integers  is  under  consideration.  Hence,  the  graph  is  shown 
as  a  series  of  dots  only..IJr4fi  not  a  line  graph.  Lt  is  a  dot  graph. 

In  junior  high  school  mathematics  *we  fail  to  mention  theSXJartesian 
product  of  the  domain/ancPrange  of  the  relation  (or  fuhction>,  and;  in 
doing  so,  we  fail  to  impress  ttie  pupil  with  the  idea  that  he  is  selecting  a 
subset  of  the  Cartesian  product. to  define  a  relation  (function).  In  most 
cases  the  Cartesian  product  consists  of  all  the  points  in  the  plane*.  There 
are  instances  encountered  in  elementary  work,  however,  in  which  the 
Cartesian  product  consists  of  all  possible  pairs  of  integers,  or  the  Car- 
tesian product  of  the  set  of  integers  and  the  set  obtained  by  multiplying 
each  integer  by  five.  The  latter  Cartesian  product  would  be  encountered 
if  we  were  to  graph  C  =  5n  wherein  n  may  be  replaced  by  any  positive 
integer'.  There  is  real  reason  to  believe  that  graphing  should  be  intro- 
duced \vith  exercises  in  which  the  pupils  are  required  to  graph  both  the 
Cartesian  product  and  the  subset  defining  the  relation.  An  Example  is^ 
Graph  all  possible  number  pairs  (a,  b)  which  can  be  obtained  from  the 
sets  '-l  =  {1,  2,  3,  4,  5j  and  B  =  J5,  10,  15,  20,  25);  then  find'the  subset 
for  which  6  =  pa.  "  ,  -* 

These  exam^jles  and  several  given  at  the  beginning  of  the  chapter 
indicate  the  naturalness  of  using  finite  sets,  finite  Cartesian  products^ 
and  graphs  'containing  only  a  finite  number  of  points  in-  beginning 
algebra.  Such  sets  are  most ^approppiate  for  young: children.  Situations 
involving* finite, sets  arise  vety  often  when  we  are.  dealing  with  objects 
that  are  not  numbers.  An  example  is  the  set  of  states  and  their  popula- 
tions given  early  in  the  chapter.  There  is  no  reason  why  we  should  not 
range  the  states  along  the  a>axis  and  indicate  their  population  by  a 
graph.  The  Cartesian  product  idea  enables  us  to  broaden  the  graphing 
concept  and  to  make  it  virtually  irfilependent  of  the  pupils*  algebraic, 
skill.   ' '          .         '       -        .  ,  ,       ^  - 

ELEMENTARY  FUNCTIONS  IN  SECONDARY  SCHOOLS 

The  functions  most— cerhmonly  considered^ in  the  secondary  schools 
(linear,  quadratic,  polynomial,  trigonometric,  exponential,  and  loga- 
rithmic) are  widely  lised  in  science.  The  student  should  hg^  thoroughly 
familiar  unth  these  functioiT^.  In  this  section  we  intend  to' suggest  how 
the  ideas  of  this  chapter  can  be  used  to  n\ake  learning  niore  efficient 
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and.  give  the.  student  a  deeper  understanding  of  furrctions  and  rela-  ^ 
tioiis  through  the  study  of  these  special  functions, 
:     .lust  as  yon  sUidy  other  things  hy  looking' at  special  situations'^ 
tfbking  cross  sections,  so  to  speak~\vu  study  functions  and  learu  ahout 
their  special  properties  by  placing  restrictions       the  set  of  number  , 
pairs  (or  on  the  first  or  second  elements. of  tho, pairs):  A  simple  example 
will  illustrate  how  such  restrictions  may  be  helpful  in  the  study  of  func- 
tions. ■  •  . 

Consider  the  functioiSdefined  by  the-rul^  '?/  ==  2i;  +  1V(.t  e  L).  Since 
xi  we  know  from  allour  properties  of  numbers  that  y  e  L.  So,  our 
rule  enables^  us  to  find  number  pairs  in  L  X  L;  that  is,  a  set  of  real 
rmmber  pairs  (x,  /y). 

-  Suppose  we  select  from  this  set  those  number  pairs  whose  first  ele- 
ifieht  is  izero;  that  is,  the  pairs  (0,  y).  To  do  this  you  write  2-0  +  1;  V, 
y  —  \.  This  shows  that  the  pG^ir^O,  1)  is  the  only  element  in  the  function 
whose  first  mbmter  is  0.  Graphically,  we  have  foui)d  the  number  pair, 
associated  with  the  point  at  which  the  line  crossed  the  y-axis.  The  y 
intercept  is  i  .  . 

On  thcf  other  hand,  wc/iiiay  wish  to  select  a  subset  of  the  domain, 
/)  =  { 1,  2,  3,  4,.5i  •     j  and  study  the  corresponding' subset  R,  of  x!^ 
range.. Our  rule  tells  us  that  to  D  there  corresponds,  element  for  element, 
R  ~  (3,  5,  7,  9,  II,  •  •  •  1 .  From  this  you  get  the  feel  that  if  you  substitute^" 
for  'x'  in  'y  —  2x  +  1'  (in  succession)  two  numbers  which  differ  by  oneT^ 
theii  the  corresponding  t/-value^  will  differ  by  two.  Graphically,  this  is 
interpreted  to-nieiiri  that  the  slope  of  the  line  is  2.  This  slope  is  charac- 
teristic -of  the  graph  of  'y  =  2.r  +  T.  By  suitable  generalization  we  can 

bring  the  student  to  see  that  — ~  being  constant  is  a  property  of  any 

,    Xi  — 

linear  function. 

The  Linear  Function.  Consider  the  two-parameter  family  of  fui)c- " 
tions  defined  by  'y  —  mx  +  h\  where  x,  m,  and  h  are  elements  of  L, 
and  consequently  y  e  L.  From  this,  family  select  those  pairs  for  which 
the  first  element  is  zero,  that  is,  find  all  pairs  (0,  y).  Simple  substitutions 
show  that'^O,  ij)  defines  the  pairs  sought.  In  words,  if  we  substitute  '0* 
for  *x',  we  must  substitute  '5'  for  '?/'  to  get  a  true  statement:  We  call 
7?  the  ?/ intercept.  . 

Next  think  of  (xi  ,  ?/i)  and  (.rj ,  2/2)  as  two  number  pairs  which  satisfy 

y  =  mx  +  h.  Study  the  expression   ,  (xi  7^X2).  / 

...  -  Xi  -  Xo  .  I  ■ 

Z/i  —  2/2  ^  (mxi  +  b)  —  (mx2  +  b)  ^  mjxi  —  Xg)  ^ 

Xi  ~—  X2  -  Xi-  —  Xj  ('^^1  Xj^ 
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Thstl  is,  the  ratio  — ^  is  always  equal  to  m,  regardless' of  the  choice  of 
'  (3^1  f  2/1)  and  (x2 ,  ^2).  We  say  — — 7-^  is  constant  for  any  linear  function. 

'  Xi  —  X2 

Since  this  ratio  is  called  the  slope  of^  the  line,  we  have  showh  that'^he 
Nilope  of  the*  line- associated  with  y  ,=  +  b  is  m  and  that  tlieWine 
cro'sses  the' 2/-axis  at  (0,  6). 

The .  Quadratic  FunQtion,  A  quadratic  function  is  defined  bjf 
y  =  ax^  +  bx  +  'c  where  6,  and  c  are  elements  of  L  and  a  ^  Or  Or, 
we  may  say  it  is  the  set  of  number. pairs  {(xj  ax^  +  bx  +.  c)]. 

Which  elements  erf  the  function  have  second  members  zero?  You  can. 
answer  this  questiijh  by  writing  0  =  ax^;'+  6x  +  c.  From  this  you  see  that 


( 


-b  +         —  Aac 


2d 


,0^       and  ^ 


2a 


are  the  number  pairs  sought  provided' 6^  —  4ac.>  0.  This  work  may  be 
viewed  in  terms  of  inverses  as  suggested  on  pages  89  to  92.  (0,  c)  is 
the  only  element  satisfying  the  condition  y  =  ax^  +  bx  +  c  with  first 
member  0.  (Here  c  is  the,?/ intercept.) 

Recall  the  role  played  by  — ^  in  the  study  of  tl^e  linear  functionr-^ 

Xi       X2  " 

Using  a  similar  attack  on  the  quadratic  function  reveals  that 
2/1 V—  yi  _  a(xi  —  X2)  +  bixi  —  X2) 

f 


Xi  —  Xa 


Xi  —  X2 


=  a(xi  "+  Xi)  4-.  b 


From  Figure  28  you  see  that 


Vi  -  2/2 ; 

Xi  —  X2 


is  the  slope  of  a  secant  through? 


Pi{xi  1  2/1)  and  Pi{xi^  yi).  Hence,  from 


Vi  -  y2 

Xi  —  X2 


=  a(xi  +  x^  +  b  we 
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have  a  formula  for  finding  the  slope  of  a  secant 
the  parabolj^ 


{^h  any  \\<o  points 


By  taking  the  limit  of 


2/1 


of  the  tangent  at  7^i(j:i  ,       that  is, 


as  X2  approaches  .Ti  we  find  the  slope  ^ 


lim 


2/1  ~  2/2 


lim  [a(xi  +  xj)  +  h\  =  2axi  +  b. 


.      *■       rjTi  Xi  —  X2 

Hence,  the  slop\j  of  the  tangent  to  a  parabola  at  Pi(xi  ,      is  2a.Ci  +  b.. 
Setting  2aXi  +  b  ^  0,Ve  find  Xi  ==  —b/2a.  Since  this  is  the  value  of^ 
where  the  tangent  line  has  zero  slope  and  is  therefore  horizontal,  it  is 
^le  x-coordinatc  of  .  the  maximum  or  Ininimum  point  of  the  parabola. 
The  Polynomial  ^Functions.  The  .g'^rtwal  polynomial  function  is 

defined  v^Jy  anX""  +  a„_ix"~^  +  . . .  aix^  +  (1q  —  y  where  n  is  a  pof^itive 

integer  and  J^ie  a»  arc- rational.  Of  course,  the  linear  function  and  the 

quadratic  function,  previously  discussed,  are  special  cases  of  the  general 

polynomial  function. 

The  general  polynomial  is  too  complicated  to  study  in  a  manner 

similar  to  the  Iir\ear  function  and  the  quc^ratic  function.  However,  a 

few  special  cases  should  be  studied.%\.mong  these  are: 

(1)  y  ^  ax";  ;t  an  even  positive  integer  and  a  >  0.  These  curves  ^ 

have  the  general  shape  shown  in  Figure  29.  - 


Fia.  29 


'11 
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If  a  <  0  these  curves  open  downward  vHth  the  vertex  still  at  the 
ori^n.  .  . 

(2)  7/  =  ax";  n  an  odd  ppsitive  integer  and  a  >  0.  This  one  para- 
meter family  of  curves  has  the  general  shape  shown^n  Figure  30. 
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Fig.  30 

If  a  <  X),  these  curves  are  rotated  about  the  x-axis  through  180°. 

In  the  secondary  schools  the  simplified  polynomial  functions  defined 
by  y  =  ax"/ where  n  may  be  ri^laced  by  any  integer,  are  encountered 
under  the  heading  of  direct  and  inverse  variation. 

If  numbers  are  paiifed  according  to  the  rule  y  =  ax"  for  n  th^n  we 
say  that  ?/  varies  directly  as  x"  and,  in  particular,  if  ?/  =  or,  then  y  var- 
ies directly  as  x.  Of  course,  this  form  may  be  generalized  as  illustrated 
•in  the  following;  (1)  i/^  =  ax.  I^'this  instance,  t/-  varies  directly  as  x,  (2) 
?/'  =  ax'.  Here  ?/-  varies  directly  as'x^  and  (3)  y  —  5  =  a(x  +*»c). 
Here  y  —  h  varies  directly  as  x  +  c.  ■ 

The  rule  *2/  =  ^A"'  leads  to  the  terminology'?/  varies  inversely  as  x". 

It  is  always  instructive  to  have  beginning  classes  form  sets  of  number 
pairs^cifi^two' rules  such  as  *z/  =  5x*  and  *y  =  x  +     and  examine  the 
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jdifference  bgtK  graphically,  and  to6tetx;is6.  Th%  one  ee^Qf  numbers  4eads 
to  the  direct  variatTon  «ternpnorogy  and'  the  othet^does^tJt.  Grnphmg  ^ 
tlie  two  sets  of  "pairs  makes_this  difference  very  clear.  ,  -  ^ 

The  Trigonometric  jTunctiods/ Wh^fe  it  is -frequently  the  ci^e 
that  the  trigonometric  functions  are  introduced  for  the  ijjirpo&e  of*en-j 
abling  the  pupil  to  solve  right  triangleb\  you  should  keep  in  miiid 'that 
the  triangle  solving  prope>€y.o(  .tri^ilometric  functions  is  relatively  un-  \ 
important.  It  is"^ vastly  more  important  for  tlie  high  School  student  to 
know  that,  these  functions  are  periodic.  Their  periodicity  fieS^t  the  heart 
of  the  most  important*  Stises  of  these  functions.  Furthernjo?e,.  th^  are 
the  only  functions  studied  ^in  high  school  \^ich  are  pefiodic,  /  ^ 

Rat*her  than  discuss  all  six  trigonometric  functions  Jve  vvill  use  the  §ine  • 
function  as  an  illustration  of  some  of  the  important  thtngaHo  know  £rt)out . 
air  trigonometric  functions.  We  assunae  that  the"  function  defined  by 
''y  =  sin      (x  e  L  and  ?/  e  L)  'fe  famiii^r.  <^  ^ 

If  weVrite  V  =■  a  sin  bx\  we  see  that  it  defines  a* two-parameter 
family.  In  high  school  it  is  desirable  to  plot  successive 'members  of  this  ; 
family  by  assigning  a  value  to      and  then  assigning  successive- values- 
to'  *a\.  You  then  obtain  a  family  of  curves  as  in  Figure  31 . . 


y  -  6^pin  x 


4  sin  X 


.    *  .     .^-^       Fig.  31  ,  . 

This  shows  the  student  that  parameter  'a'  is  an  amplitude  factor. 

Parameter  'b'  is  a  frequency  factor.  If  you  plot  y  =  sin  x;y  =  sin  2x; 
y  =  sin      on  the  same  axis  you  obtain  the  result  illustrated  in  Figure  ^2. 

^The  period  of  sin  x  is  27r.  That  is/ sin  x  =  sip(x  +  '2ir)  =  sin(x  + 
2/i7r)  (n  an  integer).  The  periodicity  is  'Easily  observed  if  you  look 
at  the  graphs  in  Figure  32.  The  student  who  plots  a  variety  of  trigono- 
metric functions  such  as  those  defined  by  y  =  cos  2x,  y  =  sin(x  +  t/2), 


•   y  =  sin  2x  ' 
y  =  sin  Ox." 

"    .  7/  =  2  vsin  a;  +•  3  sin  2x, 

.      ■   ^  ■         ■  .  v 
and  2/     3  sin  x        cos  x,  will  learu  a  great  deal  that  will  be  vffty  useful 

to  him  later  in  mathematics,  in  engineerihg,  and.  in  science.  Students 
enjoy  makhig  these  graphs,  and  the  tocher  can  use  such  exercises  to 
give  practice  in  the^  lise  of  tables,  humefical  computations,  and  trigono- 
metric identities.  .     '  .  "  .  . 

The  solution  of  y  ^  -»in  x  for  *x'  is  not  possible  if  we  restrict  oifr-selveS 
to  the  simple  operations  of  ^addition,  subtraction,  multiplicatic5ri,  division, 
extraction  of  roots,' and  raising  to  powers.  So,  we  create  a  new  symbolism 
and  a  new  function.  We  say  that  'x^=  sin  i/  defines  a  new  relation  /ealled 
the  'arc  sine'.  It  is,  of  course,  the  inverse  of  the  sine  function,  but  it  is 
not  a  function  as  is  clear  from  Figure  33. 


/ 


sm  y 
or  y  =  arc3inx 


FiQ.  33 


For  each  value  of  V  4n  the  range  of  this  inverse  relation  (that  is, 
.—  1  <  X  <  1),  there  is  ai^*ififinite  number  of  corresponding  ^/-values. 
But  we  can  consider  this  relatlOl^SQ,s  the  union  of  furlctions.  In  Fjgure  34 
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~>we  show  one  of  these.  It  is  called  the  principal  value  of  the  afe  sine  and 
is^  dej^ignated  by  writing  the  npjiie-  of  the  inverse  vrith  a  capital  lettV-- 
Hence  y  =  Arc-^in  x  definesi/  function  that  is  part  of  the  inverse  of  the 
sine  fimction.  All  other  yatloes  of  y  that  satisf^  =  sin  y  are  given»Hy 
y  ==  Arc  sin  x  ±  2fc7r  or'^db  2kTr  U  Arc  sjn  x,  Vhere  A;  is.  any  positive 
integer.  We  see  from  the  graph  th^  Arc  sin  x  <  7r/2/s^cial 

names  are  nCI^ adopted  for  pth^r  branches  of  the-ifiVerse  sine,  , 
Sometimes,  y  =  arc  sin  x  is  written  ifi.plac^4|{jf£^=  sin^y,^ However, 

/arc  sin  x'  ^  an  ambiguous  expression.  Tha£  is,       any  given  value  of  ^ 
'x\  it  might  represent  any  one  of  the  infinite  number  of  values  oi  y  that"^ 
satisfy  x  =  sin  y.  It  is  for  this  reason  that  it  is  better  to  us^  the  princi- 
pal value  and  get^her  solutions  by  the  formulas  given  above.   '  . 

The  Exponential  and  Logarithmic  Fun<itions.  The  Tmportance 
^of  the  exponentjial  and  logarithmic  functions  trg,HScends  their  uses  in 
calculation.  For  this  reason  it  is  very  important  th&t  the  serious  student 
of  mathematics  h^come  familiar  with  their  propertied  In  studying  the 
exponential  function  defined  by  t/  =  a*  (a  >  1),  the  device  of  consider-  ^ 

-  ing  only  a  subset  of  the  domain  will  be  found  useful.  Simple  bases  such 
as  a  ^  2,  and  special  vdlues  of  /x'.such^as  1,  0,  2,  —2,  — 10,  suflSce  to^ 
ge1^a  very'goodideaof  the  function,  By'jefonsidering  the  ordered  pairs,  (1, 
2),  (2,4),  (3,  8),  (4,  16),  and  so  on,  the  pupil  may  be  led  to  discover  for 
himself  that' multiplying  the  second  components  may  be  accomplished 
by  adding  the  first,  Thus-if  we  take  the  first  two  number-pairs  (1,  2)  and 

•  (2,  4),  we  can  add  the  two  first^leiiients  (1  +  2)j  look  among  the  other 
pairs  for  a  pair  having  3  as  a  first  element.  This  pair  is  (3,  8),  The  second 
element  of  (3,  8)  is  2  X.  4.  'Hence  by  adding  the  first  elements  of  two 
pairs  we  have  found  the  product  of  the  second  elements  of  these  pairs. 

Such  experiments  lead  naturally  to  considering  the  inverse  defined 
by  X  =  a".  As  in  the  case  of  the  sine  function,  the  eleme^ntary  opera- 
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ytiqns  do  not  suffice  to  solve  for  ^'t/^  But  the  inverse  is*V  function,  as 
Mndicat^  in  FigUjre  35.  Hence,  we  adojJfc^ i  symbol  'y  =  log  x'  for  the  , 
,     solution  of  x^=  cr.  The  inverse  of  ?/  =  a*  is  defined  by  y  =  logoor.  or  by 

.By  using  simple  bases  and  restricted  domains  these  .two  funcf€t6ns 
could  be  studied  by  very  young  pupils.  After  such  rich  experience^,  they 
would  find  £he  tabie  of  logarithms  most  natural  .^For  after  all,  a  table  of 
commit  logarithms  is  merely  a  more  detailed  listing  of  certain  pairs  of 
nSmibers  whofee  second  members  are  the  logarithms  of  the  first  members; 
i.e.,  (x,  log  x).  The  first  <!omponents  are  listed  in  the  margins  and  the 
second 'componentsjn  the*. body  of  the  table.  By  reversing  the  point  of 
view  and  considering  the  first  qomponents  to  be  in  the  body  of  the 
table,  we  have  a  table  of  pbw^  of  JO.  This  pointl^f  view  could  do  much 
to  remove  the  mystery  from  chctracteri^cs  and  mantissas  and  to  produce 
students  able  to  use  logarithms  in  aQgrdance  wit^  conim^  sense. 

Other  Important  f'unctions.  'Mli^lem'en tary  functions  discussed 
above  have  a  time-honored  and  well-justified  position  in  the  secondary 
curriculum;  But  there  are  many  other  interesting  fimctions  with  woHh- 
while  applications  that  ac^  suitable  for  treatment'  in  the  elementary 
and  ^cpndary  schools.  We  have  given  sorAe  examples  in  eapBer  parts 
of  the  chapter  by  using  finite  domains,  and  the  reader  can  construct  any 
number  of  exjAnples.  ^ 

Too  often  students  get  the  idea  that  a  function  is  always  defined  by  a 
simple  formula*^  giving  *y\  in  terms  of  an  elemental^  formula  involvi: 
'x\  This  is  not  so  as'-we  have  seen  in  numiM-ous  examples  in  this  chapter. . 
Any  set  oF^rdered  pairs  is  a  relation.  Th'ire  are  always  many  rules  de- 
fining the  relation,  and  it  may  be.  that  there  is  no  rule-involving  only 
elementary  functions.  The  function  concept  should  be  presented,  and 
used,  in  its  com^j^lete  generality  in  the  high  school.  We  mention  here 
a  few  examples  of  important  functions  that  will  help  widen  the  student's 
horizon.  ' 
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.In  Figure  36  is  shown  the  graph  oi  y  =  \x  |.  For  x  >  0,  the  graph 
coincides  with  the  graph  oT  y  ^=  x.  For  x  <  0,  the  graph  coincides  with 
the  graph  of  7/  =  -x.  Familiarity  with  this  graph  (and  with  many  others 
that  can  be.draiwn  once  it  is  understood;  for  example,  y  =  |  x  |  +  L. 
and  y  J  x  |  +  x)  will  help  the  student  master  the  important  contjppt 
of  absolpte  value.  . 

There^is  no  reason  why  the  rule  for  ordering  pairs,  should  be  the  same 
rule  throulB^hout  the  domain  of  definition  of  the  fimction.  For  example: 
y  =  X  for  OV  X  <  4/and  y  =  4  for  4  <  x  defines  a  perfectly  good  func- 
tion. This  gr\ph  is  as  shown  in  Figure  37.  . 


Fig.  37 

Here  the  domain  of  definition  is  all  x  >  0  and  the  range  of  the  func- 
tion is  0  <  /(x)  <  4.  Functions  of  this  kind  appear  frequently  in  psychol- 
ogy and  otli^  sciences.  — 

Another  example:  y  =  \  for  x  >  0;  y  =  0  ^f6r  x  =  0;  and  y  =  —1 
forx  <  0.  The  graph  for  this  function  is.  as  shown  in  Figure  38.  This- 
function  is  called  the  signum  function  and  has  many  applications.  We 
write  ?/  =  sg  X  as  a  defining  equation  for  . this  function. 
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« 4  The  function  graphed  in  Figure  6l(page  76)  is  called  a  step  function. 
MaSj^^step  functions  can  be  defined  in  terms  of  the  notatioij,  '[x]',  which  . 
means  the  greatest  integer  less  .than  or  equal  to  x.  The  fuJiction  of  .Fig- 
ure 6  isNgiven  by  C  =  3[w]  +  3,  w  9^  1,  2,  3,         or  C  =  3w, 

An  enormous  variety  of  functions  can  be  defined  by  using  the  above 
functions  or  any  rule  suggested  by  scientific  data  and  the  leVel  of  the 
stu4ient.'  Such  functions  may  be  utilized  to  give  drill  in  algebra,  graph- 
ing, and  trigonometry  in  contexts  that  intrigue  the  student.  For  example: 
after  graphing  y  =  sin  x,  try  y  =  ^(sin  x).   '  -. 

,  SOME  GENERALIZATIONS  OF  THE 
DEFINITION  OF  FUNCTION 

-  Binary  Operations.  In^the  last  few  sections  of  this  chapter,  we  have 
been  considering  important  classes  of  functions  which^shoula  be  studied 
in  a  high  school  program.  There  are  other  classes  of  ^uncWns  which 
should  be  mentioned  briefly  even  though  they  play^fittle  or  no  part  in 
the  present  day  secondary  program. ; 

In  mathematics  the  term  'binary  opera; tion'  occurs  frequently.  Ele- 
mentary school  pupils  are  familiar  with  binary  operations  although  they 
do  not  know  the  term.  The  basic  addition  facts  descrijbe  the  binary 
operation  .+  on  the  set  of  integers.  The  operation  is  binary  because  only 
two  integers  are  involved.  '  '  '  ' 

Now  it  is  possible  to  show  that  binary  operations  are  special  instances 
of  the  function  idea^'i.e.,  they  can  be  defined  in  terms  of  sets  of  ordered 
pairs  where  the  first  element  of  the  pair  is  itself  a  pair  of  npnbers.  An 
■  example  will  help  to  clarify  this  idea.  Let  I  represent  the  set  of  positive 
integers.  Form  the  set  A  =  { [(x,  y),  z]  \  x  e  /,  y  el,z  c  7,  and  x  +  y  =  z\ . 
Some  elements  of  this  set  are:  [(1,  1),  .2],  [(1,  2),  3],  [(4,  6).,  10].  Stated 
in  the  old  familiar  sjmibolisiS  we  have:  1  +  1  =-2,  1  +  2  =  3,  and 
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4  +  ^  =  10.  So,  we  see  that  it  is  possible,  to  view  A  as  o.  function?with 
pairs  of  numbers  as  first  elements- and  sii^gle  numbers  as  second  eler 
ments.  A  is  the  eollectibn  of^all  the  additio^acts  in  a*3Wimetic. 

With  this  illustration  it  will  be  eai^iej.  to.comiil-ehend  the  more  precise 
definition;  namely,  a  binary  operatipn  on  a  set  ^is  a  function  whose 
domain  is  K  X  K  and  whose  range  is  K  or 'a  si/bset  of  K^We  usually 
speak  of  a  binary  operation  from  K  X      td'K.  Ho  show  how  this  defi- 
nition works,  take  K  as  the  set  of  all  integers  and^zero.  Hence,  JC.  X  K  ^ 
is  the  set  of  all  pairs  of  integers  (zero  included  in  the  pairings).  Now  as-  . 
sociate  each  of  these  pairs  (x,.?/).  with  an  element  of  K{z)  according  to 
the  rule  x  +  y  =  2.  We  now  have  a.set  {[(x,  77),  2])  which  defines  the  ^. 
binary  operation  -f  from  K  X  K  to  K,  Note  that  for.  each  first  element 
(x,  y)  there  is  one,  and  only  one,  second  element  2.  Hence,  the  binary 
operation  is  a  function.  It  is  easy  to  construct  sets  ([(  x,  77),  z]]  accord- 
ing to  the  rule  xt/  =  2  or  x  +  27  =  2.;  These  sets  are  functions.  On  the 
other  hand  the  set  ([(x,  7/),  2])  .constructed  according  to  the  rule 
'2^  =  X  +     is  a  nonfunctional  relation— a  ternary  relation. 

It  is  easy  to  generalize  these  ideas  on  binary  relations,  ternary  rela-. 
tions,  binary  functions^  and  so  on,  to  ordered  n- tuples,  but  this  will' be 
left  as  an  exercise  (or  further  reading)  for  those  who  are  interested. 

Set  Functions.  In  many  instances  it  is- desirable  to  assign  numbers 
to  sets.  ThuR.  \i  A  ^  { I,  3,  10,  100)  we  can  assign  the  nuinber  4  to  ^; 
i.e.,  the  number  of  elements  in  .4.  Let  us  write  |  ^  |  =  4.  Of  course  there 
are  many  rules  we  can  use  to  assign  numbers  to  sets.  The  average  grade 
in  a  class;  the  height  of  the  tallest  boy  in  a  class;  the  largest  bank  in  a 
state;  and  many  other  rules  that  easily  occur  to  anyone  can  be  used  to 
assign  a  number  to  a  set  of  things. 

Consider  A  =       1,  2,  3} .  Let  us  write  all  the  possible  subsets  of  A. 
They  are:  Ai  =  {0},  A^  =  (1),  .4s  -  (2),  A,  =  (3},  A^  =  {0,-1}, 
=  [0,  2),  .47  =  [0,  31,  A,  =  (1,  21,  A,  =  (1,  31,  ^,0  =  {2,  3}, 
.4„  =  [0,  1,  21,  .4,2  =  (0,  1,  31,  .4i3  =  (0,  2,  31,  Au  =  {1,  2,  3}, 

.4,5  =  .4  =  [0,  1,  2,  31 

and  Alt  !  1 .  Note  that  there  are  2*  subsets  of  A  and 'that  we  call  A 
a  subset  of  .4  as  well  as  Ait ,  the  null  set.  This  arrangement  provides  a 
universe  of  discourse,  (.4,|,  and  if  we  assign,  to  each  subset  of  ^  the 
number  corresponding  to  the  number^ of  elements  in  the  subset  we  then 
have  a  relation— a  set  relation.  It  is  ( (^4^,  AT,)  \AiCl  A  and  M»  |  =  • 
A  few  elements  of  this  relation  (function)  are  (/I,  ,  1),  {A2 ,  1),  (^7  ,  2),  ^ 
{Alt ,  0).  In  words,  a  set  fuiWtion  is  a  set  of  ordered  pairs  whose  first 
elements  are  subsets  of  a  given  set  .4  and  whose  second  elements  are 
unique  and  assigned  to  these  subsets  according  to  some  rule. 
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.  V      .  ^ 

Possibly  the  widest  use  of  set  functions  occurs  in  the  study  of  proba- 
bility: Consider  a  collection  of  four  balls  in  a  bag,  *Also,  assume  there  is 
just  one  ball  of  each  of  these  colors:  white,  green^lue,  and  yellowy.  Desig- 
nate this  collection  by  ^4  =  (t^,  {7,  6,  y\\  Let  ug  draw  balls  from  the  bag 
and  call  each  such  possible  sttbset  of  A  ah  event:  Thus  drawing  the  subset 
\ia^g\  will  be  an  event.  There  are  sixteen. possible  events  in  this  instance. 
Also,  assume  that  it  is  equally  likely  that  each  ball  will  be  draWn  arid 
thai  after  each  draw  the  ball  is  replaced' and  the  bag  shaken.  The  proba- 
bility .of  this  event  {tx;}  .  occurring  is\obviously  We  will  write 
P\v)\  =  J^,  F{w,  g\  =  (the  probability^f  drawing  either  a  white  or  a  - 
green  ball);  P{u;,  ^,  &,  2/ j  =  1;  and  P{  j  =0. 

So  we^see  that  for  each  subset  of  A  we  have  assigned  a  number  g 
siich  that  0  <  p  <  1  and  we  call  this  set  of  pairs  (subsets  of  A  and  prob- 
abilities)  a  set  function  and  in  particular,  a  probability  measure.  It  is 
easy  to  set  up  other  set  functions.  This  you  mlay  wish  to  do. 

SUMMARY 

Wehstjer^s.  New  I ntemational  Dictionary  deques  'function'  in  .this  way: 
*'A  magnitude  so  related  to  anothier  magnitude  that  to  values  of  the  latter 
there  correspond,  values  of  the  former."  The  words  'magnitude'  and  «^ 
^correspond'  are  key  words  in  this  definition.  What  do  they  mean? 
Whatever  the  answer  to  this  question,  the  notion  is  vague.  This  beingeo, 
the  definition  cannot  be  used  by  a  mathematician.  It  does  not  satisfy  the 
requirements  for  precise  statements  demanded  by  the  mathematical 
world.  Neither  does  such  a.stateniqnt  satisfy  the  requirements  of  good 
teaching.  Vague,  statements  do  not  facilitate  communication  between 
pupil  and  teacher. 

In  contrast,  the  definition. based. on  sot  considerations  is  precise  and 
clear.  A  function  or  a  relation  is  a  set  of  wdered  pairs.  This  is  a  definite 
entity;  one  you  can  almost  put  your  hands  on.  This  being  the  case,  it 
would  seem  logical  that  it^be  considered  as  the  basis  for  instruction  in 
elementary  mathematics.  Those  teachers  with  venturesome  spirits  may 
wish  to  introduce  the  set  definitions  for  relation  and  function  in  one 
or  more  of  their  classes.  The  results  may  be  rewarding. 

See  Chapter  11  for  bibliographies  and  suggestions  for  the  further  study 
and  use  of  the  materials  in  this  chapter,  ' 
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SOME  COMMON-  USES  OF  THE  TERM,  PROOF 

^'Proof  of  the  superior  cjiiality  of  moron  gasoline!  Three  billion  miles 
MiavQ  been  driven  on^Oshkosh's  new  moron  gasoline."  Do.  three  billion 
miles\f  driving  prove  the  superior  "quality  of  the  gasoline  as  proclaimed 
by  this\dvertisement?  Or,  how  about  this  one.  "Proof  positive.  Out  of 
three  huri4red  people  tested,  4  ^ut  of  5  preferred  Llama  cigarettes  for 
mildness,  coolness,  and  plain  good  smoking."  Just  what .  constitutes 
proof  anyway ?^  - 

One  boy  saysNto  another,  prove  which  one-is  the  best  fighter'. 
Come  on -out  inX^tbi  alley,  I'll  show  ya!"  He  does  win  the  fisticuffs.  Is* 
this  proof  ?      1'  ^^-^  • 

Or,  let  us  change  the  scene  to  that  of  a  courtroom.  For  days  the 
prosecuting  attorney  sends  witne^  after  witness  to  the  stand  to  fix  the 
finger  of  guilt  on  the  defendant  charged  with  murder.  The  defense 
attorney  cross-examines  the  witnesses  and  s^nds  his  own  parade  of 
d^ense  witnessed  to  the  stand  to  try  to  establish  the  innocence  of  his 
client.  The  jury  listens  to  all  of  the  evidence  presented,  and  then  at  the 
end  of  the  trial  r^^ires  to  another  room  to  decide  upon  &  verdict.  Will 
the  jurors  likely  bet  dealing  with  proof  or  with  proba\)ility?^ 

How  do  these  illustrations  compare  with  that  6f  the  second  grade 


youngster  who  is  in  an  argument  over  the  answer  to  the  »subtraction 
problem  "27  -  12"?  .    .  .  . 

^    "See,  John;  I'm  \right,  because  fifteen  plus-  twelve  equals  twenty- 
seven."  •  \  .  ■  • 
This  child  is  using V  definition  of  sulftraction  (intuitively,  of  course) 
to  establish  the  validity  of  his  answer.  Assuming  no  mistakes 'in  his 
addition,  does  his  argimient  represent  proof  or  simply  probability?* 

Proof  is  a  common  word  in  bur  vocabularies  wfth  various  shades  of 
meaning  in  its  daily  usage,  but  it  has  a  very  special  and  precise  meaning 
in  mathematics.  As  a  mature  concept,  proof  in  mathematics  is  a  sequence 
of  related  statements  directed  toward  establishing  the  validity  of  a 
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conclusion.  Each  conclusion  is  (or  'can  be)  justified  by  reference  to  rec- 
ognized and 'accepted  assumptions  (including  the  assumptions  of  logic), 
definitions,  undefined  terms,  previously  ^rovtid  -propositions  (iireluding 
those  (if  logic),  or  a  combination  of  these  reasons..  None^of  the  above 
illustrations  is  an  example  of  proof  in  the  mathematical  s^iise  excepf  the 
situation  involving  the  secgmd  grader.  The  little' boy's  conclusion  Fest5 
on  a  definition  of  subtraction;  i.e^,  in  genbral  a  —  6- =  c  if  and  only  if 
a  ^  h  +  c.  Since  the  conilifion  a  =  6  +  c  (27  =  12'+  15)  is  satisfied, 
the  answer  has  been  proved  to  be  correct.  Thii3  we  have?  a  very  simple' 
case  of  proof  as  the  niathematiciaii  Vie\vs  it.  The  conclusion  ii>a'ac:;h  bf 
the'othcr  in.stancos  is  dependent  upon  what  is  commonly  called  indih^Jon. 
In  each  of  these  latter  cai^s  there  is  a  necessity  to  collect  empirical 
data  concerning  the  situa^on,  and  the  ultimate  decision  hi  each  case 
rests  upon  the  accumulated^  e^ence.  Mathematical  proof,  on  the  other 
hand,  is  independent  of  observation  and  experimentation  except  as  these 
processes  may  suggest  assumptions'which  are  accepted  by  the  mathe- 
matictjin  iTs  unproved  pn)p()sitions,  and  as  they  suggest  conjectures  to 
be  proved. 

Proof,  broadly  conceived  in  the  teaching  of  elementary  and  secondary 
school  rnatheniatics,  is  an  over-expanding  concept  grpwing  from  tl?e 
immature  preschool  and  elementary  school  stage  of  thai  which  convinces 
to  the  mature  conc(?pt  of  proof  as  defined,  ixhwc.  wliich  Keyser  so  aptly 
calls  if-then  or  podulalional  thinking}  As  Whitehead  states  in  his  stimu- 
lating lectures  on  The  Function  oj  Reason,  "We  all  start  by  being.erripirN 
cists."-  The  genesis  of  the  mature  concept  of  proof  lies  deep  in  the 
empiricism,  that  is,  in  experimentation  and  observation  of  early  child- 
hood. 

ItT  tKe  ensuing  discussion  the  processes 'of  induction  and  deduction 
occupy  the  spotlight.  The  importance  of  thorougli  teaching  of  these 
concepts  was  emphasized  in  the  Final  Report  of  the  Joint  Conmiission 
in  the  following  impressive  manner.^  .     '  . 

In  secondary  instruction  there  should  be  conscious  experience  \yith  both 
inductive  and  deductive  reasoning.  The  character  and  requisites  (5f  these  two., 
procedures  should  be  so  clearly  grasped  that  appropriate  behavior  on  the  part; 
of  the  pupil  is  brought  about  in  the  direction  both  of  understanding  and  of  mak- 
ing applications.  In  sol<^ing  pro^^ems  the  pupil  should  develop  the  habit  of  ask- 
ing whether  he  is  starting  from  general  preniises  p-nd  i5  seeking  consequences, 
or,  by  examining  particular  instances,  is  aiming  at  universal  conclusions.  He 
should  seek  to  discover  and  remove  ambiguity  ij)  the  use  of  tenns.  He  should 
understimd  the  relation  between  assumptions  and  conclusions,  and  he  should 
grow  in  the  ability  to  judge  the  vn;lidity  of  reasoning  which  purports  to  estTab- 
lish  proof.  Proper  attention  niust  be  given  to  generalizing' these  Jbehaviors  and 


/ 


PROOF  113 

understandings.  We  may  then  hope  that  pupils  Will  apply  them  to  situations 
arising  in  many  different^fields  of  thought. 

The  rest  of  this  chapter  will  be  devoted  to  an  analysis  of  the  nature 
of  probable  inference  (induction)  and  necessary  inference  (deduction), 
a  presentation  of  some  techniques  used  in  each,  and  the  relationships 
and  differences  between  the  two  types  of  inference.  Illustrations  have 
been  selected  to  demonstrate  that. mathematics  can  be  taught  in  ways 
that  Avill  help  children  learn  to  test  the  implications  of  ideas,  develop 
accepted  criteria  for  the  adequacy  of  a  proposed  proof,  and  to  gain  some 
facility  in  proving  relationships  themselves. 

In  general,  the  first  part  of  each  of  two  major  sections  of  this  chapter, 
Probable  Inference  and  Necessanj  Inferende,^ de^^oted  to  ideas  that 
may  be  taught  in  the  elementary  grades.  The  material  in  each  section 
becomes  progressively  more  advanced  in  terms  of  grade  level  and  in 
terms  of  the  conce?pt  of  proof.,  I)he  reader  who  reaches  the  limit  of 
his  interest  in  the  first  part  of  the  chapter  should^turn  to  page  140  where 
the  discussion  of  elementary  ideas  of  necessary  inference  begins. 

PROBABLE  OR  INDUCTIVE  INFEREINCE 

■p  ■  ,  ■ 

Before  examining  probable  or  inductive  inference  in  some  detail,  let 
us  note  a  few- generalizations  and  raise  some  questions  about  the  nature 
of  probable  inference..  The  preixiises  for  conclusions  reached  by  probable 
inference  are  factual  data  or  evidence  which  are  collected  through  the 
five  senses. .  '  ,j 

You  no  doubt  regognize  that  induction  is  at  the;  very  heart  of  the 
scientific  method,  and  hence  to  its  procedui^s  must  gp  much  of,  the  credit 
for  thd  tremendous 'advance  made  by 'civilization  in  this  scientific  age- 
However,  one  needs  only  to  look  briefly  at  the  history  of  science  to  realise 
that  many  generalisations  arising  out' of  the  organization  "and  analysis 
of  sense  data  are  only  tentative.  They  must  be  dated;  that  ife,  they 
represent  our  conclusions  as 'of  some  given  time,  say  January  1,.  1959. 
New  evidence  or  new  insights  may  result  in  a  changed  conclusijon^ 

If  this  is  so,  how  can  one  be  sure  that  a  given  proposition /reached 
thrGugh  induction  is  true?  How  can  one  be  certain  that  predictions  ba^ed 
on  the  proposition  will  agree  with  the  observed  facts?  l^his  is  one  of  the 
very  difficult  questions  of  probable  inference;  it  is  the  problem  of  the 
verification  of  a  conjecture,  guess,  or  hypothesis  (as  the  word  fs  used  in 
science):  We  shall  have  more  to  say  about  verification  later  in  this 
chapter.    '         '    ,  *  ' 

With  this  brief  introduction  we  shall  plunge  directly  into  a'discussion 
of  some  elemeatary  ideas  of  probable  inference.  The  topic  of  probability 
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as  it  is  treated  numerically  and  with  lo^cal  rigor  in  mathematics  is  a 
tricky  and  difficult  one.  In  the  past  very  little  of  this  has  been  taught  in 
secondary  schools,  ^ 

Modem  developments  in  mathematics  and  its  uses  are  leading  many 
people  to  believe  that  more  should  be  taught,  but  exactly  what  should 
be  included  and  how  it  should  be  presented  is  still  quite  uncertain. 
Chapter  6,  on  probability,  contains  extensive  suggestions  for  the' teach- 
ing of  this  topic  at  elementary  and  secondary  school  levels.  In  the 
inductive  reasoning  or  probable  inference  part  of  this  chapter  the 
emphasis  will  be  placed  on  develbping  an  intuitive  sense  or  feeling  for  the 
distinction  between  that  which  is  probably  true  and  that  which  has  been 
proven.  This  may  provide  students  with  both  a  foundation  for  a  later 
more  numerical  and  precise  treatment  of  probability  and  a  better 
understanding  of  the  nature  of  proof.  This  may  also  suggest  to  teachers 
devices  for  leading  studepts  to  discover  faints  and  relationship.  Deductive 
inference  or  proof  is  then  the  device  which  converts  such  discoveries 
from  conjectures  which  are  probably  true  to  established  theorems. 
The  importance' of  induction  to  mathematicians  as  a  source  of  fruitful 
conjectures  is  often  obscured  by  their  emphasis  on  logic.  There  are 
several  typical  sources  of  probalble  inferences. 

Recognition  of  Authority 

At  school,  children  oflfci  close,  or  attempt  to  close,  an  argument  with 
the  statement,  "My  Dad  (Mother)  says  so,  that's  why!"  At  home,  the 
tables  are  frequently  turned,  for  the  child  considers  it.  sufficient  in  argu- 
ing a  point\^^ith  a  playmate  or  his  parents  to  counter  with,  "I  know  it  is 
true,  because  my  teacher  said , so."  These  statements  reveal  one-of  the 
'first  sources  of  convincing  evidence  to  a'  child^ — the  recognition  of 
authority.  A  youngstet^  is  also  likely  to  recognize  as  authorities  any 
adults  whom  he  knows  and  trusts  (these  may  be  persontCHties  whom  he 
knows  via  radio  and  television  as  well- as  personal  acquaintances),  and, 
after  hex^earns  to  read,  he  tehds  to  accept  as  true  any  material  tha^l<5 
reads  that  he  does  not  label  as  "  just  a  story  . ^[  Gesell  and  Ilg  point  out  tHat 
up  to  eight  years  of  age  children  even  have  difficulty  differentiating 
between  fantasy  and  reality.  This  is  also  evidenced  by  the  fact  that  they 
must  be  remmded  frequently  when  they  are  listening  to  a  story  that 
it  is  just  make  believe,  or  that  it  is  real.  This  confusion  of  fantasy  and 
reality  complicates  any  choice  these  youngsters  must  make  among 
authorities.  Gradually  the  child  begins  to  recognize  confficts  among 
authorities,  to  question  intelligently  the  generalizations  which  he  hears 
or  reads,  and  at  about  nine  years  of  age  independent  critical  thinking 
emerges.* 
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J should  be  noted,  however,  that  it  is  much  easier  to  criticize  the 
ments  of  others  than  it  is  to  be  critical  and  objective  about  one's 
own  statements.  The  child  at  this  level  still  does  not  generalize  from  hiq 
own  experience  on  the  same  level  with  which  he  can  criticize  the  judg-. 
ments  of  others.  In  th^  elementary  school,  particularly,  children  need 
considerable  direction  and  assistance  m  projects  and  experinijents,  in 
organizing  data,  recognizing  the  relationships  involved,  and  expressing 
these  relations. in  language  that  they  can  clearly  understand.  Without 
this  guidance,  these  children  have  little  chance  to  think  for  themselves 
and  must  remain  on  a  low  level  of  blind  de^ndence  upon  authority  as 
th6  sole  source  of  convincing  evidence. 

The  most  important  authorities  to  a  child  who  is  learning  mathematics 
are  liis  teacher  of  arithmetic  in  the  elementary  school,  his  teachers  of 
mathematics  in  the  secondary  school,  and  the  authors  of  textbooks  used 
by  the  pupil.  In  some  cases  the  parents  play  important  roles  in, this 
respect  as  they  help  their  offspring  with  homework  and  to  capitalize 
upon  out-of-school  experiences  «ivhich  promote  the  learning  of  quantita- 
tive and  spatial  concepts.  But  the  child  himself  as  he  grows  to  maturity 
must  become  competent  in  judging  the  validity  of  information  and 
inferences,  for  in  oui*  highly  mathematized  culture  we  are  continuously 
beset  ^vitll  statistics,  statistical  generalizations,  and  subjective  judg- 
me^its  in  support  of  propositions  that  we  are  pressed  to  accept. 

Seeing  Is  Believing 

Children  are  firm  adherents  to  the  old  adage  that  seeing  is  believing, 
**Well,  I  saw  it  with  my  own  eyes,  I  blight  to  know,"  is  a  favorite  justifi'-. 
cation  of  children  for  the  validity  of  evidence.  The  things  they  see  may 
range  from,  ghosts  to  space  ships,  but  they  always  seem  to  speak  with 
conviction.  The  use  of  visual  evidence  is  a^important  stage  of  develop- 
ment, for  it  is  through  this  medium  of  s^ng  and  handling  objects 
that  the  child  first  Icarn^his  arithmetic.  He  knows  that  three,  plus 
four  equals  seven  because  when- he  combines  a  group  of  three  objects 
with  a  group  of  four  objects,  by  actual  count  there  are  seven  objects  in 
the  new  group.  He  can  see  this.  In  working  with,  common  fractions  he 
can.  learri  Jby  visual  means  using  commercial,  teaclier-made,  or  pupil- 
made  devices  that  one  fourth  added  to  one  fourth  is  equal  to  one  half. 
He  can  see 'that  three  fourths  minus  one  twelfth  is  two  thirds.  These 
visual  aids  can  be^  used  to  verify  the  results  of  using  *  the  common 
algorithms  cont^ernirig  operations  with  fractions.  Retter  yet,  they  can! 
be  used  to  help  (children  establish  the  algorithms  for  themselves.  Piaget 
emphasized  the  importance  of  such  experiences  when  he  observed  that 
"From  7-8  to  8-12  years  ^concTCte  operations'  arei  organized,  i.e.,  opera- 
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tional  groupings  of  thought  concerning  objects  that  can  be  manipulated 
or  known  through  the  s^nses."^  He  goes  further  to  emphasize  the  impor- 
tance of  visual  scheh^s  in  children's  ^  thought  as  a  step  toward  more 
abstract  thought  thatMs  independent  of  visual  schemas  of  concrete  ob- 
jects. 

A  variation  of  the  seeing  is.  believing'  approsich  may  depend  on  a  rear- 
rangement of  materials  or  ingenuity  in  adding  the  right  lines  to  a  figure. 
That  this  may  be  true  on  varying  levels  of  maturity  is  illustrated  by 
the  following  problems  from  informal  geometry.  A  pupil  wishes  to  find 
the  area  of  a  rectangle,  the  dimensions  of  which  are  expressed  in  an 
integral  number  of  inches.  He  might  place  an  inch-square  on  the  rec- 
tangle in  a  systematic  fashion  until  he  had  determined;  by  -keeping  a 
tally,  how  many  inch-squares  could  have  been  placed  on 'the  rectangle. 
Thus  he  would  have  determined  its  area.  (This  plan  involves  measure- 
ment and  counting  concepts  also.)  Or  hes  might  have  used  the  more  effi- 
cient system  of  drawing  a  family  of  lines  one  inch  apart  and  parallel  to 
one  side  and  another  family  of  lines  one  inch  apart  and  parallel  to  one 
ol^Ae  sides  perpendicular  to  the  first  one.  This  would  have  divided  the 
rectangle  into  inch-squares.  Again  he  could  count  these  inch-squares  to 
determine  the  number  of  square  inches  in  the  rectangle.  By  measuring 
the  lengths  and  widths  of  a  few  rectangles,  dividing  them  into  inch- 
squares  (or  fractions  thereof  if  the  lengths  of  the  sides  involve  fractional 
parts  of  the  units  used)  an(i*counting  to  determine  the  total  number  of 
square  units  in  each  rectangle,  any  sixth  or  seventh  grader  can  derive 
the  familiar  relationship  that  the  number  of  uriits  of  square  measure  in 
the  area  of  a  rectangle  js  equal  to  the  product  of  the  numbers  of  linear 
units  in  its  length  and  its  width.  (For  the  sake  of  brevity  this  statement 
is  often  shortened  to  The  area  of  a  rectangle  is  equal  to  the  product  of  the 
length  and  the  width  of  the  rectangle.)  The  pupils  feel  secure  in  their  process 
of  reasoning  and  have  no  doubt  of  the  truth  of  their  generalization  which 
rests  upon  the  empirical  data  that  they  themselves  have  collected. 

It  is  common  practice  to  assume  the  formula  for  the  area  of  a  rec- 
tangle in  demonstrative  geometry  because  a  proof  involves  the  theory 
of  limits.  This  assumption  is  then  used  as  a  basis  for  proving  the  formulas 
for  finding  the  areas  of  the  other  rectilinear  figures.  If  this  is  done,  the 
students'  attention  should  be  called  to  the  nature  and .  importance-  of 
this  unproved  assumption  and  to  the  fact  that  their  earlier  experimenta- 
tion was  not  a  proof  "but  a  verification  that  such'a  formula  would  be  an 
appropriate  one.  .  - . 

P'  •  To  illustrate  how  a  rearrangement  of  materials  may  lead  to  further 
generalizations,  consider  now  the  problem  of  the  pupil  who  was  trying  to 
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get  a  formula  for  the  area  of  a  parallelogram.  Attempts  to  divide  the 
parallelogram  into  inch-squares  met  with  little  success  because  the  sides 
of  the  original  figure  were  not  perpendicular  arid  there  were  too  many 
three- and  five-sided  figures  formed  by 'the  sides  of  the  parallelogram 
which  required  estimation  to  determine  what  fraction  of  a  square  inch 
they  were.  He  then  reasoned:  *1  know  how  to  find  the  area  of  a  rectangle.. 
Could  there  be  a  relation  between  the  area  of  the  paral|glogram  and  the 
area  of  a  rectangleP'JAfter  some  thought  and  experimentation,  it  sud- 
denly dawned  upon  himtBat  he  could  cut  a  right  triangle  off  one  end  of 
the  parallelogram,  put  i^t  on  the  other  end,  and  ii  appears  to  form  a  *rec-*^' 
tangle  (Fig.  1).  He  noted  tha^  the  length  of  the  newly  formed  rectangle 


Fig.  1 

was  equal  to  that  of  the  base  of  the  parallelogram,  but  its  width  was 
the  perpendicular  distance  between  the  base  of  the  parallelogram  and 
the  side  parallel  to  it,  not  the  length  of  a  side  at  all!  He  then  proudly 
pronounced,  '*The-  area  of  a  parallelogram  is  equal  to  the  product  of  the 
lengths  of  its  base  and  its  width."  ThLs  vndth,  of^course,  is  what  we  would 
call  the  height  or  altitude  of  the  parallelogram.  (A  more  precise  and 
correct  statement  of  the  conclusion  might  be  as  follows:  **The  number  of 
units  of  square  measure  in  th^area  of  a  parallelogram  is  equal  to  the 
product  of  the  numbers  of  units  of  linear  measure  in  its  base  and  in  its 
altitude.")  A  similar  procedure  can  be  used  to  develop  the  formulas  for 
the  areas  of  the  triangle,  trapezoid,  and  circle.  It  will  be  shown  later  that 
regardless  of  how  convincing  these  demonstrations  may  have  been  to  the 
child,  this  process' of  reaching  a  generalization  still  does  not' constitute 
proof  in  the  mathematical  sense  of  the  word.  At  this  maturity  level, 
however,  evidence  gained  by  empirical  means  is  sufficient  to  permit  the 
child  .to  generalize  the  formulas  for  finding  the  areas  of  common  rectili- 
near figures  and  to  convince  him  of  the  truth  of  these  formulas.  Further, 
he  was  using  if-then  reasoning  in  order  to  extend  his  empirically  derived 
formula  to  additional  figures. 

In  demonstrative  geometry,  fruitful  conjectures  may  be  suggested  to 
students  by  appropriate  drawings.  In  a  triangle,  accurate  constructions 
suggest  the  oonjccturos  that:  (I)  the  angle  bisectors  are  concurrent,  (2) 
the  medians  are  concurrent,  (3)  the*altitudes  are  concurrent,  and  (4)  the 
perpendicular  bisectors  of  the  sides  are  concurrent.  There  are  also 
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many  occasions  when  a  carefully,  constructed  diagraflft-m^M^e  sufB- 
^cient  to  aiscredit*^a  conjecture  which  happens  to^iyc  false.  For  example, 
geometry  students  often  think  that  the  bisector  of  an  angle  of  any 
triangle  \vill  also  bisect,  the  side  opposite  the  hise(^d  angle.  Bisecting 
the  obtuse  angle  of  a  scalene  obtuse  triangle  \mh  one  small  acute  angle 
and  one'  comparatively  large  iiCute  angle  will  be  sufficient  to  convince 
the  most  ardent  exponent  of  the  conjecture  thatr^ny  attempts  to  prove 
his  (original  statement  would  be  a  waste  of  time.  The  understanding  that 
a  single  counter  example  is  enough  to  disprove  a  conjecture  is  an  important 
part  of  an  understanding  of  the  nature  of  proof, 

.Measurement 

Measurement  provides  another  avenue  for  children  to  arrive  tii^truth. 
This  procedure  also  involves  the  element  of  seeing  is  believing  discussed 
acbove.  For  example,  on,c  elementary  school  class  determined  the  relation- 
ship among  pints,  quarts,  and  gallons  by  using  standard  measures  of 
these  sizes  and  pouring  water  from  one  to  the  other.  Data  could  readily 
be,  obtained  at  a  more  advanced  level  for  finding  the  approximate 
relationships  between  metric  units  and  their  corresponding  English 
unitsof  measure.  Rather  than  being  told  the  conversion  factors  for  chang- 
ing one  unit  of  measure  into  another,  pupils  are  given  the  opportunity 
to  discover  the  approxinaate  relationships  and  to  generalize  them  for 
themselves.  Such  processes  are  pedagogically  desirable  because  using 
concrete  muterials  and  having  pupils  discover  relationships  increases 
their  understanding  and  retention  of  the  ideas.  However,  a  careful 
discussion  of  the  nature  of  units  as  established  by  arbitrary  definittons 
is  also  important  and  makes  this  process  a  place  where  one  can  jilso 
begin  to  build  an  understanding  of  tlte  nature  and  role  of  definiti^flfe  in 
a  logical  system. 

At  a  somewhat  higher  level  and  in  a  conceptually  different  situation, 
this  method  suffices  for  determining  the  formula -for  the  volume  of  a 
pyramid  when  the  formula  for  finding  the  volume  of  a  priam  is  known. 
The  student  obtains  or  makes  two  containers,  one  a  prism  and  the  other 
a  p^Tanud.  The  prism  and  the  pyramid  should  have  equal  heights  and 
bases  of  equal  area.  (It  is^niore  obvious  to  the  experimenter  if  the  bases 
are  CfHiKruent.)  The  problem  of  finding  how  many  times  the  volume  of 
the  pyramid  is  contained  in  the  volume  oP^he  prism  can  theii  be  solved 
by  using  som(^  appropriate  substance,  such  as  water,  salt,  or  sawdust, 
whi('h  oan  be  poured  from  one  container  to  the  other.  Children  who  do 
not  already  know  the  rehjtionship  will  seldom  guess  that  it  will  take, 
throe  full  pyramids  to  fill  the  corresponding  prism*.  Such  experimentation 
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with  the  consequent  surprise  ending  makes  a  lasting  impression  upon 
children.  This  same  method  can  be  used  to  find  the  relationship  between 
the  volumes  of  a  cone- and  a  cylinder. 

'  '  Many  teachers  of  geometfy  use  exercises  which  involve  measurement 
of  angles  or  of  line  segments  to  suggest  conjectures  for  formal  proofs. 
For  example,  homenmde  devices  or  commerciidly-made  teaching  aids 
may  be  used  to  sugg^,the  conjectures  relating  an  inscribed  angle  to 
its  intercepted  arc,  or  the  angle  between  two  secants  to  the  same  circle 
and  the  diiTercnce  of  the  two  arcs  of  a  circle  intercepted  between  the  two 
secants.  Tables  of  data  are  made  of  readings  taken  from  the  devices,  and 
conjectures  which  then  seem  reasonable  to  the  student  are  subjected  to 

.  the  strict  test  of  rigorous  proof.  . 

Again  jt  should  be  emphasized  that  regardless  of  the  volume  of  sup- 
porting evidence  collected  by  measurement^  this  does  not  prove  the 
conjecture  in  the  mature  mathematical  sense  of  the  word  prove. 

The  Pragmatic  IVIethod 

A  fourth  grade  youngster  was  making  a  turtle  trap.  Eight  or  ten  holes 
had  been  bored  along  each  side  of  a  square  wooden  frame.  When  this 
job  was  finished  the  child  di.scovercd  that  the  dowel  rods  wfiich  he  had 
selected  would  not  go  through  the  holes  he  had  made' for  them. . 

''I  can't  understand.  I  thought  they  would  fit.' I  measured,"  the  boy 
exclaimed.^'  '  ^ 

When  asked  how  he  measured  the  boy  replied,  **15y  my  eye.  I  was 
sure. they  were  the  same  size." 

In  order  to  move  ahead  on  the  project  the  child  s'ilected  a  larger  bit, 
borod  one  hole,  then  checked  to  see  if  one  of  the  dowel  rods  would  fit. 
'Since  it  did,  he  proceeded  to  finish  his  project. 

This  anecdote  illustrates  what  might  be  called  a  pragmatic  or  does  it 
work  type  of  reasoning  so  common  in  children's  thinking.  The  algebra  ' 
student  who  is  using  the  guess  and  check  method  in  his  initial  work  in 
•  solving  the  equation,  3a:  —  4  =  x  +  6,  is  using  this  pragmatic  method. 
For  example,  he  may  guess  tliat  the  x  equals  six.  Substituting  si'x  for  x 
in  the  original  equation  does  not  result  in.  a  true  statement;  therefore 
he  knows  his  first  guess  is  wrong.  Repeating  this  procedure  with  a  second 
hypothesis  that  x  equals  five,  results  in  a  true  statement;  the  boy  con- 
cludes then  that  .r  equals  five  is  a  solution  to.  the  equation. 

Counting  . 

**In  its  simplest  form,  induction  may  he  illustrated  by  the  simple 
process  of  co\mting,  and  the  propositions  announcing  the"  result  would 
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be  merely  descriptive."*  Not  only  is  it  the  simplest,  but  counting  is 
the  most  frequently  used  of  all  inductive  methods.  A  number  of  the 
illustrations  already  cited  in  this  section  also  involve,  counting.  The 
answer  to  the  numerous  questions  involving  ^^How  many. . ,  or  "How 
much, . .  ?"  are  directly  or  indirectly  dependent  upon  counting  or  meas- 
uring..For  example,  the- answer  to  the  question,  "How  many  pupils  are 
pfresent  in  our  class  today?"  may  be  found  by  counting. 

Such  statements  as  "There  are  thirty-six  pupils  here  today,"  have 
littlo  *jor  no  predictive  value,  however.  As  was  indicated  by  Searles*,  this 
statem«fit  is  merely  a  summary  or  descriptive  statement.  Nevertheless, 
such  summary  statements  if  collected  over  an  extended  period  of  time 
;  may  provide  the  particular  premises  for  an  inductive  proposition.  For 
example,  at  one  school  the  lunchroom  supervisor  had  the  job  of  ordering 
an  adequate  supply  of  milk  to  serve  the  pupils  of  a  school  with  an  en- 
rollment of  391  pupils:  She  wanted  as  much  milk  as  the  youngsters 
would  drink,  but  she  did  not  want  to  order  too  much  for  it  would  spoil 
if  kept  too  long.  At  first  she  ordered  miHHay-^essing  how^much  she 
thought  the  children  would  drink.  She  then  kept  a  record  of  the  number 
of  bottles  of  milk  consumed  dnily  for  two  weeks.  As  a  result  of  her  stud}'' 
of  the  data  CQll^cted,  thfs  lunchroom  supervisor  now  has  a  standard 
order  with  the  milk  company  for  408  half -pints  of  milk- each  school  day. 

This*  illustration  can  easily  be  extended  to  the  problem  which  the  . 
milk  company  has  In  regulating  its  supply  of  milk  to  meet  the  needs  of . 
its  multitude  of  customers.  One>:^  the  important  basic  problems  of 
business  and  industry,  of  course,  is  this  problem  of  supply  and  demand. 
Miljions  of  dollars  a^  gained  or  lost  in  business  and  industry  by  predic- 
tions based  on  coutitable  evidence  gathered  in  past  years.  Obviously, 
only  probable  inferences  are  possiHte  in  these  situations  for  unknown 
factors  «uch  as  unexpected  economic  prosperity  or  depression,  war,  new 
inventions  or  products,  and  the  like  may  alter  the  actual  use  or  consump- 
tion of  products. 

Another  familiar  example  involves  the  prediction  of  popiilationtrends. 
Before  World  War  II,  statisticians  who  dealt  with  population  trends 
were  pfcdictihg  on  the  bJtSis  of  census  data  of  previous  clecades  that  the 
population  of  the  United  States  was  a^roaching  a  plateau,  an  expected 
limit.  However,  the  so-called  babies  that  have  been  bom  since  1944 
and  other  factors  have^sent  the  population  soaring  to  over  170  million 
and  the  predicted  plateau  has  been  by  passed. 

^  Five  ideas  have  boen  illustrated  in  this  section  as  bases  for  probable 
inference.  The  suggestive  siibtitles.were  (1)  Recognition  of  Authority, 
(2)  Seeing  Is  Believing,  (3)  Measurement,  (4)  The  Pragmatic  Method, 
and  (5)  Counting.  These  methods  are  not  distinct.  In  practical  decision 
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making  these  methods  may  be  intertwined  and  interconnected  in  such 
a  way  that  it  might  be  difficult  to  distinguish'  tnpm  one  from  the  other 
as  .they  are  used  by  any  given  individual.  Nor  is  their  use  limited  to 
elementary  and  secondary  school  pupils.  Adults,  too,  are  dependent  upon 
the  senses  of  seeing,  hiearing,  feelin'g,^  tasting,  and  sn^lling  for  informa- 
tion that  may  lead  or  help  to  lead  to  the  solution  of  problems  that  con- 
front them.  ^    .  ^  . 

'We  shall  now  proceed  to  morS  refined  and  mature  methods  of  probable 
inference.  ' 

TYPES  OF  PROBABLE  INFERENCE  USEFUL  IN  THE  JUNIOR 
^  WjD  SENIOR  HIGH  SCHOOL 


Even  thougt  generalizations  reached  tlirough  an  examination  of  par- 
ticular instances  cannot  be  classified  as  certainties  (the  statistician  would 
say  that  they  cannot  be  assigned  probability  one),  it  has  been  pointed 
out  that  people  in  the  workaday  world  depend  heavilv  upon  probable 
inference.  In  this  section  we  shall  continue  our  discus^^wn  of  methods . 
that  lead  to  convincing  men  of  the  rightness  of  their- generalizations. 
Five  methods  will  be  discussed:  (1)  The  Method  of  Simple' Enumeration, 
(2)  The  Method  of  Analogy,  (3)  Extending  a  Pattern  of  Thought, 
(4)  Hunches  and  Their  Relation  to  Proof,  and  (5)  Testing  the  Himches. 

The  Method  of  Simple  Enumeration 

Many  of  our  beliefs'have  their  roots  in  simple  observations  we  have 
made  over  a  period  of  time.  For  example,  an  elementary  school  youngster 
states  that  all  snow  is  white.  This  is  not  only  a  summary  of  this  pupil's 
past  experience,  but  also  represents  a  prediction  that  any  snow  which 
falls  to* the  earth  in  the  future  will  also  be  white. 

This. is  a  method  used  by  budding  young  scientists  tn  their  gei^eral 
science  classes  us  they  heat  Sthyl  alcohol  in  an^^ppen  container  to  find  the 
temperature  at  which  it  will  boil.  It  was  just  through  such  a  procedure 
that  scientists  arrived  at  such  an  accepted  truth  as  "In  an  open  container 
at  sea  level,  sulfer  boils  at  445°C.."  Utifortunately,  the  students  in  our 
secondary  school  classes  too  often  know  the  expected  outcome-of  their 
expleriments  before  they  begiii — they  attempt  to  confirm  something 
they  already  know.  Furthermore,  too  frequently  they  perform-one  ex^^ 
periment  and  generalize  from  this  insufficient  data.  . 

A  televi.sion  eomniercial  might  proclaim  the  results  of  a  scientific  test 
in  the  following  manner:  ^ 

Four  hundred  X^w  York  women  in  a  recent  test  proved  that  Smithes  lotion 
can  prevent  detergent  bum.  These  four  hundred  New  York  women  soaked  their 


GROWTH  OF  MATHESLITICAL  IDEAS 


hands  for  SO^minutes  each  day  for  two  weeks  in  water  containing  a  well  known 
detergent.  Their  left  hands  on  which  they  had  used  no  Smith's  lotion  became 
rough,  red,  and  sore.  Their  right  hands,  protected  by  rubbing  on  Smith's  lotion, 
were  soft  and  smooth  and  lovely.  Buy  Smith's  lotion  today  and  avoid  detergent 
b€im.  "  ^  . 

What  is  there  in  the  fact  that  Smith's  lotion  has  prevented  detergent 
burn  on  the  rifehi  hands  of  400  New  York  women  that  would  interest 
other  ladies  who  saw  and  heard  this  advertisement?  If.  we  assume  that 
the  statements  in  the  commercial  afe  accuriate,  does  this  represent  proof 
in  the  sgnse  of  a  necessary  inference  or  a  probable  inference?  Such  judg- " 
ments  must  be  made  daily  by  every  reader,  radio  listener,  and  television 
viewer  as  they  are  bombarded  by  propaganda  not  only  from  advertise- 
ments but  also  from  political  speeches  and  other  arguments  designed  to 
influejlce  public  opinion. 

Schaaf  describes  how  the  members  of  a  class  in  ninth  grade  algebra 
studied  their  symbolic  solutions  of  story  problems  involving  signed  num-  . 
bers  and  then  developed  their  own  rules  for  the  addition  of  positive  and 
negative  numbers.  (They  had  used  a  number  scale  to'finci  their  initial 
answers.)  He  also  reports  that  in  formulatingtsuch  a  rule,  there  is  ample 
opportunity  for  the  students  ,  to  realize  the  ^necessity  of  considering  sam- 
ples of  all  possible  types  of  addition  problems,  how  one  contradictory  . 
case  can  destroy  a  universal  conclusion,  find  the  dangers  of  hasty  generali- 
zation.' This  method  could  easily  be  extended  to  determining  a  rule  for 
the  subtraction  of  signed  numbers. 

Generalizations  based  on  simple  enumeration  are  assertions  made 
from  a  number  of  observed  instances  which  are  assumed  to  be  represent- 
ative but  not  assumed  to  be  all  of  the  instances  of  a  given  class.  They 
are  also  assumed  to  have  predictive  power;  that  is  to  say,  if  you" 
were  to  boil  water  in  an  open  container  tomorrow  someplace  along  the 
seashore,  you  could  reasonably  expect  the  water  to  boil  at  212°F.  Cer- 
tainly this  experiment,  if  you  perform  it,  could  not  possibly  have  beerS 
included  as  one  of  the  instances  on  which  the  scientific  generalization^ 
or  proposition  was  based.  Obviously,  universal  propositions,  that  is,  propo- 
sitions which  begin  "All  ..."  or  **No.  ,  . can  be  destroyed  by  one 
contradictory  case. 

The  hand  lotion  commercial  is  interesting  because  the  viewer-listener 
is  led  to  make  the  general  conclusion  that  all  human  hands  are  protected 
from  detergent  bum  hy  Smith's  lotion.  This  then  becomes  the  major 
premise  for  a  syllogism.  (Syllogisms  will  be  discussed  in  the"  section  on 
deduction  or  necessary  inference.) 

All  human  hands  are  protected  from  detergent  burn  by  rubbing  on 
SmitK's  Ifttion.  (Major  premise.)  . 
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.  My  hands  are  human.  (Minor  premise.) 
My  hajids  are  (can  be)  protected  ifrom  detergent  biirn  by  rubbing  on 
Smith's  l^ion.  (Conclusion.') 

This  conclusion  represents  a  necessary  inference;  however,  nothing  is 
ever  implied  in  a  conclusion  that  is  not  already  implied  in  the  premises 
on  which  it  is  based.  The  major  premise  in  this  case  ife  rKjicabable  infer- 
ence for  it  is  based  on  the  empirical  evidence  supplied  by  olDserving  the 
400  New  York  women.  What  elTect  then  does  this  have  on  ouf  conclu- 
sion? It  simply  means  that  we  must  recognize  that  theconclusion  has 
only  probability  in  its  favor  despite  the  fact  that  it  was  r§2ched  through 
necessary  inference. 

Vou  will  recognize  the  following  generalizations  that  have  .been  made 
and  verified  by  simple  enumeration:  (1)  water  at  sea  level  pressure' 
freezes  at  0°C.  or  32°F.,  (2)  all  ravens  are  black,  and  (3)  iron  filings  will 
cling  to  all  magnets.  Other  generalizations  that  have  been  established 
as  false  because  contradictory,  instances  have  been  found  include:  (1) 
all  swans  are  white,  (2)  all  redheads  have  bad  tempers,  and  (3)  matter 
can  neither  be  created' nor  destroyed. 

Euclid  must  have  been  convinced  of  the  validity  of  liis  conjecture 
tliat  there  is  an  infinite  number  of  prime  numbers  by  the  never-ending 
string  of  them  that  he  found  by  testing  larger  and  larger  numbers  to 
determine  whether  or  not  they  wore  prime.  Euclid's  proof  in  his  Elements 
that  the  rmmher  oj  prime  rmmbers  is  infinite  is  still  admired  for  its  sim- 
plicity and  beaufy. 

As  a  mathematical  recreation,  one  junior  high  school  teacher  asked 
his  class  if  they  could  find  a  relationship  between  the  even  numbers 
greater  than  4  and  the  sums  of  two  odd  prime  numbers,  flere  are  some 
of  the  relations  that  thesV  pupils  discovered:  • 


0 

-3  +  3 

.16 

=  3  +  13 

0  + 

11 

8 

-  3'+  5 

18 

=  5  +  13  = 

7  + 

11 

0 

=-3  +  7  =  5  +  0  ' 

20 

=  3  +  17  - 

7  + 

13 

12  =  5  +  ?   . 

14  =  3+11=7  +  7  30  =  7  +  23  =  11  +  19  =  13  +  17 

After  working  a  while  on  ^his  problem,  one  youngster  exclaimed,  "This 
could  go  on  forever.  There  is  no  end  to  it.'*  Is  there  an  end?  Is  there  an 
even  number  greater  than  4  whose  sum  cannot  be  expressed  as  the  sum 
of  two  odd  primes?  About  200  years  ago  a  mathe#natician  by  the  name 
of  Goldbach  proposed  a  proposition  that  may  be  stated  in  this  way: 
Any  even  number  greater  than  4  is  the  sum  of  two  odd  primes.  lt  has  never 


124 


GROWTH  OF  MATHEIkLA^TICAL  IDEAS 


been  proved.  Prove  this  proposkion  and  ybu  will  write  your  name  in- 
delibly into  the  history  omnathematics. 

Many  of  our  beliefs  hav^i-eome  into  being  as  a  result  of  using  this 
method  of  simple  enumeration.  Its  techniques  are  invaluable  to  the  scien- 
tist whether  he  be  a  social  scientist,  biological  scientist,  or  physical 
scientist.  The  method  as  exemplified  by  the  illustrations  in  the  previous 
paragraphs  also  serves  the  mathematician  as  a  source  of, promising  con- 
jectures.    '  '  \ 

The  Method  of  Anplogy 

''Analogy  seems  to  have  a  share  in  all  discoveries,  but  in  some  i^  has 
the  lion's  share. The  teacher  of  demonstrative  geometry  is  familiar 
with  the  many  similarities  that  exist  between  plane  geometry  and  solid 
geometry.  For  example,  the  propositions  related  to  parallel  lines  in  plane 
geometry  have  their  coiirtjprparts  in  solid  geometry  in  the  nest  of  propo- 
sitions that  concern  two  parallel  planes  intersected  by  a  transversal 
plane.  Analogies  between  the  two  subjects  facilitate  learning,' provide  a 
hierarchy  of  relationships  that  are  more  ea^ly^  remembered,  and  suggest 
many  conjectures  that  may  later  be  proved  or  disproved. 

In  plane  geometiy  there,  ia  an  infinite  number  of  regular  polygons 
(i.e.,  polygons  that  have  equal  angles  and  equal  sides).  Using  the^ijiethod 
of  analogy  pupils  readily  generalize,  therefore,  that  there  must  be  an 
infinite  number  of  regular  convex  polyhedrons  (i.e.,  geometric  solids 
with  equal  polyhedral  ahgles  and  faces  that  are  all  congruent  regula.r 
polygons).  Further  investigation  of  this  conjecture  reveals  a  surprising 
result.  There  are  five  and  only  five  regular  polyhedrons — the  tetrahedron, 
the  hexahedron,  the  octahedron,  the  dodecahedron,  and  the  icosaliedron. 
Analogies  may  be  useful,  but  they  do  not  substitute  for'^oof.  They 
provide  only  additional  conjectures  to  be  investigated. 

In  plane  geometry  pupils  learn  that  the  sum  of  the  interior  angles  of 
a  polygon  increases  as  the  number  of  sides  increases.  Suppose  that  the 
sides  are  extended  successively  to  form  exterior  angles  as  shown  in 
Figure  2,  How  does  the  sum  of  these  exterior  angles  change  as  the 
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number  of  sides  of  the  polygon  is  increased?  The  youth  who  uses  the 
method  of  anal6gy  is  going  to  be  misled,  for  in  any  convex  polygon,  the 
sum  of  the  exterior  angles  formed  by  extending  the  sides  successively  is 
a  constant  The  sum  is  3G0°  regardless  of  the  number  of  "sides. 

In  algebra,  students  learn  to  factor  such  expressions  as  +  5x  +  6, 
X-  +  Gx  +  5,  ahd'X'  +  Gx  +  9.  If  the  e;cpressions  are  of  the  form  x-  + 
bx  +  c  they  readily  learn  the  principles  that  c  is  the  product  of  the  sec- 
ond terms  of  the  binomial  factors  and  that  b  is  equal  to  the  sum  of  the 
factors  of  c.  By  analogy  the  pupils  can  apply  these  ideas  to  factoring'^^ 
+  oa  +  6,  +  6??^  +  5,  and  if  +  +  9.  It  is  relatively  easy  to 
factor  this  second* groap  of  examples  if  one  knows  how  to  factor  the 
first  set,  because  there  are  likenesses  in  essential  details.  By  analogy, 
the  same  principles  hold  for  ex^i-mples  such  as  x^  — '8x  +  12,  —  2p  — 
24,6=  +b  -  12,  and      -  16. 

,S6me  of  the  most  influential  hypotheses'^'oi ' this  scientific  age  have 
thWfcorigin.s  in  man's  ability  to  use  analogous  reasoning.  Niels  Bohr 
PT^'^^Sj^thtit  the  atom  was  similar  to  our  solar  system.  Physics  teachers 
niay  Wplain  some  of  the  intricacies  of  electrical  theory  by  using  the 
anak)gy  c^f  running  water.  The  wave  theory  of  light  may  be  related  to  . 
the  rippling  waves  emanating  from  the  spot  where  a  stone  is  dropped 
into  an  otherwise  placid  pond  of  water.  Polya  describes^  how  reasoning 
by  analogy  led  Eul^r  to  the  solution  of  the  problem  of  finding  the  sum 
of  the  infinite^^series  of  the  reciprocals*  of  the  squares. 

\  1+^+3-^  +  Ke  +  Ks  +  3-^6  +  ■  -  ■. 

\  • 

It  is  interesting  t6  note  that  Euler's  solution  of  the  pVoblem  violated 
the  accepted  procediires  held  by  him  and  his  contemporaries  for  finding 
the  sums  of  the  finite  series  with  which  they  had  worked.  Sometimes  it 
takes  bold,  unorthodox  methods  to  solve  problems  that  resist  attacks 
.  by  standard  methods.  \ 

...         \,  ' 

Extending  a  Pattern  of  l^hought 

Great  baseball  players  have  become  almost  legendary  figures  in  the 
history  of  the  New  York  Yankee  professional  team.  In  the  spring  of  1951 
a  promising  young  rookie  whose  name  was  Mickey  Mantle  was  taken 
to  the  spring  training  camp.  It  was  hoped  that  Mantle  would  continue 
a  succession  of  Yankee  greats  that  included  Babe  Ruth,  Lou  Gehrig,  and 
Joe  DiMaggio..  dne  rabid  fan  made  the  following  observation: 

^  Babe  Ruth,  a  great  Yankee  baseball  player,  wore  the  number  3  on  his  uniform. 
Lou  Gehrig,  a  great  Yankee  baseball  player,  wore  the  niiml>er  4  on  his  uniform. 
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Joe  DiMaggio,  a  great  Yankee  baseball  player,  wore  the  number  6  on  his 
uniform.  ■  .  ' 

Mickey  Mantle  should  wear  the  number  6  on  his  uniform.  {He  does  wear  7.) 

Th^obvious  pj^ediction  madfe  by  this  hopeful  fan  from  the  data  presented 
above  wiis  that  Mickey  Mantle  would  become  a  great. baseball  player.  A 
more  general,  staternent  is  implied  by  this  prediction,  narftely,  New  'York 
Yankee  baseball  players  are  great  if  the  numbers  on  their  uniforms  are 
consecutive  vxith  past  ^great  New  York  Yankee  baseball  players.  This  fan's 
prediction  has  come  true,  for  Mickey  Mantle  has  become  a  great  base- 
ball player.  Does'thLs  then  represent  a  verification  or  a  disproof  of  the 
generalization  concernmg  .Yankee  players?  ^Vho  will  wear  Yankee  uni- 
form  number  6?  Is  he  destined  to  be  great  by  virtue  of  the  number  of 
his  uniform?  ^ 
,  It  seems  that_man  possesses  an  innate*  capacity  to  see  relationships 
vand  order  in  the  events  which  he  observes.  In  the  illustration  above,  a  - 
baseball  fan  observed  a  certain  continuity  of  forn}.- FeW  if  ^ny  of  us, 
would  grant  that  tHe  numbers  of  .the  uniforms  worn  by  baseball  players- 
had  anything  to  do  with  their  greatness,  yet  this  example  does  illustrate 
a  miethod  of^  discovery- ^that  ofter^^ results  in  fruitful  conjectures.  Or^e, 
>  might  look  ppon  this  procedure  as  a  special  kind  of  Analogy.  - 

This  is  the  Tnethod-used  by  Edmund;  Halley,  the  English  astronomer, 
•when  he  predicted  the  appearance  of' the  comet  .which  now  be^rs  his- 
name.  Halley,  the  first  great  calculator  of  comet  orbits,  studie'(i^  the  pathsV 
of  twenty -four  comets.  These  Represented  all  the  comets  for  which  he 
v^"'^~'cDiriTl^nd  accurate  observations.  Twenty-one  of  the  (fcmets  apt)eared 
from  outer  space  and  left'the  areas  of  their  observers  by  different  paths.* 
Three  of  the  comets  appeared  to'^ollow  the  same  orbit.  Coiilti  th^se 
/three  comets  really  be  sources  of  repbrts  of  the  same'comet  rfeyisiting 
the  earth?  he  asked  himself..  If' so,  then  its  orbit  must  be  an  ellipse.  It 
also  seemed  reasonable  to  assume  that  if  this'  wer§^the  same  celestial 
body,  then  it  should  .return  to  the.  visibility  of  observers  on  the  earth  at 
approximately  the  same  time  intervals.  Reports  indicated  that' the  three 
comets  had  been  nearest  the  sun  on  August  24,  1531;  October  16,  1607 
(an  interval  of  76.S  years);  September  24,  1682  (an  interval  of  74.9 
years).  Hence,  Halley  concluded  that' the  comet  would  complete^  one 
revolution  in  its  orbit  about  every  seventy-five  or  sev^ty-six  years.  On 
the  basis  of  this  evidence  he  finally  decided  that  the  reports  represented 
observations  of  the  same  comet,  and  he  predicted  the  comet's  return. 
'  An  analysis  of  Halley's  m.ethods  in  the  development  of  his  theory  con- 
cerning the  comet  which  now  bears  his  name  reveals  that  he  u.sed  a 
variety  of  inductive  procedures  to  arrive  at  hi's  generalization.  He  noted >  " 
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for  instance,  that  the  comets  of  1531,  1607,  and  1682  had  similar  orbits . 
as  they  flew  across  the  heavens  in  their  majestic  ways.  This  is  reasoning 
by  analogy.  On  the  basis  of  these  three*  analogous  cases  that  he  had 
enumerated  he  made  the  prediction  that  the  comet  would  return  in  1758 
or  1759.  Several  years  after  his  death,  the  comet  actually  did  return,  in 
March  1759!  The  comet  also  reappeared  in  1835  and  1910.  Its  next 
appearance  is  predicted  for  1985  or  1986. 

-  The  dominating  feature  of  Halley's  discovery  is  not  the  analogy  but 
the  striking  feature  is  his  extrapolation,  the  act  of  going  beyond  the 
data  to  predict  the  return  of  the  comet.  It  is  his  logical  extension  of  the 
pattern  in  which  he  found  the  instances  that  makes  this  illustration 
different  from  those  s^sited  in  connection  with  the  methods  of  simple 
enumeration  or  analogy. 

Thr^e  English  astronomers  have  traced  the  reports  of  Halley's  comet 
as  far  back  as  240  B.C.  These  men  found  records  of  what  are  assumed 
to  be  twenty -nine  appearances  of  the  comet.  The;  intervals  between  its 
successive  appearances  have  varied  from  74.5  to  79  y:ears.  This  variation 
is  due  to  the  disturbing  actions  of  the  gravitational  attractions  of  the 
planets  of  Our  solar  system  as  the  comet  moves  about  in  its  elliptical 
6rbit.^<»  _  :       [  ' 

In  elementary  arithmetic  children  generalize  on  the  basis  of  their 
experiences  that  the  subtrahend  in  subtraction  can  never  exceed  the 
minuend.  From  this  generalization  it  follows  logically  that  the  difference- 
in  a  subtraction  example  can  never  be  greater  than  the  minuend.  The 
mathematician  is  continuously  seeking  to  relax  such  rules  to  gain  more 
generality.  Why  can't  the  subtrahend  be' greater  than. the  minuend? 
Let  us  suppo|e  that  it  can.  What  then  is  the  answer  to  the  question, 
7  —  8  =  ?  >fcy  natural  number  will  answer  it;  a  neXv  number,  the  nega- 
tive number,  must  be  invented.  Mathematicians  have  chosen  the  sym- 
bol —  1  to  express  the  answer  to  this  question.  With  this  invention  they 
have  opened  up  a  whole  new  domain  of  numbers  that  are  similar  to  the 
positive  numbers  already  familiar  to  the  child,  for  the  negg-tive  number 
makes  subtraction  possible  even  when  the  subtrahend  is  larger  than  the 
minuGnd.  The  use  of  inductive  sequences  to  lead  students  to  discover 
for  themselves  the  rules  for  operating  with  signed  numbers"^  was  dis- 
cussed on  pages  47  to  49  of  Chapter  2.  It  was  also  explained  there 
that  whereas  the  definition  (  —  2) (—3)  ==  +6  was  in  a  sense  completely 
arbitrary,  it  was,  on  the  other  hand,  a,  necessary  definition  if  we  wished 
the  distributive  law  to  hold  for  negative  as  well  as  positive  numbers. 
This  principle  of  .permanence  of  /orm  when  so  used  is  a  type  of  analogy. 

This  same  principle  provides  the  reason  for  defining  fractional  negative 
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and  . zero  exponents  we  do.  Explanations  of  this  rationale  help 'stu- 
dents to  lindersUiftd  better  both  the  definitions  themselves  and  the  role 
of  definition  in  a  mathematical  system.  It  should  be  noted  however  that 
none  of  these  developments  by  analogy  or  definitions  embodyiiig  exten- 
sions of  form  constitutes  proof.  . 

It  is  difficult  and  probably  impossible  to  separate  completely  probable 
inference  and  necessary  inference  in  many  situations.  For  example,  let 
us  consider  the  geometric  figures  in  Figure  3.  Thfere  are  several  o"^s,erva- 


Fig.  3 

tions  that  we  can  make  about  the  relationships  among  the  point,  line 
segment, 'square,  arid  cube.  One  of  the  most  obvious  is  that  here  are 

;  geometric  figures  with  zero,  one,  two,  and  three  dimensions,  respectively. 
The  line  segment,  the  one-dimensional  figure  (it  has  only  length),  starts 
with  a  point  and  enfls  with  a  point.  We  may  then  consider  that  the  line 

^segment  is  bounded  by  two  points.  Observe  then. that  the  one-dimen- 
sionaf  figure  is  bouiided  by  zero-dimensional  figures. 

The  square,  a  two-dimensional  figure,  is  bounded  by  four  line  segments. 
Hence,  the  two-dimensional  figure  is  bounded  by  one-dimensional  fig- 
ures. Similarly,  we  bbsbrve  that  the  cube  which  is  a  three-dimensional 
figure  is  bounded  by  six  squire  faces.  Hence,  we  arrive  at  the  generaliza- 

•tiou  that  each;  of  these  geometric  figures  is  bounded  by  the  figure  with 
one  less  dimension.  WhM  would  this. mean  if  we  were  to  extend  our 
thinking  to  the  fourth  dimension?  Does  it  not  seem  reasonable  to  assume 
that  the  corresponding  fourth-dimensionai  figure  would  be  bounded  by 
cubes?  By  going  back,  analyzing  the  process  by  which  a  point  might  be 
regarded  as  generating  the  line  segment;  the  line  segment,  the  square,; 
and  the  square,  the  cube;  one  can  find  a  simple  process  and  derive  an 
algebraic  formula  for  predicting  the  number  of  elements,  (points,  lines, 
planes)  in  each  n^wly  formed  confi^ration.  From  the  three-dimensional 
cube,  we  can  extend  the  proce^  T^y' analogy  to  find  the  points,  lines, 
planes',  volumes  (cubes),  ai\d  content  of  the  four-dimensional  tesseract 

-and  even  on  to  higher  dimensional  configurations.  We  haven't  the  space 
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to  do  this  here,  but  there  are  several  sources  which  make  the  process 
clear  enough  to  be  used  with  high  school  algebra  and  geometry  students." 

The  point  is  that  mathematicians,  even  before  the  physicists  had  need 
for  the  concept,  pioneered  the  conception  of  a  fourth  dimension,  and 
that  this  pioneering. owed  much  to  the  iise  of  the  ide^i  of  permanence  of 
form  and  the  extension  and  mocUficatipn  of  old  concepts  as  a  source  of 
fruitful  conjectures  and  assumptions  on  which  to  base  their  deductive 
proof  in  the  extended  geometry. 

The  illustrations  which  have  been  cited  in  this  section  up  to  now  have 
dealt  with  what  is  corpmonly  called  exirapolaiim.  Extrapolation  implies 
the  extenspn  of  ideas  beyond  the  known  ojf-  observed  instances. 

Wertheimer  in  describing  a  discovery  by  Galileo  indicates  how  he 
used  the  method  of  extension  of  form  to  fill  in  a  gap  in  his  theory  of 
motion.  Galileo  had  been  ti-ying  to  determine  wh^her  or  not  free  falling 
bodies  obey  some  general  law  that  could  be  easily  understood  by  man." 
The  instruments  with  which  he  had  to  work  w6re  rather  crude,  and  he 
was  having  difficulty  conducting  his  experiments.  Finally  he  hit  upon 
the  idea  of  using  an  inclined  plane  and  considering  a  vertical  descent 
as  merely  a  special  case  of  the  inclined  plarje,  the  case  of  falling  at  an 
incline  of  90°.  In  the  course  of  his  experiments  Galileo  noted  that  as 
spheres  rolled  dovm  an  inclined  plane,  their  velocities  became  greater 
and  greater  (positive  acceleration).  As  spheres  were  rolled  up  an  inclined 
plane,  their  velocities  became  less  and  less  (negative  acceleration).  But 
what  about  motion  on  a  horizontal  plane?  Galileo  concluded  that  the 
motion  of  a  sphere  must  have  an  acceleration  of  zero  on  a  horizontal 
plane.  A  modem  physicist  might  express  the  concept  in  this  way:  '*If  a 
body  moves  horizontally  in:a  given  direction,  it  will  continue  to  move 
at  a  constant  velocity  for  aU  eternity,  if  no  external  force  changes  its 
state  of  motion."^2  'pj^^  j^gy  factor  in  making  this  generalization  is  the 
extension  of  form.  This  time  it  is  a  gap  filling  process;  it  is  inter polaiion. 

It  should  be  noted  that  the  proTiess  of  extension  of  form  is  merely  a 
logical  extension  of  known  and  accepted  relationships.  It  approaches  the 
formality,  of  deductive  inference,  but  it  does  not  carry  the  authority, 
the  necessity  of  the  imj)lication,  that  characterizes  deduction. 

Hunches  and  Their  Relation  to  Proof 

Hypotheses,  theories,  and  laws  based  on  experiential  data  are  the  core 
of  the  sciences.  They  are  generalizations  fundamentally  dependent  upon 
probable  inference  from  observable  evidence.  In  mathematics  the 
generalizations  that,  constitute  the  core  of  tlie  discipline  are  the.  results 
of  rigorous  proof.  The  test  of  these  deduced  theorems  in  mathematics 
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/ 

does  not  reside  necessarily  in  its  correspondence  with  man's  int^preta- 
tion  of  his  experience  although,  as  we  shall  see,  experience  may  help  him 
in  rationalizing  certain  elementary  principles  of  mathematics.  The  test 
of  Euclidean  geometry,  for  example,  is  in  its  logical  consistency;  that 
is,  the  noncoiitradictory  nature  of  the  theorems  within  the  system.  If 
contradictory  theorems  are  validly  deduced  in  a  logical  system  such  as. 
Euclidean  geometry,  then  the  logical  foundations  of  the  system  must 
he  examined  for  incpnsistenWijjSumptions. 

One  might  reason  then  t haSt o n jec tures  and  inductive  reasoning  have 
no  relation  to  the  deductive  science  of  mathematics.  But  Polya  points 
out  that  although,  "We  secure  our  mathematical  knowledge  by  demon- 
strative rcasoniifg,  .  . .  we  support  our  conjectures  by  plausible  reason- 
ing.'^'^^  For  example,  con.sider  the  elementary  school  child  who  was 
struggling  with  the  addition^of  and  J/^.  The  youngster  jn^jsted  that 
the  answer  was  2^  (an  all  too  common  answer^.  The  teacher  was  a  pa- 
tient and  understanding  woman  who  suggested,  **Let-s  check  your  answer 
using  our  fractional  parts.^'  (Threse  were  (?ircles -cut  into  various  frac- 
tional parts.), The  child  apparently  had  little  conception  of  what  a  frac- 
tion was,  for  he  seemed  surprised  that  two  fifths  was  less  than  one  half. 
After  a  short  period  of  experinientation  with  the  circles  cut  into  frac- 
tional parts,,  the  child  decided  that  the  answer  should  have  been  five 
sixths.  The  process  of  changing  the  two  fractions  to  sixths  was  also 
made  meaningful  using  the  fractional  parts.  This  hoy  htid  attempted 
to  support  his  conjecture  by  plausible  reasoning.  When  it  failed  to 
support  his  answer  he  had.iw  1ind  a  new  conjecture.  Ultimately  he  got 
a  solution'  using  the  well-known  algorithm. 

An  intermediate  algebra  class  was  studying  the  quadratic  function 
which -is  detem^iined  by  f(^)  =  ox^  +  bx  +  c.  They  first  studied  the 
effects  on  the  graph  of  the  function  as  changes  were  made  in  each  one 
of  the  parameters  a,  6,  aad  c  while  the  other  two 'were  held  constant. 
The  class  was  also  asked  to  find  graphically  the  real  roots,  X\  and  X2, 
where  they  exist  when  the  function  is  eiqual  to  zero.  A  table  of  da,ta 
was  then  made  from  the  results  of  different  students!  graphs  (Table  1). 

In  a  discussion  following  the  organization  of  the  first  five  columns, 
these  four  questions  were. posed: 

1.  *  What  is  the  value  of  Xi  •  Xa  ?  Record  your  answer  in  the  table  of 
data.  . 

2.  Is  there  any  relation  between  the  product  of  the  roots  of  ax^  + 
bx  +  c  =  0  and  the  arbitrary  constants  a,  6,  and  c? 

3.  What  is  the  value  of  Ji  +  xa  ?  Record  your  answer  in  the  table. 

4.  Is  there  any  ^lation  between  the  sum  of  the  roots  of  ax-  +  bx  + 
c  =  0  and  the  vahies  of  a,  6,  and  c?  •  . 
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TABLE  1  , 

No.'  ^ 

a 

c 

XI 

XI- Xi 

XI  +  XI 

1 

,  1 

-7 

12  . 

•  .4 

3 

12 

7 

2 

1 

5 

5 

-3.4 

-1.2 

4.1  ^ 

-4.6 

3 

1 

4 

4 

-2 

-2  . 

4 

-4 

4 

1 

4 

-5 

-5 

1 

-5 

-4  ' 

.5 

~2 

2 

2 

.5 

1 

2.5 

6 

1 

6 

-3 

.60 

-6.5 

-3.8 

-6 

7 

3 

6 

8 

.9 

-3 

-2.7 

-2.1 

;/ 

■'  7 

-I 

-6 

6 

-7 

9 

0 

v.; 

.5 

-.5 

-.25 

0 

After  a  brief  look  at  the  table  of  data  one  boy  ventured  this  guess,  . 
*The  produet  of  the  roots  is  equal  to  c."  This  was  ealled  the  "Garrett 
Cohjeeture,"  naming  it  after  the  boy  who  had  made  the  guess. 

"That  seems  to  be  true  at  least  approximately,  for  1,  2,  3,  4,  6,  and 
8,  but  look  at  5,  7,  and  9,"  one  of  the  girls  suggested. 

The  **Garrett  Conjeeture"  was  discarded  after  eonsideration  of  this 
young  lady's  statement,  and  the  students  were  eneouraged  by  the  teaeher 
to  look  for  likenesses  and  differenees  among  the  two  distinet  groups  of 
equations  stated  above.  After  two  other  false  starts  the  "Livingston 
Conjecture"  that  "xi  •  x%  =  c/a"  was  proposed.  This  gained  considerable 
support,  although  not  100  per  eent,  apparently  because'  of  Examples 
6  and  7. 

A  similar  procedure  was  used  to  reach  the  conjecture  that  xi  +  xj  = 
—  hi  a.  The  discussion  followed  a  pattern  that  was  analogous  .to  the 
on^related  to  the  product  of  the  roots. 

"Can  we  prove  these  relations?"  someor\e  asked. 

The  problem  of  proving  the  relations  was  assign/d  as  a^lrt  of  the 
homework  witK  the  caution:  "We  may  not  know  enough  yet  to  answer 
this  question.  If  we  don't,  then  suggest  what  further  information  you 
think  is  needed."  During  class  discussion  the  next  day  several  members 
of  the  class  inditiated  that  they  were  sure  that  if  the  general  equation 
ax^  +  6x  +  c  =  0  could  be  solved  for  x,  then  the  conjecture  concerning 
the  relations  of  the  roots  could  be  proved  or  disproved.  Some  of  the 
students  had  attempted  to  solve  the  general  equation  by  guessing,  then 
cheeking  by  substitution  and  by  factoring,  but  they  had  failed  to  find 
a  solution.  The  students  were  then  taught  how  to  solve  quadratic  equa- 
tions by  compleiing,  the  square.  This  method,  after  it  was  mastered,  en- 
abled the  group  to  find  the  solution  for  the  general  quadratic  function 
above  and  hence  to  proceed  to  prove  their  conjectures  about  the  product 
and  sum  of  the  roots.  . 
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This  type  of  work  on  the  high  school  level  is  somewhat  comparable  to 
the  procedures  used  by  the  research  mathematician.  The  big  difference 
is  that  in  the  algebra  class  described  above  the  teacher  was  able  to  or- 
ganize the  material  to  promote  discovery.  The  research  mathematician 
must  use  his  own  ingenuity  to  structure  the  data  to  support  a  conjecture 
^and  to  discover  a  technique  for  proving  the  theorem  suggested. 

"Everyone  knows  that  mathematics  offers  an  excellent  opportunity 
to  learn  demonstrative  reasoning,  but  I  contend  also  that  there  is  no 
subject  in  the  Visual  curricula  of  the  schools  that  affords  a  comparable 
opportunity  to  learn  plausible  reasoning.  I  address  myself  to  all  inter- 
ested students  of  mathematics  of  all  grades  and  I  say:  Certainly,  let  us 
learn  proving,  but  also  let  us  learn  guessing."^* 

Testing  the  Hunches 

At  the  very  outset  it  must  be  admitted  that  there  are  no  means  for 
absolute  empirical  verification.  TheVe  are  no  criteria  except  psychologi- 
cal ones  for  determining  when  a  conjecture  has  been  confinned.  A  short 
trip  into  some  elementary  theory  of  numbers  will  illustrate  well  the 
hazardous  nature  of  accepting  conclusions  on  the  basis  of  enipirical 
evidence.  A  ninth  grade  class  was  told  about  the  search  for.  an  expression 
that  wodd  always  yield  a  prime  number..  One  bright  young  lady  in  the 
class  immediately  began  experimenting  with  various  algebraic  expres-  ^ 
sions  to-^i^if  she  mightrgain  fame  by  hitting  upon  one  that  would,  al- 
ways yieldaNprime  number.  First  she  tried  +  n  +  11,  and  she  found 
some  supportiW  evidence  as  she  substituted  0,  1,  2,  3,  4,  •  •  •  9  in  turn 
for  n.  But  unfOTtunately  when  she  tried  n  =  10  the  resulting  number 
was  ifK^i/fte^l  is  divisible  by  11,  it  is  not  a  prime  number.  She  next 
triedyn'  -yn  +11.  Her  excitement  mounted  as  she  substituted  10  (her 
dowifall/)n  the  previous  expression),  thl^n  —4,  —3,  —2,  —1,  0,  1,  2, 
an^so  oil  for  n  in  the  expression  and  evaluated  it.  Mayt^e,  you  will  be 
iiuereSted  in  testing  this  expression  Jjy  substituting  various  values  for 
n.  Can  you  find  an  exception  that  will  destroy  this  girl's  generalization 
that  *'if  n  is  an  integer,  then      —  n  +  11  is  a  prime  number'^? 

Perhaps  you  are  familiar  with  the  expression  —  n  +  41.  If  you 
start  substituting  0,  1,  2,  3,  4,  and  so  on  for  n,  you  will  find  cpnsiderable<?^> 
support  for  this  expression  21s  one  which  will  always  result  in. a. prime  , 
number.  But  just  how  much  support  is  needed?  10  cases?  20  cases?  30 
cases?  40  cases?  If  you  try  the  numbers  from  0  to  40  inclusive  you  will 
find  that  —  n  +  4ris  a  prime  number.  Would  you  now  conclude  that 
the  expression  which  for  41- cases  has  resulted  in  a  prime  number  is  al- 
ways prime  regardless  of  the  value  of  n?  Perhaps  you  would  like  to  try 
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some  tiegative  numbers.  For  simplicity  yoU  could  start  at  n  =  —1,  —2, 
and  so  on.  Here  you  will  find  additional  support  for  the  conjecture  that 
n-  —  n  +  41  will  always  .produce  a  prime  number.  If  you  think  you  have 
enough  evidence,  you  are  doomed  to  disappointment  for  when  n  =  41, 
a  little  simple  factoring  will  indicate  to  you  that  4P  —  41+41  is  divis- 
ible by  41  for  412  -  41  +  41  =  41  (41  -  1  +  1)  =  41  •  41.  It  should 
now  be  evident  that  no  expression  of  the  form  ax^  +  bx  +.^c  will  always 
yield  a  prime  number,  for  when  x  -  c  (c  7^  0),  the  number  is  divisible 
by  c,  hence,  it  is  not  prime.  -    -  - 

On  the  basis  of  empirical  evidence  alone  we  can  never  be  sure  wHeth<ir 
i^f'.ijot  we  have  made  a  hasty  generalization-  The  statement  that  all 
swam  are  white  was  verified  time  and  again  before  explorers  had  reached 
Australia.  However,  on  this  continent  in  the  Pacific,  black  swans  Were 
found.  This  discovery,  of  course,  falsified  the  generalization.  Similarly 
we  saw  in  the  above  illustration  that  —  n  +  41  yields  a  prime  number 
for  80  consecutive  integral  values  of  n,  yet  for  the  eighty-first  value  the 
expression  is  not  a  prime! 

The  illustrations  cited  above  indicate  an  important  point  often  over- 
looked by  the  elementary  and '^secondary  teacherg  of  mathematics, 
namely,  that  we  need  to  consider  not  only  the  verification  but  also  the 
falsification  of  any  given  proposition.  Consider  this  proposition:  **If  the 
difference  between  the  sum  of  the  odd-numbered  digits  and  the  sum  of 
the  even-numbered(digits  of  an  integer  is  divisible  by  11,  thmLthe  integer 
is  divisible  by  llC^^One  member  of  an  algebra  class  studyfr^ proofs  for 
various  tests  of  divisibility  had  selected  the  number  665,5^9  to  tq^t  the 

y           e-      (9  +  3  +  6)  -  (7  +  5  +  6)  ^. 
,  generalization.  Since   ——^  equals  0  aiid  bv  di- 

■  11  ■      \,Js  ■ 

vision  he  found  that  665,379  was.  in  fact  divisible  by  11,  tHis  youngster 
added  his  datum  to  the  mounting  evidence  collected  by  the^^lass  veri- 
fying the  original  proposition.  In  an  attempt  to  ex^tend  thiABj^efaliza- 
tion,  he  "also  proclaimed  that  by  replacing  LI  by  13^i[n  the  proposition 
he  had  a  new  conjecture  which  appeared  to  be"^tctie.  This  proposition 
was  quickly  falsified  however  with  evidence;pfesented  by  s^^mrmem- 
bers  of  the  class.  It  is  worthy  to  note  two-^i^s,  about^|,hi^ 
First,  regardless  of  the  mass  of  evidence  gatlj^r^di  fe^^irjM  'first ' 

proposition,  it  is  not  proved  by  accumul^tioii  p^^^^miPiP^t  still,  re- 
mains to  be  proved  deductively.  In  the  qkfee.  of^li^ 
only  one  contradictory  case  was  needed  t6  ■3isptQ\>.it'.  l^iis  mel)iQd:of 
disproof  is  by  counterexample  which  is  dtscai^^  cmore^^^^ 
the  section  of  this  chapter  dealing  with  neqessary'iriferfei^  \': 
There  are  propositions  also  where  evidence  may  beVoitecTfed  to^v^V^^y;  ; 
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them  completely  or  to  falsify  them  as  the  case  may  be.  For  example, 
let  us  consider  the  conjecture  that  six  is  a  perfect  number.  (A  perfect 
number  is  a  natural  number  which  is  the  sum  of  all  its  divisors,  except 
itself,  which  are  "natural  numbers.)  Since  the  only  natural  numbers 
which  are  divisors  of  six  (excluding  itself)  are  1,  2,  and  3  and  1+2-1- 
3  =  6,  then  six  is  a  perfect  number.  Suppose  it  is  proposed  that  eight  is 
a  perfect  number:  The  divisors  of  eight  toJ>6^considered  are  1,  2,  and  4. 
Since  1  -1-  2  -|-  4  8,  then  eight  is  . not  a  perfect  number  and  the  propo- 
sition is  false.  Note  in  particulaf  that  ;the  propositions  concerning  per- 
fect numbers  could  be  labeled  true  or  false  on  the  basis  of  coUected  data 
because  they  dealt  with  a  finite  universe,  wheifeas  the  proposition  con- 
cerning the  divisibility  by  .  11  encompasses  an  infinite  set,  the  sBt  of  all 
integers.  Although  the  proposition  concerning  di Nihility  by  11  can 
never , be  completely  verified  by  the  collection  of  confirmatory  instances, 
it  can  be  proved  by  the  mathematician  and  even  by  high  school  students; 
This  again  demonstrates  the  power  of  mathematical  techniques. 

Many  times  we  are  confronted  with  a  conjecture  of  what  a  mathe-  ; 
matician  would  characterize  as  an  exisUnce  theorem.  For  example,  some-  ' 

'  one  might  propose  **There  are  black  roses"  or  **There  is  a  real  number' 
X  such  that  |  x  |  3  =  2."  If  a  bush  having  black  roses  is  found,  then 
the  first  statement  is  verified.  However,  if  one  has  not  t)een  found  up 
to  this  time,  this  fact  is  no  assurance  one  will  not  be  found  within  th^ 
next  hour  or  within  the  next  day.  As  for  the  other  proposition,  the 
search  for  a  solution  by  trial  and  error  might  continue  for  a  long  time 
because  it  can  be  proved  that  there  is  no  real  number  which  when  sub- 
stituted for  X  will  make  the  sentence  |  ^  |  -|-  3  =  2  a  true  statement. 
Hence,  we  say  that  the  solution  set  for  this  equation  is  a  null  or  empty 
set.  ■        ^  '   .  ' 

Extending  the  illustration  concerning  perfect  numbers,  ^ome  niathe- 
maticians  have  proposed  that  "Thefe  are  no  odd  perfect  numbers. " 

;  0jie  way  for  you  .to  become  famous,  among  mathematicians  at  least,  is 

; to  find  a;..perfect  number  that  is  an  odd  number.  This  is  a  rather  interest- 
iti^^pJ^jCmosiJiiQn,  because  the  counterexample,  if  found,  disproving  the 
propi^i^bh|^^  establish  an  existence  theorem;  that  is,  that 

.  ^.hera^jc^?^^^  perfect  number.  ^ 

V  as  he  looked  at  several,  prime  numbers  including  11, 

exclaimed^'^All  prime  numbers  are  odd 
a  true  statement?  Obviously  it  is  false,  for,  as  one  of 
;3^]^;jj.^^^lx^^  pointed  out,  2  is  an  even  prime  number.  This 

^"ipS||^i^i|"-''6f  the  other  illustrations  point  out  that  propositions  using 
>|li.^^^Ji^niifiers  all  or  no  are  falsifiable  (by  counterexample)  but  amay 
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not  be  verifiable.  E^eii  though  thousands  of  white  swans  had  been  seen 
adding  credence  to  the  proposition  that  all  swans  are  white,  one  black 
swan  seen  in  Australia  was  sufRcient  to  destroy  the  generalization? 
.  In  elenientary  iind  junior  high  school  mathematics  we  sometimes  ex- 
perience sorne  difficulties  using  an  inductive  approach  to  develop  a 
mathematic^al  (concept  if  measurement  is  involved.  For  example,  members 
of  a  junior  liigh  school  mathematics  class  were  measuring  the  interior 
angles  of  various  sizes  and  shapes  of  triangles  to  find  the  sum  of  the 
angles  of  each  type.  Their  teacher  had  placed  three  boxes  oh  her  desk 

.  labeled;  ''1.  Triangles— sum  of  angles  less  than  l^O^,"  ''2.  Triangles- 
sum  of  angles  greater  than  180°,"  and  ''3.  Triangles— sum' of  angles 
equals  1^0°."  The  pupils  were  industriously  measuring  angles  and  sort- 
ing their  triangles.  After  a  short  while  each  box  had  some  triangles  in 
it.  At  the  end  of  this  exercise  could  these  boys  and  girls  draw  any  valid 
coriclusion  from  the  data  which  they  had  eoUected?  They  could  if  they 
understood  the  approximate  nature  of  measurement  and  if  they  used 
an  average  (the  mean)  of  the  sums  of  the  interior  angles.  All  of  the  simis, 
after  the  measurements  of  the  angles  had  been  rechecked,  fell  witliin 
the*range  from  178°  to  183°  inclusive.  The  mean,  to  the  nearest  degree, 
was  180°,  and  the  class  readily  accepted  the  conclusion  that  the  sum  of~ 
the  interior  angles  of  any  triangle  is  180°.  Variations  from  this  mean  were 
attributed  to  small  errors  hi  measurement  resulting  from  poor  estimates 
in  reading  protractors,  from  inaccuracies  in  the  protractors  themselves, 
from  the  careless  construction  of  the  triangles,  and  from  thd  approxi- 
mate nature  of  measurement. 

The  leap  from  particular  cases,  sometimes  called  inductive  premises, 
to  a  universal  conclusion  is  not  a  deductive  process.  However,  the  re\'ers5 
step  of  applying  the  generalization  to  particular  situations  is  deduct! v^e. 
For  example,  a  primary  school  child  may,  through  a  series  of  experiences, 

,  note  that  three  apples  and  two  apples  are  five  apples,  that  three  cookies 
and  two  cookies  are  five  coolcies,  that  three  children  and  two  children 
are  five  children,  and  conclude  that  three  of  any  class  of  objects  and 
two  more  of  the  same  things  are  five  of  the  elements  being  considered. 
From  this  universiil  conclusion  it  follows  that  a  group  of  three  balls 
combined  with  a  group  of  two  balls  will  form  a  new  group  of  five  balls. 
The  child  can  readily  verify  this  Reductive  conclusion  by  counting. 
Note  that  the  indu(!tive  premises  on  which  the  child  based  his  generali- 
zation that  3  +  2  =  5  now  become  deducible  by  necessary  inference 
from  the  general  statement.  ' 

Now  it  seems  true  that  the  inductive  premises  on  which  a  generalized 

statement  is  based  necessarily  follow  from  the  generalization.  In  a  case 
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as  simple  as  the  one  above,  indeed  it  is  obvious.  Although  it  may  seem 
strange  to  you;  we  niay  not  always  know  all  of  the  premises  on  which  a 
given  scientific  theory  or  law  is  based.  Tliis  is  especially  true  of  complex 
theories  such  as  Einstein'.s  Theory  of  Relativity.  A  theory  may  well  be 
just  an  educated  guess  made  from  scanty  evidence  as  compared  to  the 
wide  range  of  phenomena  subsumed  by  the  theory  or  law.  Not  long  ago 
an  accepted*  theory  in  physics  implied  the  existence  of  a  particle  called 
an'antiproton.  No  one  had  ever  seen  such  a  particle  but  on  the  strength 
of  the  prediction  from  accepted  theory,  researchers  set  about  the  task 
of  discovering  the  ahtiproton  by  ex^riment. 

One  might  siippose.that  the  only  way  to^discover  a^particle  should  be  by  experi- 
ment,.but  thi^  is  noiyso,  although  of  course  experiment  is  the  judge  of  last  re- 
sort. Sometimes  theoretical  physicists,  from  equations  and  calculations  with 
pencil  and  paper,  have  predicted  the  existence  of  particles  that  have  "never  been 
seen.  These  predictions,  howqyer  strange  some  of  them  may  seem,  arise  from  a 
necessity  to  preserve  basic  principles  which  form  the  foundation  of  our  j)resent 
understanding  of  the  physical  universe.  When  necessary,  physicists  have  been 
willTng  to  entertain  the  existence  of  something  never  seen  rather  than  imperil 
these  firmly  established  foundations.^^ 

The  antiproton  was  not  known  or  considered  wjten  the  theory  which 
implied  it  was  devised.  The  verification  of  its  oxistcMice,  however,  was 
essential  to  the  verification  of  the,  theory. 

Note  that  these  authors  consider  experimentation,  hence  observational 
or  empirical  data,  as  judge  of  last  resort  in  the  physical  sciences.  (This 
is  not  true  of  necessary  inference.)  The  experimental  verification  of  the 
existence  of  the  antiproton  falls  into  place  as  one  of  the  empirical  premises 
for  the  general  theory.  Its  discovery  no  doubt  provides"  some  measure 
of  reassurance  to  physicists  supporting  the  original  theory.  It  should 
be  ijoted,  however,  tliat  although  verification  of  deductive  generaliza- 
tions from  a  complex  theory  or  law  justifies  thp  law's  introduction,  it 
provides  no  ^guarantee  that  it.  will  hold  in  the  future.  It  should  be  clear 
that  if  a  dqjluced  hypothesis  is  found  to  be  false,  then  the  logical  bases 
of  the  theory  or  law  must  be  re-examined. 

Historically  many  of  the  rules  of  niathcmatics  were  made  on  the  basis 
of  empirical  evidence.  For  e:tample,  the  ancient  Egyptians,  as  they  sur- 
veyed the  Nile  Valley  for  the  purpose  of  taxation  after  the  annual  flood 
of  the  Nile  River,  used  the  rule  that  the  area  of  any  triangle  is  equal  to 
one  half  the  prodijct  of  its  base  and  one  of  its  sides.  They  did  not  specify 
what  angle  was  to  be  included  betNveen  these  sides. This  same  rule  is 
often  proposed  by  junior  high  school  youngsters  in  their  study  of  inform 
mal  geometry.  This  method  for  finding  the  area'of  a  triangle  works  fine 
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if  the  angle  between  the  base  and  the  side  used  is  a  right  angle.  It  yields 
approximately  correct  results  for  the  area  of  any  triangle  whose  altitude 
and  the  side  used,  other  than  the  base,  are  approximately  equal.  How- 
ever, the  critical  examination  of  the  area  of  an  isosceles  obtuse  triangle 
"whose  base  is  the  side  opposite  the  obtuse  angle  will  readily  reveal  the 
•  need  for  revising  the  rule  of  the  Egyptians.  ^ 

There  are  times  when  observations  lead  us  to  believe  that  a  certain 
relation  is  true.  However,  we  may  be  uncertain  as  to  how  this  new  rela- 
tion fits  into  the  general  scheme  of  kno^yledge  afready  accepted.  The 
empirical  rule  of  the  Egyptians  mentioned  above  is  such  a  relation.  The- 
junior  high  school  student  is  more  convinced  of  the  correctness  of  his 
guess  that  the  area  of  a  triangle  is  equal  to  one  half  the  base  times  'the 
altitude  when  he  sees  that  two  congruent  triangles  may  be  fitted  together 
to  form  what  appears  to  be  a  parallelogram  with  a  base  and  altitude 
equal,  re.spectively,  to  the  base  and  altitude  of  the  triangle.  The  area  of 
one  of  the  triangles  then  is  seen  to  equal  one  half  the  area  of  the  parallelor 
grai%  Thus,  his  conjecture  appears  to  follow  as  a  logical  consequence 
of  something  he  has  already  accepted. 

Anytime>that  inductive  generalizations 'may  be  interconnected  in 
such  a  way  that  some  of  the  conclusions  may  be  deductively  derived 
from  the  others,  the  whole  structure  becomes  more  convincing.  There 
is  little  dojibt  that  the  psychological  importance  of  such  an  interre- 
latednessof  our  beliefs  is  considerable;  nevertheless,  we  need  constantly 
to  be  reminded  that  this  does  not  constitute  proof  in  the  sens^  of  neces- 
sary inference.  •  ,       ■  ^■ 

It  should  be  evident  from  the  foregoing  discussion  that  there  is  no 
such  thing  as  absolute  verification  of  an  inductive  generalization.  Veri- 
fication isivoniy  relative.  Inductive  generalizations  are  tentative  judg-. 
ments  based  on  experiential  evidence  and  are  to  be  held  until  further 
notice.  That  is  to  say,  if  new  and  unfavorable  evidence,  is  accepted  then 
the  conjecture  will  be  abandoned  or  modified  to  include  the  new  evi- 
dence. 

COMMON  ERRORS  IN  THE  USE  OF  PROBABLE  INFERENCE 

Before  leaving  the  topic  of  probable  inference  or  induction  something 
should  be  said  about  the  faulty  use  of  the  method.  The  entire  range  of 
human  errors  defies  complete  categorization,  for  the  minds  of  men  can 
err  in  what  appears  to  be  an  infinite  number  of  ways.  We  have  referred 
to  many  of  these  errors  incidentally'  already.  The  following  statements 
represent  a'^ummary  of  some  of  the  more  common  inductive  fallacies. 
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Individual  Prejudices  and  Preconceived  Notions 

All  of  us  arc  influenced  by  .personal  factors  in  our  attennpts  to  collect 
data  for  the  solution  of  a  problem.  This  is  especially  true  as  it  pertjiins 
to  the  collection  and  analysis  of  information  on  social  issues  and  even 
on  educational  theory.  We  tend  to  accept  evidence  that  supports  our 
prejudices  arid  forget  the  evidence  against  .them.  Although  we  often  do 
not  realize  it,  we  sec  only  what  we  want  to'see.  Mathematics  has  a  defi- 
nite role  to  play  in  the  impersonal  collection  and  analysis  of  statistical 
data.  •   ,  • 

Strangely  enough,  individual  prejudices  and  preconceived  notions 
sometimes  interfere  in  the  learning  of  mathematics.  Perhaps  you  have 
liad  pupils  who  were  extremely  reluctant  to  generalize  rules  or  to  accept 
rules  for' operations  with  negative  numbers,  the  definitions  of  zero,  frac- 
.  tional  or  ncgati\-e  exponents,  or  the  tn^nometric  functions,  of  general 
numbers.  ''Well  it  just  doesn't  seem  right,  and  I  don't  think  it  should 
be  that  way.  How  can  you  take  a  number  (the  base)  as  a  factor  a  nega- 
tiV^iumber  of  times?"  one  boy  remarked  as  he  struggled  with  the 
niearnng  of  S"'*.  The  answer  to  his  question  is  that  you  cannot  take  5 
as  a  factor  negative  four' times.  For  negative  numbers  the  phrase  ex- 
^onmt  of  the  power  must  be  redefined.  Do  we  teach  some  concepts  in 
such  a  way  that  they  must  l)n  unlearned  when  a  pupil  extentls  the  idea? 
If  so,  can  this  be  avoided?  v  . 

IJasty  Generalization — Jumping  to  Conclusions 

What  amount  of  positive  evidence  is  necessary,  to  reach  a  universal 
conclusion?  This  is  :i  difficult  question  to  answer.  Eighty  consecutive 
integers  from  '  —  39  to  +40  inclusive  indicate  that  when  n  in  the  expres- 
sion is  an  integer,  ti^  —  7i  +  41  will  always  be  a  prime  rminber.^This  is 
(considerable  evidence.  Vet  when  41  is  substituted  for  n,  the  resulting 
number  is  not  prime! 

The  mathematician  would  say  that  no  amounj;  of  observed,  evidence 
will  establish  a  universal  proposition  (with  probability  1)".  There  is 
strong  evidence  that  Goldbacb  was  correct  when  he  presented  his  con- 
jecture that  any  even  number  greater  than  four  can  be  expressed  as  |the 
sum  of  two  odd  prime  nunibers.  This  conjecture  will  not  be  in?,fluded 
among  the  accepted  theorems  of  immber  theory,  however,  uiitil  it  is 
"  proved  deductively.  "  ' 

Nevertheless,  we  must  not  lose  sight  of  the  fact  that  in  practical 
matters  of  everyday  living,  decisions  nmst  often  be  made  on  the  "basis 
of  inconclusive  evidencT^  at  least  on  evidence  that  would  not  provide 
positive  assurance  (probability  1).  These  data  may  be  a  random  sample 
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of  tjie  total  evidence  relevant  to  a  problem  as  in  the  case  of  the  statisti- 
cal study  of  th(i  polio  vaccine.  On  the  other  hand  it  may  be  the  marshall- 
ing in  h  court  of  law  of  all  tht?  evjdence  available,  although  known  to  be 
incomplete,  in  an  attempt  to  convict  xi  suspect  of  some  crime.  Someone 
has  sai^  that  seldom  do  we  have  proof  in  the  deductive  sense  in  a  case 
of  law;  Tiiost  people  are  convicted  on  the  basis  of  a  high  probability  that 
they  ar6  guilty.       '  : 

In  th6  past  wo  have  talked  so  much  about  the  dangers  of  hasty  gen- 
eralization that  we  may  have  (n-erlookcd  the  fact  that  one  of  the  signs 
of  genius\is  the  ability  to  generalize  correctly  on  <jne  or  a  few  cases.  Per- 
haps we  Wiould  be  teaching  children  to  generalize  as  soon  as  possible 
but  to  vUvrk  the  predictive  value  of  their  generalizations  thoroughly 
before  they  accept  them  as  anything  more  than  tentative.  When  possible 
they. should  prove  th^ir  conjectures  and  remove  all  doubt. 

Begging  thciQucstion 

The  story  is  told  of  a  check  forger  who  walked  up  to  a  new  and  naive 
cashier  tg  cash  a  personal  check.  Wh"en>  asked  for  identification,  the 
forger  ^pulle^d  out  his  wallet  and  showed  the  cashier  a  picture,  of  himself. 

Yes  sir,  that's  you  all  right,"  said  the  teller.  *'Here  is  your  thirty-five/ 
dollars.  Next."  This  is  a  clever  and  subtle  way  of- arguing  in  a  circle. 

Those  oif  you  who  teach  demonstrative  geometry  will  recognize  circu- 
lar reasoning  as  one  of  the  pitfalls  in  proving' originals.  Perhaps  for  one 
or  two  arguments  or  statements  the  pupil  will  inadvertently  assume 
what  he  is  really  trying  to  prove.  The  rest  of  his  arguments  may  be  all. 
eight;  however,  the  proof  is  fallacious  because  the  pupil  has  reasoned 
in  a  circle  in  a  part  of  his  proof. 

False  Analogy 

Jn  the  section  on  the  Method  of  Analogy  we  pointed  out  how  pupils 
in  geometry  may  reason  fnllaciously  that  there  is  an  infinite  number 
of  regular  polyhedra  because  there  is  an  infinite  number  of  regular  poly- 
gons,. It  is  also  a  false  analogy  to  assimie  that,  because  Mary  and  Bill 
both  have  pleasing  personalities  and  above  average  intelligence.  Bill  will 
be  a  conscientious  mathematics  student  because  Mary  is  such  a  student. 

PROBABLE  INFERENCE  IN  MATHEMATICS  ANDrTHE 
TEACHING  OF  MATHEMATICS 

The  point  has  been  made  previously  that  induction  is  not  proof  in 
the  mature  mathematical  sense  of  the  term  proof.  Nevertheless,  probable 
inference  does  play  a  role  in  mathematics  and  in  the  teaching  of  mathe- 
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•  matics.  Its  role  in  mathematics  is  in  the  creation  of  new  ideas  such  as 
(1)  the  statements  of  reasonable  and  fruitful  postulates,  (2)  the  dis- 
covery of  conjectures  requiring  proof,  (3)  the  discovery  of  proofs,  and 
(4)  the  use  of  analogous  reasoning  in  the  study  and  development  of  new 
mathematics.  \ 

The  role  of  probable  inference  in  teaching  is  (1)  to^help  students  under- 
stand and  appreciate  the  process  of  creation,  in  mathematics  (i.e.,  a 
student  should  have  experience  not  only  in  proving  conjectures  of 
others  but  also  in  proving  his  own  conjectures),  and  (2).  to  help  teach 
for  meaning  and  understanding.  Inductive,  informal,  intuitive  reasoning 
characterizes  an  early  stage  of  the  process  of  growth  and  maturation 
which  culminates  in  a  mature  understanding  of  both  probable  inference 
and  necessary  inference,  their  interdependence,  and  their  likenesses  and 
difTcrenccs.  ;  = 

NECESSARY  INFERENCE 

We  no.^  turn  our  attention  to  necessary  inference— descrifced  by  some 
,  riuthors  as  the  mfxthemaiical  method  or  the  mathematical  mode  of  thought. 
^  -  Two  qucstiohs. usually  arise  when  a  person  passes  from  one  or  jnorc 
sentence^j,  called  reasons  or  evidence,  to  amJfhcr  sentence,  called  a  con- 
elusion.  One  of  thes^  is  whether  of  not^the  sentences  are  true.'  Thfe  na- 
t^irc  of  the  reasoning  involved  in  answering  this  question  for. certain 
kinds  of  sentences  has  been  discussed  in  the  fir§t  part  of  this  chapter.  A 
second  question  is  whether  or  not -the  conclusion  follows  necessarily 
.from  the  sentences  advanced  as  rcasojps  (evidence)  for  it.  ' 

There  are  occasions  ^hcn  a  perso^'n  presents  some  reasons  for'a  sentence 
being  true  but  docs  not  claim  that  the  reasons  are  conclusive.  He  will 
admit  that  the  conclusion  does  not  necessarily  follow  from  these  reasons. 
The  first  part  of  this  chapter  has  discussed  tlxis  kind  of  reasoning.  There 
a^e  other  occasions  when  he  feels  thjxt  the  reasons  he  offers  arc  conclusive 
and  that  ^tRc.  conchision 'necessarily  follows  from  them.  We  shall  now 
turn  our  attention  ito  this  kind  of  reasoning  and  to  the  knowledge  which 
.  cah  be  taught  to  help  pupils  decide  whether  or  rfot  in  an  argument  which 
.purports  to  be  conclusive  the  conclusion  necessarily  follows  from  the 
reasons  ofTered.  ^     r  ■  -  , 

'    ^        THE  CONCEPT  OF  INFERENCE 

A  pupil  says, /'We  will  need  two  more  bottFes  of  milk  because  two 
.pupils  don't  have  any."  In  this. bit  of^reasonihg  the  pupil  is  seeking  to- 
estahlish'the.truth  df.-tte  sentence,, 'Wc  will  need  two  more  bottles  of. 
milk',  by  offering  a'rea,son,  'two  puj>}ls  don't  have  any';  By  accepting 
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the  reason,  one  tend*  to  accept  the  conclusion  which  is  associated  with 
the  reason  by  the  logical  connector  'because'.  ^ 

This  instance  of  reasoning  is  an  inference.  An  tn/erence, .  sometimes 
called  an  argument,  is  a  set  of  sentences  some  of  which  are  regarded  as 
providing  evidence  for  the  truth  of  another.  We  ordinarily  speak  of  the 
.^fatter  as  the  conclusion  arid  the  sentences  offered  in  support  of  the  cpn- 
elusion  as  reas&hs  or  evidence.  A  technical  term  used  to  denote  a  reason 
or  evidence  is  premise. 

Analyzing  an  . inference — particularly  an  involved  inference — requires 
•  that  one  be  able  to  di^stinguish  bett^een  reasons  and  conclusions.  In 
doing  this  we  are  aided  by  certain  logical  connectors  wbiih  often  are 
used  to  introduce  reasons.  Among  these  are  the  following: 
.   because  since 
■.  ;for  "^iy^^      ^for' the  reason  that 

*     ^  'given  ^    .  assuming 

in  as  much  as  '  ^  in  view  of  the  fact  that 

may  be  dediiced' ftom        '  for  example  , 
may  be  inferred  from  as  shown  by  •  . 

.   on  the  hypothesis  that          as  indicated  by. 
"Similarly,  each  of  the  following  often  serves  to  introduce  a  conclusion: 
\  therefore  indicates  that 

,        hence-  -      .    proves  that 

so    ^  ■  „  implies  that  -  , 

then  ^  '  .  i  conclude  that  . 

consec^i^tly  '     '      -  you  can  ^see  that 

we  can  deduce  that  allows  us  to  infer  that  .  . 

leads  me  to  believe  that         suggests  that 
it  is  obvious  that        :        *  it  follows  that.  I 
Consider  the  following  involved  inference  and  notice  the  use  of  lin- 
guistic cues  which  identify  reasons  and  conclusions:     /    "  . 

Suppose  we  want  to  add  H  and  H  and  write  a  simple  name  for  the  sum, 
■        *  3  +  1 4  ' 

\V>  know  the  sum  is  not  ^  ^  ^.  =  -  because  %  is  smaller  than  ^.  The  sum  of^ 

and  Vi  must  be  larger  than  J^J.  Hence  we  can't  add  numerators  and  denomi- 
nators just  as  they  are.  WTlat  we  do  is  find  a  common  denominator.  In  this  case 
4  is  a  common  denominator  since  it'is'e.vactly  divisible  both  by  4  and  by  2,  We 
next  divide  the  common  denominator,  4,  by  2  obtaining"2..  We  then  multiply  tbe 
number  named  by  the  numerator  and'the  one  named  by,  the  denominator  of  the 
fraction  'M'  by  2.  The  result  is  , which,  we  know,  is  another  name  for  J^. 
Therefore  H  ^  l^-  We.  can /Aere/qr^^.^^ibstitiUe 'J^'  fbr  .'i-tj' in  the 
f    and  pet       +       A  simpler  narfie  than       +      is  'Ji'  so  our  answer  is  55, 

While  this  inference  illustrates  the  use  of  signals  for  reasons  and  con- 
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^OhMjions,  it  ajigp 'shows  that^not  every  reason  or  conclusion  is  so  identi-  ■ 
.  fieS.  For  (^xample,  th^  third  sentence^in^^hel^st  paragraph  is  a  reason, 
yet  it  is  not  introduced  by  an^  idi&ntifying  expression.  When  identifying 
^xprdfesions  A^e  not  use^^  one  must  decide  from  the  context  which  sen- 
i^rnEences  arfe  reasons  ^nd  which  are  .QoriSlusions.   ■  *  ■ 

;  Th6  inference  quoted  aboi^e  also  serves  to  illustrate  appoint  which  is 
well  kn(^m.  Apa»i^  fr(irp  logical  o^nectors,  6.g.,  <^becauseV 'hence', 
'since',  and  'therefore',  used  t<g^ignal  a  reason  or  a  conclusion,  there  is 
no  pr<>B^y  in  the^^orm  of  a  sentence  which  senses  to  identify  it  as  a 
reason  or  a  CQp elusion.  In  fact,  thc^rne  sentence  can  function  both  as 
•a  reason'' anci  is  a  conclusion.  An  example  of  this  double  function  is  the  ■ 
sentence,  =  J'^.'*  This^sentence .  serres  as  a^^conclusion  supported 
by  the  reason/i.  '. .  '^''  . . .  is  another  name  for  "J^."  Once  it  has  been 
established,  it  then  serves  as  a  reason^^ipporting  the  conclusion,  "We 
caii  .  .  .  substitute  '%'5pr  '3'^'  in  +  The  terms  'conclusion'  and 
'reason'  are  comparable  to  the  terms *teacher'  and  'pupil'  in  that  a  given 
pe'rsori.may  in  one  situation  (context),  be  ateacher  andjn  another  situa- 
tion be  a  pupil.  '  ...  "  # 

TEACHI^JG  ABOUT  INFERENCES 

Piaget  and  his  collaborators^''^*  ha^e  studied  the  language  of  children 
in  an  attempt  to  identify,  and  analyze  their  reasoning.  This,  research  is  * 
helpful  to  a  primary  teacher  in  deciding  what  she  cap  do  in  laying  a  basis 
.for  the  concept  of  proof.* 

Piaget  identifie^an  argument  with  verbal  persuasion.  The  use  of^ 
argument  by  children  begins  when-  they  abandon  ^y^al  force,  threats, 
teasing,  or  name-calling  to  attain  their  ends.  At  first,  argumentation  Is 
only  a  sequence  of  sentences,  e.g.,  "I  want  a  drink. *Give  me  a  drink." 
:  These  lina^  be  related  in  the  child's  mind  by  something  other  than  tem- 
poral cfrder,  but  Piaget  is  not  sure.  The  test  he  employed  to  identify  the 
.  presence.'Qf  logical  relation  was  the  use  by  the  child  of  certain  subordi- 
/tiate  conjunctions.;The. first  to  appear        'parce  qael'^^  OMV  'because'  and 
subsequently  'jTUisg?^^',  our  'since'.  These  were  used  to  intrpdulfee  a 
reason.  He  also  found  that  these  words  were  often  used  incorrectly.  For/ 
example,  a  child  might  say,  '!The  faiij&t  is  turned  off  because  the  water 
won't  nm"  or  "I-^d.  a  bath  because  I  am  clean."  He  believed  this 
inversion  of  cause  and  efTcct  and  hence  reason  anctvcondjjjian  was  caused 
by  the  juxtaposition  of  the  two  ideas  in  the  child's  mind  with  the  'be- 
cause' functioning  like  'and'.    *  " 

;  Diaget  found  what  is  so  apparent  to  parents  and' primary  jfeachers— 
children's  persistent^isking  i^^A?/.  What  he  realized,  that  some  parents 
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teachers  do  not  realize,  was  that  some  *whys'  reflect  only  disap- 
pointment or  frustration.  The  child,  really-  does  not  expect  a  reason; 
perhaps  only  consolation.  If  he  is  proffered  a  reason,  he  rejects  it  even 
if  it  is  a  good  reason,  perhaps  by  rep>eating,  **But  why?"  or  **But  you 
haven't  told  me  why."  In  the  context  of  the  present  chapter,  we  are 
interested  in  the  'whys'  that  request  explanation-^the  giving  of  reasons. 

The  child  gradually  learns  even  before  he  enters  school  that,  accord- 
ing to  the  way  we  live,  people  justify  their  actions  and  beliefs  and  exr 
pect  others  to  justify  theirs.  Sometimes  this  justification  (reason  givingir: 
is  supplied  along  with  the  statement  or  request  being  justified,  e.g.,' 
**May  I  leave  early  because  mother  wants  to  take  me  downtown?" 
^Sometimes  it  is  supplied  in  responses-to  the  question  "Wty?"  or  **How 
do  you  know?"  Since  such  linguistic  behavior  occurs  so  frequently  and 
naturally  and  is  basically  reasoning,  here  is  where  the  primary  teacher 
can  tie  in;  She 'can  tie  in  not  only  in  teaching  arithmetic  but  in  all  teach- 
ing, informal  as  v^U  as  formal.  Through  repeated  uses  of  this  kind  of 
language,  pupils  can  gradually  be  led  to  sharpen  their  concepts  of  a 
reason  and  a  conclusion  and  the  2;orrect  use  of  'because',  'since',  and  *if' 
to  indicate  reasons  and  *then'  and  *so'  to  indicate  conclusions.  Learning 
will  be  by  imitation  rather  than  by  formulating  and  applying  a  verbal 
principle.  The  word  'conclusion'  and  its  derivatives  need  not  be  taught. 
Teachers  know  expressions,  e.g.,  'What  you  think',  that  are  better  un-  - 
derstood  and,  serve  well  enough  to  name  this  idea.  If  'reason'  in  "Give 
me  a  reason'*  i^'not  understood  by  first,  graders,  'Tell  nie  (us)  why'  or 
simply  'wl^iy'  will  serve  the  same  function.  The  teacher  can  correct 
errors,,  e.g.,  "You  should  say,  'I  am  clean  because  I  had  a  bath'  not  'I 
had  a  bath  because  I  am  clean',  "  but  probably  without  announcing  a 
principle.  . 

It  is  assumed  that  pupils  will  come  to  school  with  an  understanding 
of  the  use  of  siich  words  as  *all',»'some',  'not',  'each',  'every',  'true',  and 
'not  true'.  If  their  use  of  these  words  does  not  indicate  an  understanding, 
the  teacher  will  have  to  teach  the  correct  use.  This  teaching  will  probably 
proceed  like  that  described  above.  But  developing  informally  the  con- 
cepts of  reasqn  and  conclusion  and  the  correct  use  of  certain  subordinat- 
ing conjunctions  represent  the  chief  contribution  of  the  primary  teacher 
to  the  concispt 'of  proof.  Reinforcement  of  the,  meaning  of  such  words 
as  those  mentioned  above  can  continue  in  the  intermediate  grades.  This 
"  reinfojcement  will  come  as  the  terms  are  used  in  varied  conte;cts.  Addi- 
tional wofjds  such  as  'reason',  'conclusion',  and  'therefore'  can  be  added 
to  the  pupils'  vocabularies  as  they  increase  in  intellectual  maturity. 

Particularly •  helpful  in  teaching  the  pupil  to  reason  is  asking  "Why?"' 
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or  ''How  do.you  know?"  Piaget^"  believes  that  children  arrive  at  answers 
to  arithmetic  problems  which  are  correct  or  incorrect  yet'  often  do  not 
know  why  they  did  what  they  did  in  obtaining  the  answer.  An  example 
he  gives  is  the  following:  *'When  we  ask:  *Why  do  you  say  5?'  of  some- 
one who  has  given  the  answer  to  the  question:  *It  takes  20  minutes  to 
walk  from  here  to  x.  Bicycling  is  4  times  as  fast.  How  much  is  that?' 
the  answer  may  be:  'Because  I  divided  20  by  4'.  . .  ^Thisis  descrip- 
tion by  the  child;  not  explanation.  The  error  is  explainable,  according 
to  Piaget,  in  that,  ''The  logical  justification  of  a  judgment  takes  place 
on  a  different  plane  from  the  invention  of  the  judgment."  This  seems., 
to  indicate  that  a  teacher  has  to  teach  the  child  what  a  satisfactory 
reason  is  for  this  context.  This  can  be  done  perhaps  by  asking,  "But 
why  did  you  divide  20  by  4?"  or  by  sajdng,  "You  told  me  what  you  did. 
But  why  did  you  do  that?  Why  didn't  you  Tmiltiply  20  by  4?"  Gra4ually, 
the  child's  attention  will  be  directed  away  from  his  acti^— what  he  did 
in  obtaining  the  answer — and  to  the  language  of  jiistification  or  explana- 
tion. He  will  learn  un verbalized  criteria  of  a  good  reason.  Sharpening  ' 
and  verbalizing  these  criteria  may  be  left  for  succeeding  years. 

As  children  become  older  and  more  mature,  they  will  come  to  realize 
that  reasons  can  be  arranged  in  a  chain  in  presenting  a  fhore  involved 
.  argilment.  This  .realization  may  come  as  they  pcrj^ist  in  asking  "Why?" 
An  illustration  of  this  might  be  the  following  exchange  with  the  child 
speaking  firsts  . 

"What  are  you  doing?" 

"t'm  dusting  the  roses." 

"Why?" 

"Because  I  want  to  kill  the  aphids  on  them."  ' 

"WTiy  do.you  want  to  do  that?"  . 

"Becau?>e  the  aphids  spoil  the  flowers  and  we  won't  have  any  nice 
flowers  to  see  and  smell." ,* 

As  the  child  experiences  many  instances  of  reasoning  like  this  one, 
he  probably  cornea  to  see  that  one  can  giVe  reasons  fgr  reasons.  And  this 
essentially  is  the  principle,  that  a  sentence  may  serve  both  as  a  reason 
and  a  conclusion.  . 

THE  CONCEPT  OF^ECESSAr\  INFERENCE  . 

Let  us  consider  some  inferences.  .Suppose  a  pupil  reasons  as*  follows: 
"Most  multiplication  problems  in  our  textbook. result  in  a  piroduct  which 
is  larger  than  either  of  the  two  numbers  whfoluare.  multiplied.  Since  this 
problem  iii  our  hook  that  I  am  doing  i.s  a  multiplication  ^problem,  my  . 
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answer  (product)  should  beTarger  than  either  of  the  two  numbers  I 
multiplied.'*  Does  his  conclusion  follow  necessarily  from  the  reasons  he 
advances?  Obviously  not,  for  he  mighf  have  been  doing  one  of  the  few 
.  problems  in  the  book  in  which  one  of  the  two  numbers  multiplied  was 
a  fraction.^  It  is  possible  for  his  conclusion  to  be  false  even  though  both 
of  his  reasons  (premises)  are  true. 

Suppose  the  pupil  reasons,  "If  a  number  is  exactly  divisible  only  by 
itseh'  and  one,  it  is  a  prime  number.  43  is  exactly  divisible  only  by  itself 
and  one.  Therefore,  43  is  a  prime  number."  Does  his  conclusion  follow 
necessarily  from  the  reasons  he  gives?  The  answer  is  *yes',  assuming  the 
rules  of  reasoning  we  ordinarily  use.  And  if  the  pupil  had  said,  '*43  is  a 
prime  number  because  it  is  exactly  divisible  only  by  itself  ,and  one," 
many  people  would  say  his  conclusion,  namely  43,  is  a'  prime  number, 
necessarily  follows  from  the  reason  he  gave.  At  least,  they  would  say 
'  that  this  is  sound  reasoning. 

It  was  easy  to  decide  in  these  instances  whether  or  not  the  conclusions 
necessarily  followed.  But  what  of  this  bit  of  reasoning:  *6  =  7'  is  a  state- 
ment of  equality  because  it  contains  an  equals  sign  to  the  left  and  right 
of  which  are  names  of  numbers.  Does  the  conclusion,  '6  =  7'  is  a  state- 
ment of  equality,  necessarily  follow  from  the  reason  supplied?  This  in- 
ference has  the  same  form  as  the  abbreviated  one  in  the  previous  para-" 
graph.  Yet  some  of  the  same  people  who  said  the  conclusion  of  the 
previous  inference  follows  necessarily  would  say  that  the  conclusion  of 
the  latter  does  not  necessarily  follow.  1 

It  appears  we  need  definition  of  'necessarily  follows'  to  settle  this 
matter.  However,  instead  of  defining  this  term,  let  us  define  the  term, 
'necessary  inference*.  Then  we  can  stipulate  that  the  conclusion  of  a 
necessary  inference  necessarily  follows  from  the  premises.  'Necessary 
inference'  can  be  defined  in  various  ways.  It  is  sometimes  said  to  be  an 
inference  in  which  the  conclusion  follows  inescapably  from  the  reasons 
offered.  It  can  also  be  defined  as  an  inference  which  cairi  be  justified  by 
laws  of  deductive  logic.  A  definition  which  is  both  precise  and  useful  in 
teaching  is  that  a  necessary  inference  is  an.  inference  in  which  it  is  not 
possible  for  the  reasons  to  be  true  and  the  conclusion  false.  This  is  the 
one  we  shall  use.  Later  we  shall  refer  to  the  other  two  statements  about 
a  necessary  inference  and  point  out  their  use  by  a  teacher  in  helping 
students  discriminate  between  inferences  which  are  necessary  and  those 
which  are  not. 

A  synonym  for  necessary  inference  is  valid  inference.  An  inference  whicK 
"  IS  not  necessary — whose  conclusion  does  not  necessarily  follow — is 
called  an  invalid  inference. 
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VALIDITY  AND  TRUTH 

It  needs  to  be  kept  in  mind  that  validity  is  a  property  of  an  inference, 
but  is  not  a  property  of  a  statement.  Truth  is  a  property  of  a  statement, 
but  is  not  a  property  of  an  inference.  That  is,  we  can  correctly  speak  of 
an  inference  being  valid  or  invalid  and  of  a  statement  being  true  or  false 
(but  not  both  true  and  false).  But  we  cannot  correctly  speak  of  an  in-  . 
ference  being  true  or  false  or  a  statemen^being  valid  or  invalid.  At 
this  point  someone  may  take  an  exception  to  what  has  just  been  said. 
He  may  point  out  that  in  responding  to  the  inference,  ''Either  an  integer 
Ls  an  odd  number  or  it  is  an  even  number.  Since  the'  integer  10  is  not  an 
.odd  number,  I  know  that  it  is  an  even  number,"  he  is  inclined  to  say, 
true.  But  the  'true'  can  be  interpreted  to  be  either  a  judgment  concern- 
ing the  truth  of  the  conclusion,  *It  (10)  is  an  even  number',  or  synony- 
mous ^^rith,  *I  agree  that  you  have  made  a  valid  inference'.  With  such 
an  interpretation— which  ,  seems  reasonable  if  one  ponders  the  matter 
a  bit-^the  original  statements  about  the  rdgitions  among  truth, 
statemeiUs,  inferences,"  dtad  va^ 

'"•Fhere  is  one  qualification  which  has  to  be  made,  however.  The  word 
'inference'  is  used  ariibiguously.  It  is  sometimes  used  to  designate  the 
.set  of  reasons'^^nd  ^conclusion'.  Ar)d  it  is  sometimes  used  to  designate  • 
only  the  conclusion.  Jn  the  latter  sense^  one  can  speak  of  a  true  inference 
and  thereby  refer.to  tfce' ccJnclosioin:  Siniilarl}^,:one  Can.speak  of  a  valid 
conclusion  as  a  convenient  way  of  referriiig'*tp  «the  validity  of  the  infer- 
ence of  which  the  conclusion  is  a  part.  '  / 

To  ascertain  the  relations  between  the  validity  of  an  inference  and 
the  truth  of  the  seritences  composing  the  inference,  consider  the  following 
inferences.  As  you  read  the  statements  in  each  inference,  make  a  deci-  < 
'sion  about  their  truth.  Then  decide  whether  or  not  the  inference  is 
valid.  ' 

1.  If  the  symbol  for  a  whole  number  ends  in  '0',  the  number  is  exactly  . 
divisible  by  10.  '1000'  ends  in  '0',  therefore,  1000  is  divisible  by  .10. 

2.  If  the  symbol  forji  whole  number  ends  in  .'0',  the  number  is  exactly 
divisible  by  3.  If  it  is  exactly  divisible  by  3,  it  is  exactly  divisible  by  5. 
Hence,  if  the  symbol,  for  a  whole  number  ends  in  '0',  the  number  is" 
exactly  divisible  by  5. 

3.  If  a  number  is  exactly  divisible  by  3,  it  is  exactly  divisible  by  7. 
If  it  is  exactly  divisible  by  7,  it  is  exactly  divisible  by  5.  Hence,  if  a 
number  is  exactly  divisible  by  3,  the  number  is  exactly  divisible  by  5. 

4.  If  two  angles  of  a  triangle  are  congruent,  two  sides  of  the  triangle 
are  congruent.  Two  sides  of  an  isosceles  triangle  are  congruent.  Therefore, 
two  angles  of  an  isosceles  triangle  are  congruent, 
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5.  If  a  geometric  figxare  is  a  square,  it  is  a  circle.  If  a  gepWtric^figiire/:^ 
is  a  triangle,  it  is  a  circle.  Therefore,  if  a  geometric  figure  is  a.iqUare,.;^^^^ 
is  a. triangle.         •    ■     . "  .  i"'/.''J:"!;'VAV:' 

6.  The  diagonal  of  square  A  divides  the  square  into  .twb^  cpftigitiei^^^ 
triangles.  This  is  also  true  of  the  100  other  squares  of  vari<iTS  '^zes^:I-; 
tested.  Therefore,  the  diagorlal  of  ev^ry  square  divides  thi?  sgti^re^in^^ 
two  congruent  triangles. .  '•'■r-'r^^-^r-^^^'A^ 

Let  us  now  analyze  these  six  inferences  according  to  the^'^triiifr  bf  eaC^^^^^ 
reason  and  conclusion  and  according  to  the  validity  9f//th(^;inf€re^^ 
(Table  2).  .   .      V;  ''  V'i^ 

TABLE  2  ■ 

.    ■  ;  I  ■  ,  ''^  ' '  :    'V.'  . — , 

Inference  First  Reaiop  Second  Reason  Infcrencfe '         •  ■  'Cpacloioti.'  *'  '' 

—.  — ^-  ■ — ^  ■■  •'-••■"7;'^-         "  '  ' 


1  True            ■    True  .VB}id.'^;jiiii-;<.Txij^i:y^. 

2  ■  .False               False  Valid'  ;./.V; -^r'Av 

3  False               False  Valid  '*  ' .  r  '  ^  • '  '  'F^pe':    • ; 

4  True  ■             True.;  '  Invalid^' V;  .fe?^ 

5  .  False       \      False  Invalid^ 

6  True                True.  *       ■  Inva-tid  ■  ■     .  •  V;    /Triie:  ■* 


As  can  be. seen  fn>m  thc  table,  an  inference,  anct:it.ycayclO^^ 
respoctively:  valid  and  true  (1. and* 2), -valid  and  f a^^^^^^^ 
true  (4  and  6),  and  invalid  and'falsei.(5)-    '  .-  ■  Z^;; 

Inference  6  is  the  familiar  probable 'inferchtiq,;  '^^ 
be  rated  as  good  reasoning  o|;  sound  ^.^g>s(ming  sirice^^^^ 
are  m,ore  general  and  are  used  to  .  r^te"  probable. arid. ^^^^ 
..alike.  But  since  It  is  logically' possible  for  t^;  reiiSbri^  ;to;b^ 
.  the  c  on  cl.  usion  false ,  t  he  ^  nf (jrcnce;*  is  in  valid :  > .   :/  V  ; :  .*  ' .; ' ;  .  /  ■ , .    '  i. . 

These  exatnples  shaw  thfit 'a*  knowledge  o.nlyi'pJf  JiHc^ 
sion  is  not  helpful  in^-drjterminrng  the  valicUty  cjf ; tfe 
edge  of  the  validity  of  an  inference  is  by  itself^Qt'hiplpf^^ 
the  truth  of  the  cbmoUision^  Nor  is  A-knowleclg^:bf^t^^ 
offered  for  a  con^lusiori>necc^arily  an  indication  Jthat 
true.  It  i»  only  when*  we  know  that  the  roa^sohg  are 
is  valid  that  .<\fe  >an  know  with  certainty  .tha:^^,^^t^^ 

JUDGING  INTUITiyfiLY  TlflE 

:  -OP  AN.iNFERENci;';.;^-^^  •  ■ 

To  be  sure, ;pupils--and  .adults  too-rrrhakc-i^ 
validity  of  .  inferences  iiVeri  though-.  the>7 'kTiq-W;  n 
inferenoq.  ']^hv.^('  judgmonts'arc  n^acle  by;iivbiitipnV:X^ 
to  be  based  (in  the.  clefiiiiti{)n:(>f*a  *vkli(r^^  for 
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the  conclusion  to  be  false  when  the  reasons  are.  true,  the  inference  is 
invalid.  One  kind  of  intuitive  testing  of  the  validity  of  an  inference, 
then,  consists  of  trying  to'  find  an  instance  in  which  the  reasons  are 
true  and  yet  the  conclusion  is  false.  Suppose  a  pupil  has  always  been 
successful  in  checking  his  addition  problems  by  casting  out  nines.  He 
might  be  inclined  to  say  that  if  the  problem  checks  by  casting  out 
nines,  the  sum  is  correct.  Another  pupil  might  point  out  the  following 
problem  which  checks  but  whose  sum  is  incorrect. 

179  8 

•     •  24  6 

803  2 
65  2 
1062  0 

The  reason,  i.e.,  the  problem  checks,  is  true  but  the  conclusion,  i.e., 
the  sum  is  correct,  is  false.  Hence,  the  inference  is  invalid. 

This  kind  of  testing  is  sometimes  spoken  of  as  finding  a  counter' 
example.  The  specific  problem  above  is  an  example  which  counters  or 
contradicts  the  conclusioil  stated;.!  If  one  can  find  a  counterexample, 
the  inference  is  in^J'alid.  But  if 'one  cannot  find  a  counterexample,  the 
inference  is  not  necessarily  valid.  It  niay  be  invalid,  but  the  person 
does  not  know  enough  about  the  subject  to  find  a  counterexample.  In;' 
intuitive  testing,  the  tendency  is  to  accept  the  inference  as  valid  if  no 
counterexample  can  be  found.  But  the  possibility  of  a  counterexample 
provides  the-desire  to  be  certain  that  this  is  not  possible.  This  can  • 
be  regarded  as  the  motivation  for  a  study  of  proof.  , 

Related  t'Sstha  methcKl  of 'using, a  counterexample  is  the  weJI-known 
principle  of  1  ogre  thaUto  disprove  .a- proposition  of  the  form  all  ^'  is  J?, 
one  can  prove  its  contradictory,  some  A  is  not  B.  To  prove  this,  one 
needs  to  find  at  least  one  A  which  is  not  B.  A  child  in  responding  to 
the  statement,  "A.11  the  dogs  on  our  street  are  nice,"  may  say,  ^ "No, 
Bruno  is  not  nice.  He  barks  at  me  and  jumps  on  me."  At  a  more  ad- 
vanced level,  an  author^  of  a.  trigonometry  textbook  writes: 

We  shall  now  consider  functions  of  an  angle  which  is  the  sum  of  two  angles. 
It  seems  reasonable  to  say  that  if  the  functions  of  30°  and  45"  are  known,  the 
functions  of  75**  can  be  obtained.  For  instance,  is- sin  30**  +  sin  45*^  =  sin  75"^? 

Obviously  this  is  false  because  -  +         =  .5  +  .7.  «  4.2  which  would  make  sin 

2  •    '  . 

75*^ greater  than  1.  This  proves  that,  in  general,  sin  {A  +  B)  5*^  sin  ^1  4-  sin  B, 
Likewise,  sin      is  not  identically  equal  to  2  sin  4  because  sin  60*^     2  sin  30°. 

In  the  same  vein,  to  disprove  a  statement  of  the  form,  rio  yl  is.B, 
one  can  prove  the  contradictory:  sonie  (at  least  one)  A  is  B.  To  a  pupil 
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who  claims  that  no  similar  triangles  are  congruent,  the  teacher  can 
exhibit  two  triangles  XYZ  and  ABC,  which  have  two  angles  and  the 
included  side  of  one  congruent,  to  two  angles  and  the  included  side  of 
the  other.  -  ' 

Teachers  can  make  use  of  the  principle  of  counterexample  when 
encouraging  a  pupil  to  test  a  generalization  he  has  reached  by  induction. 
If  he  says  or  implies  that  dividing  . one  number^y  another  results  in  a 
quotient  that  is  smaller  than  the  dividend, ^^.the  teacher  can  pose  the 
•problem  6  -r-  }.^.  Pupils  will  learn  by  imitation  this  method  of  counter- 
example to  prove  the  falsity  of  certain  statements.  By  the  time  they 
rcaoh  ihe  seventh  or  eighth  grade,  "they  probably  are  mature  enough  to 
understand  the  principle  iqyoiyed  if  it  is  stated  as:  to  disprove  a  state- 
ment that  claims  somcthirfgjs  true  of  all  members  of  a  gcoup,  we  need 
only^tp  find  one  exception,  in  other  words,  a  counterexample. 

Another  way  of  demonstrating  intuitively  the  invalidity  of  an  infer-,-', 
ence  is  by  means  of  logical  analogy.  Suppose  a  pupil  reasons,  '*If  a 
polygon  is  equilateral  and  equiangular,  it  is  a  regular  polygon.  Polygon 
ABCDE  is  a  regular  polygon.  Thus,  polygon  ABCDE  is  equilateral. and 
oquiangular."  The  pupil  knows  that  all  these  statements  arc  true  so  he 
rhiinis  that  this  is  a  valid  inference.  The  teacher  mrght  reply,  '^According 
to  your  reasoning,  tlu"  following  inference  is  also  valid:  If  a  person 
is  sinp;hig,  ho  is  alive.  Tom  is  alive.  Thus,  Tom  is  singing.  This  conclu- 
sion, ?is  you  can  see,  does  not  necessarily,  follow.  Yet  this  inference  has 
the  pamc  form  as  the  one  you  made.  How  can  one  he  valid  and  the  other 
invalid?^' 

This  rofutatiotr  by  logical  analogy,  is  oitcctive  if  the  analogy  is  appar- 
ent to  the  person  making  the  .  invalid  inference  and  if  the  refuting 
inforonco  is  in  terms  of  sentences  easily  decidable  as  true  or  false.  Of~ 
course,  if  an  inference  is  not  refuted  by  logical  analogy,  this  does  not 
mean  that  the  inforcnco  is  valid'.  But  as  in  .'using  counterexamples,  an! 
ilifercncc  intuitively  is  considered  valid  if  a  refutation  by  logical  analogy 
cannot  readily  be  found..  *  . , 

It  is  interesting  fo  note  that  refutation  by  logical  analogy  can  be 
subsumed  under  the  tdchnique  of  using  a  counterexample.  According 
to. this  point  of  view,  what  is  being  tested  is  not  the  particular  inference 
but  the  inference  model  or  formula.  If  a  particular  inference  fitting  this 
model  can  be  found  whose  reasons  are  true  but  whose  conclusion  is 
false,  :the  inference  model  is  an  invalid  motlel.  Finding  such  a  particular 
inference  cQnstitut,os  finding  a  counterexample.  In^.the  ease  of  the 
^Inference  above,  the  inference  model  may  be  regarded  as:  'If  p  then  q. 
V/  therefore  7).'  We  were  able  to  find  an  example  of  this  model,  that^  is, 
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a  particular  inference,,  which  was  invalid.  This  served  as  a  counter- 
example of  the^model.  Hence,  we  know  that  by  using  this  model  and 
true  reasons  we  cannot  be  feure  that  the  conclusion  is  true.  But  more 
about  inference  modds- later. 

MORE  RIGOROUS  TESTING  OF  THE  VAUDITY  ' 
OF  INFERENCES 

Consider  the  following  reasoning: 

In  arguing  that  a  statement  is  true,  the  statement  becomes  the  final  conclu- 
sion in  the  argument.  Now  if  this  conclusion  goes  beyond  any  of  the  reasons 
used  in  the  argument,  it  is  invalid.  But  if  it  does  not  go  beyond  the  reasons,  it 
3oea  not  reveal  any  new  knowledge,  that  is,  knowledge  not  implicit  in  the  rea- 
sons. The  fact  is  that  the  conclusion  either  has  to  go  beyond  the  reasons  or  not. 
Therefore,  statements  are  either  invalid  or  they  do  not  reveal  any  new  knowledge. 

Does  the  conclusion  of  this  involved  inference  necessarily  follow  from 
the  reasons  offered?  Some  people  will  say  that  it  does  and  that  the 
inference  is  valid.  Others  will  say  that  it  does  not  and  that  the  inference 
is  ^invalid.  How  shall  we  decide  which  group  is  correct?  Intuitive  judg- 
ment is  of  no  help,  for  each- group  is  convinced  they  are  right,  it- is', 
obvious  we  must  have  some  rules  to  go  by.  One  of  the  values  of  teaching' 
stu(Jents  what  .it  means  to  prove  a  statement  is  to  enable  them  move 
from  a  concept  of  a  proof  as  that  which  convinces  me  to  the  concefllt  of  a 
proof  as  that  which  satisfies  laws  of  logic.  To  put  it  another  way,  the  aim 
is  to  teach  the  student  when  he  can  say  'therefore'  and  when  he  cannot. 
Without 'objective  and  generally  accepted  criteria,  there  is  no  way  to 
settle  a  difference  of  opinion  as  to  whether  or  not  a  statement  has  been 
proved.  Instruction  in  the  elementary  and  junior  high  grades  paves  the 
way  for  clinching  the  more  sophisticated  concept  of  a  proof  at  the  senior 
high  and  junior  college  levels. 

At  the  senior  high  level,  probably  in  plane  geometry,  the  commonly 
accepted  names.  Valid  inference*  and  'necessary  inference^  may  be 
introduced  at  the  same  time  the  precise  definition  of  such  an  inference 
is  given,  namely,  an  inference  is  valid  if  and  only  if  it  is  not  possible  for 
the  conclusion  to  be  false  when  the  reasons  are  true.  This  more  precise 
concept  of  a  valid  inference  seems  to  be  useful  before  proceeding  to  teach 
a  technique  for  judging  the  validity  .of' inferences.  We  shall  now  turn 
to  two  general  techniques  for  accomplishing  this. 

EULER  CIRCLES 

This  technique,  credited  to  the  great  Swiss  mathematician,  Leonhard 
Euler,  can  be  used  to  test  inferences  composed  of,  or  reducible  to. 
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sentences  of  the  form  all  A  is  B,  no  A  is  B,  some  is  B,  and  some 
A  is  not  B.  It  consists  .of  using  circles  Actually  any  closed  geometric 
figure  will  dp)  drawn  in  various  relative  positions  to  visualize  the  rela- 
tions asserted  by  these  sentences. 

Let  us  diagram' the  statement,  'All  hexagons. are  polygons'.  We  shall 
use  two  circles,  the  interior  of  one  to  represent  the. set  of  hexagons  and 
the  interior  of  the  other,  the  set  of  polygons.  By  drawing,  as  shown  in 
Fig\ire  4,  the  circle,  whose  interior  represents  the  set  of  hexagons  wholly  . 


.      '  Fio,  4  '         .        ;  • 

'  "  •  '"'  ''^  ..  ,    ■  ft 

within  the  one  whose  mferior  represents  the  set  of  polygons,  we  show 

that  all  hexagons  are  included  in  the  set  of  pofygofi!?.  The  circles  also 
depict' the  same  proposition  stated,  as  ^\  hexagon  is  a  polygon'  or  in 
if 'then  language  as  *for  every  geometric  figure  ^  if  the  figure  is  a  hexagon,, 
it  is  a  polygon'.:  -  -> 

All  wo  know  from  the  statement,  *all  hexagons  are  polygons',  is  that 
the  set  of  hexag0Ti5  is-  included  in  the  set  of  polygons.  We  do  not  know 
whether  the  prirt  of  the  interior  of  the  circle  representing  polygons 
but  not  hexagons  has  a  member  or  not.  Hen'ce  we  cannot  validly  infer 
from  this  representation  that  some  polygons  are  not  hexagons,  hot 
all  poIygj)ns  are  hexagons.  These  statements,  we  know,  are  true.  Rut 
they  are  so*,  for  reasons  other  than  'all  hexagons  are  polygons'. 

If  we  know  that  ABCDEF  is  a  hexagon,  we  can  represent  this  state- 
ment as  in  Figure  5,  and  if  we  combine  this  statement  with  the  previous 
one,  we  have  (Fig.  6).  .          .     ?  ' 


Fig.  5 


... 


GROWTH  OP  MATHEMATICAL  IDEAS 


All  hexagcjns  are  polygons 
ABCDEF  is  a  hexagon 
Fia.  6 


Can  we  validly  conclude  tlmi  ABCDEF  is  a  polygpn?  The  diagram 
shows  that  we  can.  It  is  not  possible  for  the  conclusion  to  be  false  and 
the  two  reasons  true. 

Is  the  following  inference  valid?  ,  .   .  ♦ 

All  numerals  are  syrnbojs.  ^  . 

7'  is  a^symbol.  '  / 

7'  is. a  numeral. 

The  cpnclusion  certainly  is  true,  but  is  the  inference  valid?  To  see, 
we  diagram  it  (Fig.  7),  '  !' 


All  numerals  are  symbols  7*  is  a  symbol 

Fig,  7 

When  we  put  these  two  diagrams  together,  we  can  do  it  in  at  least 
two  ways  (Fig.  8).  Both  diagrams  represent  correctly  the  two  reasons. 


Flo.  8 
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.  Sinqe  there  are  two  correct  rjepr^sentationsj  there  arey two  possible  conr 
elusions.  The  one  givei  in  the  inference,  therefore,  is  not.  unavoidable. 

..  We  can  escape  the  conclusion  via,  the  right-hand  diagram 'which  shows; 
that  whereas  '7'  is  a  symbol  it.  is  not  necessarily  a  numeral., 
,   Let  us  "now  consider  the  statement,  ^No  tria-ngle  has  two  right  angles'. . 
■..  To  vsqT  clearly  how  this  delation  can  be  represented  by  EuJer  Circles, 
we-change  the  statement  to  'No  triangle  is  a  figure  having  two  right 
angles'.  This  aj)pears  to  be  eqiiivalent  to  the -given  statement.  This 

*  latter  statemerrt  implies  that  the  set  of^' triangles>  is  excluded  from  the 
set  of  figures  having  two  right  angles..  We  can  visualize  this  relation 
by  the  . diagram  in  Fi^re  9.  " 


From  this  diagram  Ave  can  immediately  draw  an  inference  concerning 
'  the  truth  of  these  statements:  (1).  'No  figure  having  two  right  anglies 
Is  a  triaiigle,  aiid,(2)  'All  triangles -have  two  right: angles'.  The  first  is 
'  true  ;  the  sec^nd^is  failse^    .  1        *  /  '  . 

Is  the  follow ihg  inference  valid?-      /\  -       :      .    .  , 
:  No  even  ;number  is  exactly,  div^^^  "  *  . 

44.is  an  even  ,'nUjnber.:..  ,^  ..>/  , 

.\  14  is  not  e.Kactly  ^diva.'^i!^^ 

To  dopide/ let  ;us  TcpVes^^^^  by  Eulei^  Circles,  and  then 

conibine  the  .circlds..  The  t\v<)  Ql6sed  curves  oh  the  left*io  Figure  10  rep- . 


.  number 
exactly  (^visible  by  3 


resent  *No'  eren  number  is  exactly  div.isiljle  by. 3',  and  the  right-hand 
diagcam  represents  M4  is  an  even  number'. 

C'omhininK  tho^closed  curves  to  represent  both  rea.sons,  we  have  the 
diagram  as'shown  in  Figure  11.  This  diagram  shoWing  that  the  conclu- 
sion *14  is  not  divisible  by  3'  follows,  necessarily.  The  inference  is  valid 
ev*en  though  t  ho- first' reiuson  is  false.  ^ 
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snufnber 
[lexacifly  divisible 
by  3 


Fia.  11 


p  -  Is  the  followirig  inference  valid?         ^  *  "  .    '  . 

jNo  triangle     a  hexagon.  .  ^  .  '  ' 

No  hexagon  is  an  octagon.      ,  it  J  ;o  ' 

/•  No  triangle  is  an  octagon.  ^' 

The  inference  sounds  plausible  perhaps'  becayse  all  the  statements 
are  true  and  they  appear  to  be  related  by  transitivity.  But  let' u§.  see 
(Fig.  12).  ■  ' 


triangle  A-      f  Jiexagop  j    *  I  hexagon  7      t;  octagon 


No  triangle  is  a  hcJcagon  MNo^'Wagon  is  an  octagon* 


i 


.  When  we  combine Jbhe  EUler  curves  ko  as  to  preserve  these  felat*3ns 
we  find  wo  have  three  po.ssibilitics  among  others  (Fig.  13).       ^  > 


Fia.  13 


There  are,  therefore,  at  least  three. possible,  conclusions:  (1)  no  triangie; 
^is  an  oct^gj/,  (2)  ail  octagons  are  tVia/iglcs,  and  (3)  all  triangles  arf^ 
octagiii*^f1ilnu»o,  the  oijKrpro posed  iji  the  infei'e,!ice  does  not  follow  tieccs- 
siirily.  ■  V  •   ■    .'  .  ' 
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Particular  statements  like  *Some  algebraic  equations  have  integral 
roots'  and  *Some  arithmetic  pfbblems  are-not  hard'  caii  be  represented 
by  Euler  euryes.  In  making  the  representation,  we  must  rejtiei^bef 
tihat  ^some'  is  always  used  in  the  sense  of  *at  least  one'.-^Some  equations' 
implies  ^ there  is  at  least  One  equation'  (Fig .■■14).  ~ 


^.hard 

arithmetic 

problems 

^pro^lems  • 

Some  equations  have  integral  roots^    Some  arithinetie  problems  are  not  hard 

FiQ.  14    *  . 

"  .  ■  '.       "        '  ■ 

The  '*'. indicates  that  there  is  at  least  one  mern^er  in  rfie  class  identi- 
fied, i.e.,  at  least  o^ie  alg^jraic  equation  having  integral  roots  and  at  \ 
least  one  arithmetic  problem  which  is  not  hard.  ^ 

Suppose  someone  argues,  **Since.  some  equations  ha^^e. integral  roots, 
some  do  riot  have  integral  roots."  OCS this  val]d  reasoning?' It  is  not.  The 
fact  that  the  set  consisting  of  things  that  are  both  equat^pns  and  have 
integral  roott^  is  iu>t  empty,- that  is,  has  at  least  one  mchiber,  gives  us 
no  information  about  whether  the  set  consisting  of  things  - that  arc 
equations  and  do  not  have  integral  roots  is  empty  or  not.  As  a  matter 
of  fact,  we  know  that  there  are:  equations  which  do  not  have  integ^^l 
roots  but-nat^or  the  reason  given  in  this  particular  inference. 
.  Which  of  J;he  following  statements  follow  necessarily  from  *Some 
arithmetic  problems  are  not  hard'? 

1.  Some  hard  problems  are  not  arithmetic  problems. 

2.  Some  hard  problems  are  arithmetic  problems.  \ 
'   3.  Some  arithmetic  problems  are  hard. 

The  answer  is  that,  notie;  does,  for  the  reason,  by  itself,  provides  no 
information  about  whether  the  other  sets  represented,  in  the  overlapping 
Euler  Circles  are  empty  or  hot.  These  inferences  illustrate  .again  the 
point. made  earlier  that  a  conclusion  Can  he  true  bfit  because  of  the 
r<>as()n(s)  given.  ' 

iTt  can 'be  seen,  ,  then,  that  Euler  Circles  afford  a  practicable  way  of 
testing  the  validity  of  certain  uninvolved.  inferences.  The  technique  ij^ 
Q'dsy  to  teach,  as  was  found  in  The  Project  for  the  Improvement  of 
Thitiking,  whicH  was  carried  on  for  two  years  in  Evanston,  ,New  Trier^ 
and  Niles  Township  high  schools  in  Illinois.  In  the  selected  geometry 
classes  studentLs  were  taught  the  technique  of  Euler  Circles  by  usirig  a 
set  of  exercises  individually  titled,  Classes  and  Class  ^tcriibcrship^ 
Class  Indusioh  and  Exclusion  and  Ways  of  IllustratinipTJicsc  Ri^laiion' 
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s/iips,  Hob  To  Use.  Euler  Circles  To  Test  the  Vali^' of  Reasoning,  Repre- 
senting Otjker  StaiemeM  (sope  p  i^^,%ome  p  is  iidt  q)  by  fJulcr  Circloe, 
and  Drawing  Vali^oncbisians.  'Me  Eiiler  Circl^techitique  was  chosen 
ratheir  than  the  more  elpant  diagram  technique  becai|^  it  seems 
to  be  easier  for  students  to  visuSiz^a^s  inclusioiffeinij  (exclusion  jrela- 
tionships.  ^  * 

*        ^    FOI{MULAS:OP  VALlb^ERENCE 

\Ve  will  sow  consider  a  topic  which  will  enable  us  to  understand  the 
logic  of^the  variouS;.strategies  available  fo  l  s^dent  when  he  is  trying*' v. 
to*prove  a  propositioa.  Some  of -^^le  strategies  will  be  clescribed  in  a 
subsequent  section,     iy  ■ "  ^ 

Let  us  suppose  you^are  in  a  clp.thing  store  ank  hear  this  argument; 

..^  clothing  material  holds  a^^sress,  this  indicatis  that  it  is  a  s>7ithetic  fabric,  y 
•And  if  the  material  wears  Veil,  this  also  indicates  that  it  is  a  synthetic  fabric. 

But  worsted  is  not  a  si:;,ntHfetic  fatric.  So^t  won't  h'61d*a  pr^s  and  it  won't  wear  ' 

well.  '57       '  V?  ■  •        V  ' 

'  ■  .   t   •  ...  •  .      ■     "     ■  *■ 

"  Is- this  a  valid  arguments  D©  the  rea.^ns  prove nhe  Conclusion,,  i.ef; 

woTste(i  won't  hpW  at]pfress  and  it^^wonit  wear  w^ll,  true?  OnVway'of 
testing  the  argmnenips- to  make  ai^aiialogous  argument  using  concepts 

which  we  may  understttnd^bett<?r  than  those  hi  the  preceding  argumeq^t. 

Let  us  use  ge«ometric,  concepts.  We  shali^^ake  the  following  repl^e- 

/Clothing  ipterial  halds'a.:^pi%ss'  by  iiwo  triUnglesaire  equii^igulari  . 

It  (clothing  materia1|..i^a  syjithetic  fabric'  by  iSieyXtwo  trian^s) 
afe  similar'  ■.  "  '  -  ^gf-  ' 

The  (clothing)  material  wears  ^^11' by  *ttoip  two  ft-iangles  arexjonV 
gruent'  "  .  ,  ...  "  <p 

'W6rged  is  hot  a  synfietic  fabi;ic'  by  'tri^gles  0BC  and  DEF  are 
^notsinMR  V  -  "  i.'^       ^ ■         ^'  ' 

'  .   With  tliese  substitutions,  tne  argument  hj^comes:  *n 
■       ■■   ■  ■  .  rs    ■        :    ■   "4w?'         ^"    '  ■  ' 

If  two  trianglj^  are  equiangular,*  this^^dicatcs  that  they  ^  similar.  And  if 
the  two  triangles  are  congruent,  this  also  itldiclit^%at  they  are  similar,  ^t 
triangles  ABC  vm^ DEF  are  not  similar.  So  triangles  vlBC  and  B>kF  are  not 
equiangular  and  they  are  not^  congruent.  '  ^.  » 

IntuiUvelyiUhiq^pPe^    tS'^e  a.  valid  argun^t.  The  reasons,  if  truef^ 
spem     prove  the  conclusion  to  be  true.  So,  since  this  argument  is  anal- 
ogous to  .the.  first  argurrient,  we  feel  justified  in  be^eving  that  the 
first  argument  is  yafi'd,  and  the  conclu^on  proyiedH  a  tri\<pii|tatement:*.^ 

•  One  needs  to  remember  that,  "proof*  andi./prove'  ar*  iLsed  here  in  the  sense  of 
mathematical  or  deductive  proof;  that  is,  tti^ogical  impossibility ,pf  the  concltt?^ 
sion  being  false  when  the  reasons  are  true.* 
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Oiir  justificatibn  is  based  on  a  principle  of  logic  that  validity  depends 
only  on  the  form  of  the  argument  and  not  on  its  subject  matter.  This 
means  that  two  arguments  of  the^same  form  areteithor  both  valid  or 
bo tljl/in valid  regardless  of  their  subject  matter  or  content. 

Now  it  is  obvious  that  there  are  many  arguments  many  particular 
forms.  If 5^- then,  we  ean  identify  those  argument  forms  whith  are  valid, 
luiy  time  we  can  fit  a  particular  argument  to  n  valid  form  we  can  he 
certain  that  it  is  valid  and  that  its  conclusion  is  true  if  the  reasons  given 
are  true.  Similarly,  if  we  know  certain  invalid  argument  forms,  we  can 
be  sUre  |-hat  any  argument  which  fits  one  of  these; forms  is  invalid^^t 
can  be  seen  that  this,  technique  is  powerful^by  far  the  most  powerful 
technique  we  have  considered.  ^ 

,^  We  can  exhibit  the  form  of  quadratic  equations  ^ke  *2x-  +  3x  = 
0*  by  *ax^'+  6x  +  c  =  0'  where  'a\  and  *c'  are  parameters  ^variables). 
We  call  *ax'  +  6x  +  c  =  0'  f^Jprmula.  Just  as  we  can  exhibit  the  iornx 
of- certain  algebraic  sentences  by  replacing  some  of  the  numerals  involved 
.  by  variables,  so  we  ci\n  exhibit. the  form  of  arguments  by  replacing  the 
statements-  about  a  particular  subject  matter  by  variables.  We  shall 


Symbol 


Possible  Translations 


Example 


p  A  (7 

p'\fq: 
A  ■ 


Not  p. 

It  is  not  the  c^se  that  p. 
p  ia  false 
p  and  q 

P'OT  q* 

■^q)  It  Is  not  the  ea.se  that  p  and  not  q. 


If  p  then  q.  ...  -  ^[ 
i    P  only  if -g.   .         *    '  t 

p  ia  a  sufficient  eondition  for  q. 
g  is  a  necessary  condition  for  p. 
If  p  thtRivg  and  if-^heri'p. 
q  if  and  onlj-.  if  p». 
p  ij^  eqiiivalent'^to  qJ 
*^'p  is  a  sufficient  and^  netci^sary 
condition  for  a.  S 

-  4.. 


Two  triangles  are  equiangular. 
The  triangles  are  similar. 
It^is  not  the  case  that  two  tria^li^a 
are  equiangular. 

Two  triangles  are  equiangular  and. 

the  triangles  are  similar. 
Two  triangles  are  equiangular  q^. 

the  triangles  are  similar. 
It  is  not  the  case  that  two  triangles 
,^re*equiangular  and  the  triangles 
are  not  similar. 
4f  two.-triangle|  are  equiangular, 
thBn  the  triangles  are  similar. 


Twb.  triangles  are  equiangular  -if 
and  only  if  Khc  triangles  are 
similar.  .  c 


^  The  sense  of  *o^'  is -not  the  mutuiiUy  uxc^^sive  sense,  that  is,  p  or  g  but  not  p 
and  q,  but  the  inclusive  sense,  namely,  p  or  ^  iind  ^possibly  p  and  q.  To  remove 
aml\jpuity  the  inclusive  *or*  is  soifietimea  written  as  *and/or'.  '  ^ 
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call  a  sentence  thus  obtained  a  formula.  The  values  (substitution  in- 
stances) of  the  variables  in  such  a  formula  will  be  statements.  The  values 
of  the  formula  (as  distinct  from  the  values  of  the  variables  in  the  formula) 
will  be  arguments.*'  *' 

But  before  we  can  write  such  forriuilas  and  use  them  to  test  the  validity 
of  an  argument,  we  will  employ  some  S3^mbols  wliich  will  correspond 
to  certain  logical  connectors  in  English,  e.g.,  'andV'i^-.^  then',  *or\ 
and  a  symbol  to  correspond  to  the  English  'not'.  We  shall  use  the  die-  ' 
tionary  as  illustrated  in  Table  3  in  which  p  and  q  are  variables  whose-, 
domain  is  statements.  .  ^ 

We  now  can  write  some  formulas  for  valid  arguments  (Table  4). 
•     "  TABLE  4 

^orniula  ,  Example 

If  two  triangles  are  equiangular,  then  they  are  similar 
and  two  triangles  (i.e.,  ABC  and  DEF)  are  equi- 
angular. Therefore,  they  (i.e.,  ABC  and  DEF)  are 
similar.  ,* 
Lines      and  B  arc  either  parallel  or  lines  A  and  B 
intersect  and  lines  A  and  B  are  not  parallel.  There- 
fore, lines  A  and  B  intersect. 
If  two  lines  are' perpendicular,  then,  they  form  right 
angles.  Therefore,  if  two  lines  do  not  form  right 
angles,  then  they  are  not  perpendicular. 
If  a  number  is  divisible  by  10,  then  it  ifl  not  the  case 
that  the' number     not  divisible  by  10. 

It^no\y  becomes  apparent  that  if  a  teacher  teaches  his  students  the 
formulas  most  commonly  used- for  proving  statem^iVts,  they  will  have 
a  way  of  testing  the  validity  of  arguments.  If  an  argument  can  be  made 
to  fit  one  of  these  formulas,  it  is  valid.  Most  logic  textbooks,  especially 
those  containing  a  chapter  on  symbolic-logic,  present  many  valid  formu- 
las. It  can  be  seen,  after  a  little  thought,  that  the  valid  formulas  are 
simply  representations  of  laws  of  logic  in  synibol§  other  than  the  words - 
of  ordinary  language.  We  will  see  one  advantage  of  this  symbolism  in. 
the  next  section. 

TRl,TH  VALUES  AND  TRUTH  TABLES  / 

The  question,  how  do  we' know  that  certain  formulas  are  valid  for- 
mulas, naturally  arises.  Whatever  answer  is  given  must  be  based  on 
the  definition  of  'valid  inference*,  viz.,  *a  valid  inference  is  one  in  which 
it  is  impossible  for  the  reasons  to  be  truo^and  the  conclusion  false*.  One 
answer  is  that  for  a  valid  formula  we  have  never  yet  found  a  substitu- 
tion instance  in  which  thejeasons  were  false  and  the  conclusion  tru^v 


l(p  V.q)  A  <^p]  q  ■  ^ 
(P  ~*  q)      (-^q  ^v) 
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But  this  is  an  unsatisfactory  answer  for  mathematics  teachers.  Who 
knows?  Perhaps  tomorrow  someone  may  find  just  such  an  instance. *A 
more  satisfactory  answer  is  that  since  we  are  concerned,  according  to 
the  definition /)f Jrvalid  argument',  only  with  the  truth  and  falsity  of  the 
-reasons  and  conclusion,  we  need  consider  only  these  two  as  values  of 
the  variables  in  our  formulas  rather  than  an  indefinite  set  of  statements. 
Hence  In  testing  a  formula  we  will  replace  the  variables  by  or 
which  may  be  interpreted  as  'tnie'  and  *false'  respectively.  We  can  thus 
obtain  all  possible  substitution  instances  ivhose  reasons  and  conclusion 
have  different  truth  values  (i.e. true  or  false). 

Before  proceeding  further,  we  shall  have  to  establish  some' rules  for 
determining  the  truth  and  falsity  of  compound  sentences  like  p  A  g, 
p  V  <7,  and  p  ^  q — and  even  for  a  simple  sentence  like  ~p — when  we 
know  the  truth  values  of  p  and  separately.  We  shall  do; this  through 
-the  medium  of  ordinary  English  stateja^ents.  /  ^ 

Let  us  take  the  •statement,  'Aug\d  A  is  a  right  angle'.  According  to 
the  way  we  ordinarily  speak^->it;^^Aj>4le  A  is  a  right  angle'  is  true,  then 
we  sa^  that  its  contradict6ry,  viz.,  *Ifft  liot  the  case  that  Angle  A  is  a 
right  angle'  is  false.  And  if  we  know  *  Angle  -4  is  a  right  angle'  is  false, 
then  we  say  that  its  contradictory,  viz.,  'It  is  not  the  case  that  Angle  A 
is  a  right  angle'  is  true.  In  short,  a  statement  and  its  contradictory  have 
opposite  truth  values.  We  shall  therefore  use  this,  the  way  we  ordinarily 
speak,  to  define  the  trutjti  value  of  ^p— the  symbol  for  a  negation — when 
we  know  the  truth  values  of  p.  We  shall  say: 

.   When  p  is  '  ~p  is 

T  F 

F  .    :      ^  T. 

An  arrriy  like  this^jLvhit'h  en^ihlcs  us  to  ascertain  the otruth  value  of 
one  Ptateuient  \*aPInl)le  when  we  know  the  truth  value  of  another  is 
called  a  truth  table.  This  table  satisfies  the  criteria  for  a  function  (see 
Chapt(T  3)  so  it  is  called  a  ifnth-value  function  or,  more  %imply,  a  truth 
function.  If  p  is  ronsldcred  to  be  the  first  member  of  the  ordered  paii^s, 
the  function  provides  n  way  of  calculating  the  truth  value  of  the  second 
ni(»niV)(T,  /J.  On  tho  other  hand,  if  ^p  i.s  taken  as  the  first  menibei;  ,of 
the  ordered  pairs,  we  can  calculate  the  truth  value  of  the  second  member, 
p.  The  function  thus  f)bt:iine(l  is  the  inverse  of  the  first  function. 

Consider  the  statement,  *A  measure  of  Angle  .1  is  90^'  along  with  ^the 
statement,  ^An^^le  .1  is  a  right  angle'.  It  is  not  possible  for  one  to  be 
tnie  and;  the  other  false.  Either  both  of  these  are  true  or  both  are  false. 
This  is.  the  same  as  saying  that  they  IjjLve  the  same  truth  value.  Stite- 


160 


GROWTH  OF  MATHEMATICAL  IDEAS 


ments  which  have  the  same  truth  value  are  called  equivalent  statements. 
Let  us  s^^mbolize  two  statements  having  the  same  truth  valu^  (being 
equivalent)  as  >  ^  q\  We  can  use  the  following  truth  tjable  to'^  define 


When  p  is 
.  T 

F 
F 


and  g  is' 
T 
F 
T 
F 


p  IS 

;  T  ' 
'  F 

T. 


Wc  make  use  of  this  truth  function  in  some  progfs  when  we  Jliakc 
substitutions.  In  any  argument  we  may  substitute  fbr'any  statement  an. 
equivalent  one  without  changing  the  validity  of  the-argument.  Examples . 
of  statements  which  are  recognized  as  equivalent  arcithe  following:     ^  .. 


This  statement 

3  +  4  =  7.: 

An  angle  may  be  copied 
by  using  a  protractor 
or  ruler  and  compass. 

X  +  6  =  12 

Ox  =  36 

Lines  m  and  n  are  paral- 
lel. 


is  equivalent  to 


this  statement-.  .  •  : 

4  +'3'=  7.  ■    ■  ; 

An  augle  may  be  copied, 
by  '  usitig!  ruler  aild^ 
compa^nra  j^rotractor. 

12  =  X +-6'', 

X    4-  ■       ■  ■  ,  - 

Lines  miiTikl  'n  arc  not 
■  .nonparallei;-'''' '  . . 


In  addition  to  the  statement,  'Angle  A  is  a  right  angle'  let,-us  t^e  the 
statement,  '/Ingle  B  is  an  acute  angle'.  Each  of  thes^^stateWntS'can  be 
true  or  false  (bu^  neither  can  be  both  i;rue  and- false).  iWeTc^n  fomi  a 
compound  statement  by  joining  these  two  statements  by.  Vhd',  rvi2f., 
'Angle  /I  is  a  right  angle  and  Angle  B  is  an  adute^  angle'.- will  e|il'a" 
statement.like  this  formed  by  joining  two  or  more  statenienfes  *and' 
a  conjxtnction  arid  each  of  the  c om poneri t  s ta te.n;i c n is  dpnjuncts. 

What  would  ;Nve  want  to  know  about- the  tnith  of  tlie  conjunctsitoi  lie 
ablc.»to  say,  *Angle  A  is  a.  right  angle : and  Ajigle~^:ls'a^  acute  angle''/ 
is.  true?  Wc  arc  willing  to  .say  this  conjpnctioh  >s  true  if,]  hnt  only  if| 
each  of  its  cpnjunctsjs  tnie<;  Otherwise,  we  say^t^^  is  false. 

Wc  shall  now  use  these  facts  fo^ef^ne  me  imth.  vaUie^^^^  qr^the 
symbol  for  a  conjurictio^^whenMvc'know  ihe.^^^^^ltlu^^  q 
separately.  Let  us  do  thii  by  means  qf^ijhe  truth^feble^Table  5).  v 

■  Notice  that  all  pogS^le  combinations  pf  theitryth>  values  .of  *  p  a,nd  7 
iare  presented.  Th^^p6th."jtab.leTis 
value  of  p  A  ^  givm  tl^6:tnith  val^ue^of  p  an\i;^^^^^ 
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R  .         ^  '     TABLE  6 


Whcn'^  U  ■  ■ 

And  is 

— —  ^— -T  ^  -.: 

.       ir .  : 

.  T 

■■■.■•„  T 

■  '  r.    '    F  -  '  :"v."  ; 

Let'us  now  eob^^^  admpoiind  statement,  *Angle  >1  is  a  "right 

i  ?'!^.!^'.^  Ahgle  5  is  an  acute  ragle'.  We  shall  call  a  stiitement  like  this  . 
.  a  ^unc^ort;  :  A  J- disj  compound  sentence  consistiDg  of  two. 

•^v^^  the  component  sentences  of' . 

• ::  vW^  knpw'^bout  .tb^truth  of  the^disjimcts  ,tq  be  - 

/abje^ta  g^iy^  disjundtip4iV'  *iAiigle  A  is  a. right  angle  or  Angle  j&: 

.  ia'  an  acute^^a^^^      is  true?  Uxifortunately,  we  cannot  say -f or  surey' f or 
'  v*or\;is  ;aitt1)ig^       It  is  sopfi^^es  uspd  in  an  inclu^^  soVtbaiJi 
-^igle.H.  is;,a  right  angle:  6r^gl6;£r  is  an 

:\i^ittler  bf;  the  d^^^^         is  >me:i^'nd*^^^^^  if  .TOtli  umr^      'Or'  is  also  u^d  ' 
iiX-aji  e^cciusiye  sense     in*.^[f5gur£kx  is  a  triangle J^c^.ig^    x  is)  a.c^uadri- 
,  lateral';^!^^^  of  tfip  'fiis^cts  is  true;  but  is 

■fal^e  if;i3oth  are  trjie.'  tVhich.:^if  .th^  ^ses:.^^*x)r'/shall  we  accept?  We  ,  * 
':.  iWi^^^^^.       fi^sfc  becau^;  th^  in(^^^  wilj^^^ke  care  of-part  6f  * 

tK^-^rise..^^^^  *9?.^TOl[Sely,^tha^^^^^  of  the  disj uncts 

■;m.ust.  bo,  t!iis"^'sense,  partial  though 

;>;ilis/r^co*i^nd^^^  \V:e  sh[aU  therefore  tZe/ine  the  truth 

•:vaiu'eg  of  V^.V^^^^^         "'gj^bol  %i5;a'  disjiirietioh— by  vthe.  . truth  table 

.  i  ■     .  Y    ■       •  ^  A  '  — ; — : — "  v  '  '  r  ■  

:  /  It.^^^^  false  is  wh^n  bjith^^ 

■    '^^^P^- ■  to  cOiiskier, 

:repf<^?entedby^^  B 

.  i^s  an.  ae,Ufce,'^ri|le^^^  fofythis  kin4pf  a  sentence.  Let  us 

'caU  it  A- e(5>24i^i4^^  is  a  Q(Sfppoun(§sentence  formed  from 

twp.  seritericQs:.;by:^^^^^^^  a^/tbe  other  by  'then'.  The^  ; 
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sentence  following  *if*  will  be  called  the. antecedent  and  the  one  following, 
'then*  when  'then*  \s  either  written  on  implied,-  the  consequent. 

The  conditional,  *If  Angle  A  is  a  right  angle,  then  Angle  is  an 
acute  angle*,  does  not  assert  that  the  antecedent  is  true.  Nor  does  it 
asseft  that  the'consequent  is  true.  It  asserts  only. that  i/- the  antecedent 
is  true  then  the  consequent  is  true.  We  would  be  willing  to  say  that  the 
conditional  is  true  if  both  the  antecedent  and  consequent  are  true.- 
And  we  would  be  willing  to  say  it  is  false  if  the.  antecedent  is  true  and 
the  consequent  is  fajse.  Expressing  this  last  statement  differently,  'If 
Angle  .1  is  a  right  angle,  theri  Angle  B  i.s  an  acute  angle*  is  false  when 
'Angle  -1  is  a  right  angle  and  Angle  B  is  not  an  aicute  i\ngle*  is  true. 
Monco,  .'Tf  Angle  -I  is  a  right  angle,  then  Angle  B  is  an.  acute  angle*  is 
true  when  'Anglf?  .1=  is  a  right  angle  and  Angle  is  not  an  acute  angle* 
•is  false.  '  . 

We  shall  therefore  use  this  meaning  for  stip.ulating*»the  truth  values  of 
p  — >  r^— the  symbol  for  a  conditional.  Specifically,  we  shall  define  p  q 
as  equivalent  to  ^(p  A  ^g).  By  this  we  mean  that  p  q  shall  have 
the  same  truth  values  lis  '^{p  A  '^//),  i.e.,  when  ^{p  A  '^q)  is  true 
p  ^  q  will.be  true  and  when  ^{p  A  .'^9)  is  false,  p  q  will  be  false. 
We  shall  now  work  out  the*  truth  Jable  for  ^(p  A  ^^q)  from  the  truth 
table  for  p  t\  q.  By  definition  (s(?e  page  160)  we  see  the  results  as  illus- 
trated in  Table  .5.  .         ,  ,  . 

Now^  the  truth  value  of  ^q  is.the  opposite  of  the  truth  value  of  q. . 
So,  the  truth  table  of  p  A  '-^  7  is  as  illustrated  in  Table  7. 


'When  ^  is  And  c  is  ~7  is  And  p  A  r^Q  is  . 

T  '     ■  \        T  ..    _  F  "  F 

^.     .  '  F  T  ■      .  .  . 

r  ,  F  ■  F 


:  ,i        ■     .    F  T         ^  F 


In  arriving  at  this  truth>table,  we  lisc  the  truth  values  of  p  and  ^q. 
The  truth  value  of  p  .  A  ^q  is  'true*  only  when  both  p  and  '^q  are  true 
and  is  'false*'^otherwise. 

The  truth  table  of  ^(p  A  ^?),  which  is  the  negation  or  contra- 
dictory of  p  A  '^q,  will  be  as  illustrated  in  Table  8. 

«     -   TABLE  8  -.  ' 


When  p  A        is  '  A  '^q)  is 

.F  \    '   .       ..       ■  ■  ■    7'  .  . 

,      T    \  .  .  F 
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Putting  all  these  things  together  and  renriembering  that  p  — >/g  is 
defined  as  equivaient  to  ~  (p  ^  '-^y;),  we  have  the  results  as  illustrated, 
in  Table  9.  ^ 


TABLE  9 


,    When  >  is 

V         And  q  is 

'  '^ip  A  -^q)  is  ■ 

And  to  ^  — »  g  is 

T 

T.   :  ^ 

T 

T 

T 

F 

F 

F 

T 

T. 

T 

F 

F 

T 

From  thit5  table  we  can  state  the  rules  for  determining  the  truth 
value  of  p  — ►  g  when  we  know  the  truth  values  of  p  and  q^p  ^  q  is  tnip 
if  and  only  if  either  p  is  false  or  q  is  true.  Only  when  p  is  true  and  q  is 
fake  iH  p      q  false.  We  therefore  see  that  p^^*  q  is  also  equfvalent  to 

TESTING  THE  VALIDITY  OF  FORMULAS 

We  are  now  ready  to  tei>t  infe^-ence  fori%ulas.  Let  us  .begin  with  one 
we  commonly  use:  [(p  q)  A  p\  — *  q-^  J^i^  instance  of  this  is:  if  x  =  10, 
then  2.r  =  20^  and  x  -  10.  Therefore  2x  =  20.  We  shall  set  up  a  truth' 
table  for  "this,  beginning  with  all  possible  combinations 'of  the  truth 
values  of  p  and  7  in  Goluinns  1  lind  2  (Table  10).  Next  we  fill  in  Column 

*     .      •       TABLE  10 


T  X  T   :  " "T  ,                 T  '  T 

T                   F.^  F:  F  T 

F  .                   T     ^  .     T  F  T 

F             '  F  -  '  .  T  .  :  F  ,  f 


3  by  using  the  rule  that  p  -t^  q  is  true  if  either  p  is  false  or  ^  is  true.  We 
then  fill  in  Column  4  using  the  truth  values  in  Columns  3  and  1  ;ind  thtj 
rule  that  the  truth  value  of  a  conjunction  is  true  if  both  coujiuncts  are 
true;  otherwise  the  truth  value  is  false.  Finally,  we  fill  in  the  truth 

•  values  in  Column  5  using  those  in  Columns  4  and  2.  We  find  that  truth 
value  of  this  formula  is  always  'T'  or  true.  ThixS  means  that  all  the 

""substitution  instances  (arguments)  of  this  formula  are  valid.  In  general 
a  formula  is  valid  if  and  only  if  the  truth  value  of^the  formula  is  ak- 
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ways  T\  for  obviously  it  is  not  then  possible  for  the  premises  to  be 
true  and  the  conclusion  false.  '  - 

Let  us^test  the  validity  of  the  formula,  [(p  V  q)  A"  p]  ^q. 

In  Columns  1  and  2  of  Table  11,  we  form  all  possible  combinations  of 

/TABLE  11 


p 

Q 

^1  ■  h. 

.  py  Q 

(P^Vq)r\P 

.  T 

\  T 

"  F 

T 

T 

T 

.  F 

T 

T 

F 

T 

F. 

r 

P 

.  T 

F 

F 

T 

F 

F 

T 

truth  values  of  p  and^  5.  Using- Column  2  and  the  rule  that  the  truth  value 
of  ^q  is  the  opposite  of  the  truth  value  of  5,  we  fill  in  Column  3.  Using 
Columns  1  and  2' and  the  rule  that  p  V  5  is  true: if  either  p  or  g  is  true, 
then,  we  fill  in  Column  4.,Using  Columns  4  and  1  and  the  appropriate 
rule,  we  fill  in  Column  5.  Using  this  column  and. Column  3  and  the  appro- 
Qm^rule,  we  fill  in  Column  6^Since  the  truth  value  in  Column  6  is  not  • 
always  'T\  this  proves  that  the  'formula,'[(p  V  q)  N  p]  — >  ^q  is  iiivali3. 
As  exercises,  the  readermay  test  the  validity  of  the  following  formulas. 

((P  — *  9)  A  ^^v]      ^q       (invalid)  (1) 

If 'we  assert  the  falsity,  of  the  antecedent  of  a  true  conditional,  we 
,  cannot  infer  the  falsity  of  the  consequent.  / 
As  an  example  of  this  invalid  formula,  we  have: 

If  i-eetangles  liave  four  right  angles,, squares  have  four  right  angles! 
^  Rectangles' do  not  have  four  right  angle^'  ;^ 
Therefore  :squares  do  not  have  four  right  ariglcs.  • 

The  first  statement,  which  is  conditional,  is  true.  The  second  state- 
ment asserts,  the  falsity  of  the  antecedent  of  the.  conditional.  But  \ve 
.cannot  validly  infer  the  falsity  of  the  consequent,  viz.,  squares  do  not 
have  four  right  angles. 

[(P^  q)  A  51-^  p      .(invalid^  .  (2) 

If  we'assert  the  truth  of  the  consequent  of  a  true  conditional,  we  can- 
not infer  the  truth  of  the  antecedent. 
As  an  example  of  this  invalid  formula,  consider:  ^ 

If  arithmetic  is  easy  for  Dorothy,  algebra  is  easy  for  Dorothy?^^ 
Algebra,  is  easy  for  Dorothy.    '  . 
Therefore  arithmetic  is  easy  for  Dorothy. 
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The  first  statement  is  the  conditional.  The  second  statement  . asserts 
'.the.  truth  of  the  consequent  of  the  conditional.  Let's  say  both  of  the 
•statements  arc  true.  Even  so,  a.; conclusion  which  asserts  the  truth  of 
the  antecedent,  viz.,  arithmetic  is  easy'for  Dorothy,  docs  not  necessarily 
follow.  ,  •    .  . 

[dp—^'  qj  A  ^q)]  ^  (valid)  (3) 

If  ^e  assert  the  falsity  of  the  consequent. of  a  true  conditional,  we 
can  infer  the  falsity  of  the  antecedent. 

An  example  of  this  formula  is  the  following:  • 

■ .  ■■ 

For  all  values  of  a  and  6, 
-  if  a  is  greater  than     b  is  less  than  a.  . 
A  is  not  Ifess  than  a.  ; 
Therefore,  a  is  not  greater  than  b. 

The  second  statement; Jisserts  the  falsity  of  the  consequent  of  the 
trvie  conditional.  The  conclusion,  which  is  the  asigertion  of  the  falsity 
of  the-.antecedent,  follows  necessarily, 

.    ■■  (P (/) (? ->■?>)■       (invalid)  (4) 

The  converse  oj  a  true  conditidnaL  '{i.e.y  the  proposition  formed  by  inter-, 
^clianging  the  antea:dmt  and  consequent)  is  not  necessarily  true.  - 

It  is  true  that  if  a  iminber  is  an  even  number,  it  is  :v  whole  number. 
But  the  converse,  viz.,  if  a  number  is  a  whole  number  it  is  an  even 
immber,  is  not  true.  It  is  true  that  if  a  number  is  an  even  number  it  is 
divisible  exactly  by  2.  The  converse,  viz.,  if  a  number  is  exactly  divisible 
by  2  it  is  an  even  number,  is  also  true.  These  examples  show  that  the 
eonvorse  of  a, true  conditional  may  be  true  and  may  not  be  true.  We 
cannot  infer  validl}"  one  way  or  the  other. 

{p—>q)  —>  {r^p^^q)  ■    (invalid)  (5) 

'  The  inverse  of  a  tYiie  conditiorihl  {i.e.,  the  proposition  formed  by  negating 
the  antecedent  and  consequent)  is  not  necessarily  true.  "     .;.  . 

If  iVtTue  that  if  a  teacher  does  not  know  mathematics,  he  will  be  a. 
•  poor  mathematics  teacher.  But  the  inverse  of  this  Conditional,  viz.,  if  a 
teacher  does  know  mathematics  he -will  not  be  a  poor  teacher,  is  not 
always  true. 

'  .      ^  (p  .  (valid)     \  .  (6) 

■  77^  truth  of  the  contrapositive.  of  a  proposition  (i.e., 'the  proposition 
formed  bjj  negating  the  antecedent  and  consequent  and  inierchdftging  them) 
follows  netessarily  from  the  truth  of  the  proposition. 
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This  expresses  the  same  idea  ^as  Formula  3  and  both  are  equivalent 
to  the  formula  (p 5)  ^  (^^5 --►  '^p). 

We  know  that' if  a  triangle  is  equilateral,  it  is  isosc^es.  We  tan  validly 
conclude  tl;iat  if  a.triangle  is  not  isosceles,  iVis  not  equilateral.  The  second 
statement  is  the  contrapositive  of  the  first.  .  . 

(p  A  ^p) --^  q       (valid)  (7) 

This  forrpula  indicates  why  inconsistencies  are  to  be  avoided  in  any 
deductive  system  like  mathematics.  As  tHe  formula  shows,  if  inconsist- 
encies are  allowed,  any  proposition  whatsoever  can  bp  proved-  If'l  =  i 
and  I  9^  I,  we  can  readily  prove  that  yoii  own  the  lEmpire  State  Building. 
.  In  summary,  the  truth  table  technique  can  be  used  to  test  the  validity 
of  formulas  whose  substitution  instances  are  arguments.  Once  valid 
formulas  have  been  identified,,  these  can  be  used  to  test  the  validity  of 
particular  arguments.  If  a  particular  argument  fits  a  valid  formula  it 
is  valid.  If  a  particular  argument  has  a  form  whose  validity  is  unknown, 
a  formula  for  the  ai'gument  can  be  written  and  its  validity  tested  by 
forming  its  truth  table.  For  example,  by  writing  the  formula  [(p  q)  A 
(r  g)  A  '^  q]  (^  *p*  A  ^  r)  for  the  argument  on  page  156  and 
testing  the  formula,  we  find  that  it  is.  a  valid  formula.  The ref ore j  the 
argument  which  is  an  instance  of  this  formula  is  valid.. 

How  much  about  formulas  of  inference-,  and  truth  tables  should  be 
■tdught  students  in.  high  school  mathematics  Courses  remains  to  be 
decided.  Hendrix^' reports  ..teaching  such  topics  to  an  eleventh  grade 
class. in  solid  geometry.  A  report'*  written  . by  the  students  in  an- algebra 
II  class  indicates  that  such  topics  ^are .  withir\  ^tbe.  comprehension  of 
eleventh  and  twelfth  grade  students.  There  are  appearing  on  the  icriarket 
textbooks"  intended  for  senior  high  school  and  junior  college  which 
present  these  topics.  Bright  students  in  mathei;natics  will  enjoy  studying 
these  topics.  \,  ■ 

STRATEGIES  Og  PROOF 

When  a  teacher  or  student  wants  t^^ro^^  a  proposition,  he  will 
find  it  useful  to  know  various  plans  or.  strategies  of  proof.  These  caq 
"be  derived  from  some  of  the  formulas. of  inference  already  di.scussed. 

Counterexample.  As  pointed  out  curlier,  ..finding  a  counterexample 
is  a  stratagem  which  cati  be  used  to  disprove  a  proposition.  For  example, 
if  one  student  argues  that  any- triangle  whose  sides  are  in  the  ratio  3:4:5 
has  angles  of  30*^,  GO*^,  and  90*^,  another  student  cjj^n  "disprove  this  state- 
ment by  ejchibiting  a  3-,  4-,  5-triangle  and  cither  measuring  the  ahgles 
or  computing  theif  values  by  trigonometry.  Suppose  someone  asserts 
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that  iif  a  student  studies  every  day,  he  will  pass  a^^'Jajs.t^sts.  This  proposi- 
tion can  be  disproved  by  citing  one  studebt  who  st'udie4  every  day  ^'^^ 
;^did  not  pass^all  his  tests.  More  generally,  .to  dispro/q  a  proposition, 
■eithe^  :  prove  its  contradictory  or  prove  that  its 'acceptance  leads,  to  a 
^ contradiction -of 'a  postulate  or  theorem.  ;        'r'\.  - 

Detaching  an  Antecedent.  A  very  common  form  of  argument  is 
illustrated  by  th6  following:  If  two  numbers  are  added,  the  order  in 
which  they  are  added  makqs  no  difference:-  (The  numbers)  7  and  4  arc 
added.;  Therefoi'e,  the  order  ui  which  (the  numbers)  7  and  4  ar^ 'added 
makes  no  difference.  This  is  a  valid  argument  because  it  fits  the^valid 
;  inference  formula,' [(p  q)  A  p]  — >  q.  Sinee  the  , two  reasons  of  this 
valid  argument  are  true,  the  truth  of  the  conclusion  is  proved.  You- 
can  verify,  this  bp  examining  the  first  line  of  truth  values  in  Table 
id' on  page  .163,  '    \  .  . 

■  This  suggests  a'  stratagem  for  proving  a  ppoposition,  q.  Try  to  find 
a  true  conditional  in  which  q  is  the  consequent,  e.g.,  if  p,  then  g.  Then 
try  to  prove  that  the  antecedent,  p,  is  true.  If  p  is  true,'  you  can'asscrt- 
the  truth  of^tllfe  consequent,  g.  This  stratagem. can  also  be  employed 
when  the  pr6position,  g,  to,  be  proved  ia  a  compound  proposition  like 
r  .A  s,  r  V  s,  orr  -^  s. .      •  *  *.  '  .  . 

Detaching  an  ^tecedent  is  also  spoken  of  us  modus  -ponms^ 
•Developing  a  Chain  of  Propositions.  Somietimes  \ye  can  discover 
how  to  proven  proposition,  p,  by  realizing  that  we  can  prove  p  if  we  can 
'prove  ^.  And  we, can  prove     if  w,e  ca<i  prove  r/ For  some  reason  \ve 
know  that  r  is  true.  We  then  can  make  the  proof.  Its  validity  is  justined 
' by  the  valid  inference  formula: 

{r  -Mr  -^,q)  A  (2-t,P)l  ->  p.  ■  :I||S^* 

A  moment's  reflection  reveals  that  this  stratagem  is  a  repeat^^S^iifc|.i^>^^^^ 
'  tion  of  the  stratagem  otfletaching  the  antecedent;  r  being  true  anTd^^^'g  : 
allows  us  to  detach  r  and  assort  g.  q  and  q      p  allows  us' to  ^etach  q 
and  assert  that  p  is  true.  ' 

Proving  a  Conditional.  To  prove  the  proposition,  if  a  triangle  is 
isosceles,  the  angles  opposite  the  equal  sides  are  equals  the  proof 'proceeds 
by  assuming  "the  antecedent  and  then  arguing  that  the  consequent  is 
•4;rue.  The  validity  of  the  parts  of  the  argument  or  the  argument  as^a 
wholo  can  be  checked  1/y  the  procedure  described  in  the  previous  section 
If  the  argument  is  successful,  this  proves  the -proposition.  In  general, 
to  prove  a  conditional,  p  — >  q,  assume  the  antecedent,  p,  and  argue  that 
the  consequent,  g,  is  true.,  ^     .  , 

A  second  stratagem  for  pro\ang  a  conditional,  p;— is  to  prove  its 
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Contraposftive,  viz.,  --9  — *  c^p:  This  stratagem  is  justified  by  the  valid 
•  inference  formula,  [{r^q)      V j>]  ^  '(p._->  ^) .  Suppose  we  \psh  to  pi^-e 
the  proposition,  if *t\vo  lines  are. cut  By  a  trunsveVsal  making'^the  alternate 
^  interior  angles  equal, ^lie  lines  are  liaraUel.  W(i,  write  its  contrapositive, 
i.e.,  the.  proposition  formed  by  interchanging'the'antecedenti.-  and  the 
consequent  and  negating  £ach.  In  the  case  of  the  proposition  we  ate. 
^  considering,  the  c.ontrapositive  may  be  stated'"as:  if  two  Unes  are  not 
-  parallel,  then  the; alternate  interior  angles  foi-med' by  a  trtosversal  are 
: not^equal.  We  then  prove  this,  prbposition^by.  usiiij^  theJstrala^em  cie-. 

•scribed  in  the  preceding  paragraph.  Tfiis  enables  lis  to  aVgj^^^  the 
;  original  proposition,  viz   ifjtwo  lines  iire'cut  by  a  tVan^^rsafi^^ 
V^alt^-rnate  in^l^      anglc£  p qual,  the  lines '  are  pa^:all<^^g^f^^^^  For  pur 
-it-ea^gn  \^        the  law  of  dontrapositioh,  viz.,  (py^^q)  ^^K':^g)  (^p)]-. 
'  ■  ;Sometime.s  the  consequent  of  the, conditional  is  k  conjtoctibn  .as  in 
.  the  proposition,  if  the  bisector  oif  the  angle  of  an  iscfsceles'tHangle  which 
is  riot. one  of  the  equal  aLngl<^  mtersects^  the  sicTe  opposite  this  arigle,  it 
is  perpendicular  to  that  sideVnd;  tisects  the  si^^  stratagem'  which 
can  be  used  is  repeated  applicatKm  of  the  atrt>tala?m  'for  provmg  u  simple 
conditiomil.' Assume  the  aiitecedeiT!7;7rn^^       that  one  of  the  conjuncts 
■of  the  eonscqueut  js  tmc^i^^hex)  repeat  the  procedure  for  each  of  the 
other  conjuncts.       '  "  •  '     ^.  /       -  *; 

A  third  way;()'f^proviiig  a  conditional  of  the  form  p  — *,(z'is  to  find 
jsomie  statement  /  if uch  that  3'ou  can  ptove  p  -^t  and  r  ^  q  perhaps  by 
using  . cither  ()f^;]^(?  two  strategies  just  described.  You  can  then  infer- 
P  '-7'  G[,  justifying' the  inference -by  .  the  valid  formula: 

,You  may  want  to  assure  yourself  that,  this  formula  is  valid  by  forming 
its  truth  tab{Q.  4j|.  you  do,  you  will  have  eight  ro\y^  in.  the  table. 

1  .  Theadvice  **dear  of  fractictfis"  which  many  algebra  teachers  give,  stu- 
dents who  are  considering  how-to 'solve' an  equation  like  4t  1^,=  l/x 
illustrates  the  use  of  this  stratagem.  If  we  want  to  prove  that  ^dr  every 

.  valu^:'of'x  if  lij  +  3-4^='  1/5  %n  r  =^  1^^,  >ve  .first  prove  that  if  M  +. 
=  lA,  then  4x  +  3a:  ~  ]2.  Next  we  prove  that  if  4x  +  3x  =  U,  : 
then  X  =  12*^.  H.enco^  we  can  infer  validly  that  if  l-s  =  'UA 

thcrix  =  i^f:         V,':^t   :  :  .  V  ^ 

i?eductio  wd^b5u7tfum,^  ThiJi  stratagem  is^.not  }ia|:d,vbut  many 
matliematics  studepts  do.  not  unders&nd  it  and  think  there  is  somethii^ 
unsound  about  it.  Yet  it  is  powerful  and  is  frequently'used.  The  strata- 
gem consists,  in  accepting  the  contriadictory  gf  th^  proposition  to  be.^. 
■proved  and  proving- that  this  leads  to  an  inconsistelit  proposition,,  e.g..^',, 
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q  A  '^g,  which  is  necessarily,  false.  The  reason  for  refusing  to  admit 
such  propositions  was  (ix^lhtocd  on^ 

The 'inference  formula  Justityih^. this  kiiid  of  indirect^.proof  j^s  interest- 
ing. Symbolizing  the  proposition  ^yc^^Vish't6;p^^^  as  p^.its  contradictory 
becomes         We.  prove  that  false  which  means  that  p  is  true. 

The  formula  is:  .    j  ^ 

S^nce  thi^^tratagem  leads  to  an  inconsistent,  statement,  e.g.,  g  A  ~g 
tjismethdd  is  known  as  reduciio  ad  absvrdum — reduced  to  an  absurdity, 
^fln^lirect  Proof.  Suppose  a  girl  has  only  three  dresses,  say  .4,  J?, 
jU-C^i.which  iire  appropriate  to  ^year  to  a  dance,' and  she  is  undecided  on 
^5^hich;  to  select.  TheT color  of  dress  A  will  clash  with'the  coI<Jp^^the 
cbVsage  her  date  is  sending  so  this  dress  is  eliminated.  Dress^Z?  has  a 
loose  hem,  and  the  girl  does  not  have  time  to  sew  'the  Jiem.  So  this 
clross  is  eliminated.  Dress  C,  the  only  one  left,  is  the  one  she  selects. 
This  case  illustrates  indirect  reasoning.  Frpfh  it  we  can  form  a  stratagem 
of  proof.  First,  forniulatc^a  true  disjxinction  whose  disjuncts  are  ex-- 
haustive  of  the  domain  under  eonsidera^tion.  An  example  is^Lines  m 
.and  n  are  parallel,  or  lines  m  and  n  inte|^ect,  or  lines  7n  aiid  n  are  skew'. 
One  of  these  disjuncts  has  to  be  ti^e.  TSe^jt,  prove  fal^  one  by  t)Ue  all 
the  disjuncts  except  one.  Often  this  is  done  by  reduciio' ad  ahsurdum.  ^ 
Finally,       the  valid  inference  formula: 

((p  V  g  V        V  0  A  A        A  {r^t))]--^'v  '^^--'-'^ 

and  thereby  prove  the  remaining  disjunct  true. 

Proving  a  Statement  of  Equivalence.^uppose  we  wish  to  prove 
that  2x  +  =  X  —  7  and  x  =  — 13  ate  equi\^atGhJb  equations,  i.e.,  (2x  '+ 
^  X  —  7)  ^  {x  =  — 13).  By  this  we  mean  that  for  every  value  of 
2x  ¥  6  =  X  —  7  and  x  =  — 13  have  t|jp  siime  truth  value,  i,e.,  both  true 
or  both  false.  Wc  remember  (seepage  *l GO)  tliat  a  statement  of  eqim^a- 
lence  is  a  stateriient  of  double  implication,  that  is,  'p  means  *p  q 
and  q  — >  p'.  In  the  case  of  our  example,  we  can  prove  the  two  equations 
equivalent  if  wd  can  prove:  (I)  if  2x  +  6  =  x  —  7  then  x  =  —  L3  and 
(2)  if  X  =  V  — 13,mhcjn  2x  +  6  =  x  —  7.  Both  of  these  are  conditionj\ls, 
honCXi  whatever  strategies  are  ap5)licable  to  proving  conditionals  are" 
applicable  to  proving  statements  of.  equivalence.  .y 

Mathetnaticol  Induction.  Like  indirect  proof,  mathematical  in- 
duction  is,a  Suratagem  used  by  students  but  often  ncj^ijmderstood  by 
them^  Some  students  are  able,  to'rep'roduce  a  proof  oT,  say,  ^hc- theorem 
I  "+  ?  +''  •".  .  •+  n.=  n{n  +-l)/2  by  follawinV^he  rules  given  in  the 
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textboojc  and  imitating  the  sample  problemT  But  they '^seldom  under- 
stand the  logic  of  this  kind  of  proof.  * 

Let  us  introduce,  the  logic  of  this  stratagbm  by  an  analogy.' Suppose 
there. is  a  row  of  dominoes.  Each  domino  i.s  standing  on  enxj  and  is  close 
'  .  enough  to  the  one  on  its  left  so  that  if  it  is  knocked  over  t;t  mil  knock 
ove/the  one  on  its  left.  The  row  extends  as  far  as  the  eye  can  see.  Let 
US  assume  someone  designates  a  particular  domino  in  the  line  which  is 
far  from  us  and  tells  us  to  knock  it  down;  We  can  do  thiis 'Simply  By 
'    knocking  the  fir^t  domino  cjQ.>vn,  for  we  know  that  if  any  domrno  is 
knocked'do\Vn  it  will  knock  dawn  the  one  on  its  left.  The  analogy  with- 
hiathematicaKinduction  can  now  be  seen.  Take  the  theorem  stated  in 
the  previous  paragraf)h,  viz.,  1  +  2  +  •  •  •  +n  =        ■+  l)/2.  Proving 
that. if  the  theorem  holdw  for  any  integer,  it  holds  for  the  next  integer 
can  be  compared  with  arranging  the  do|minoes  so  that  if  one  is  knocked 
over  the  next  one  will  also  be  knocked  cm^er.  Providing  that  the  theorem 
^holds  for  1  can  be  compared  with  knock\ng  the  first  domino  down. 

ilt  has  been  mentioned  earlier  in  this  chapter  that  mathematical 
induction.di,)es  not  result  in  a  probable  inffel;pnce  but  rather  ifia  neces.sary 
inference.  To  put  it  differently ,  mathematical  induction  is  not  induction, 
^but  rafh^r  deduction.  A.s.will  be  sef^il  shortl}^  the  stratagem  of  mathe- 
•  matical  ^induction  cSn  be  .subsumed,  under  the  stratagem  of  detaching 
the  antecedent*  ^      "  -  . 

Courant  and'Robbins^*  say:  .  • 

Let.  us  suppose  yiat  we  wish  to  establish  a  whole  infinite  sequence  of  nmthe-, 

matical  propositions  r       '  •  ^ 

>      »    .  ■  ,  ■       ■  ■  .  ■ 

'    ■  Ai.,  ^2 ,  -4j ,  •  •  •  . 

which  tojgether  constitute  the  general  proposition  A.  Sujppose  that  a)^y  some 
mathematical  argum'ent  it  i^  shown  that  if  r  ia  any  integer  and  if -the  assertion 
>lr  is  knbwn  to.  be'true,  theii  the  trutL^1>f  the  assertion  A,r+i  will  follow,- and  that 
b)  the  first  proiiosition'i4i,is  known  tojje  true.  Then  all  th^  propositions  of  the 
^sequence  must  be  true,  and  ^1  is  proved.  «  *       ^&  ---^ 

•ij^lt  .Qarf^be  seen  that  an  argument  by  mathenaatical  induction  ^consists 
■  of  a  conditional  whose,  antecedent;  to  use  Courahf  and  Robbins^  iiota- 
tio^i,  is  the  conjunction  of  .-li  and'  /lr  — >  .4^^!  and  whose  consequent 
IK  .4.  Each*f)f  the  conjuncts  is  proven  true.  Wo  then  detach  the  ante- 
cedent and  .assert  the  consequent,  A. ^ 

TIIK  RELATIONS^  BETWEEN  TRUTH  OF  THE  STATElVIENTS 
CONSTITUTING  TIW  INFERENCE.  ANi/ THE 
VALIDITY  OF  THE  INPEREIVCfe  ^ 

Otice  students  have  acquired  the  concept  of  v^idity  ofeni  iiVerence 
and  truth  of  a  statement,  they  can  b/3  taught  the  relation.s  between  the 
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^  truth  of  the  statement  constituting  the  inference  and  the  validity  of 
the  inference.  We  may  identify  four  relations:  •  ; 

1.  A  person  may  know  in  some  way  that  the  reasons  in  an  argument 
are  all  true.  He  also  may  know  that  the  inference  is  valid.  He  then  is 
jtistified  in  stating  that  the  conclusion  is  true.         '    .  ' 

2.  A  person  may  know  that  an  inference  is  valid.  He  also  may  know 
.in  some  way  that  the  conclusion  is  false.  He  then  is  justified  in  stating 
/that     least  one  of  the  reasons,  is  false.  \  . 

3.  A  person  may  know  in  sonio  way  that  all  the  reasons  in-an  argu-. 
•m(3nt  are  true,  hut  that  the  conclusion  isf^c.  He  theh  is  justified  in 
stating  thiit  the  inference 'is  invalid.  ^^^^^ 

4.  A  person,  may  khpWvin  some  Avay  that  the -eonclusimi  of  a  proof  is 
true.  He  may  also' |^i^\v'that  the  inference  is  valid^^Jiu4 '/rom  only  this 
Icnoivlcdfjc  h'e  eannof;kiKyw  whether  the  reasons  are  true  or  not.  y 

Those  relationships^ -follow  from  the  definition  ^;f  *vali(i  infcKmcel. 
The  first  rolatioh  is  the vc>^tf<we  use  to  pass  from  knowledge  we  presiently; 
have  to  nc^w  knowledge: , We  use  it  ho,th  inside  and  outside  the  classroom. 
Most  of  the  arguments  we  use  and  those,  used  on  us  arl^-enthym^mes, 
that  is,  arguments  in  which  one  or  morb; Reasons  are -unstated,  or  the 
cf)nehision.  itself  is  unstated.  But  the  reasons,  or  the  conclusion  ^usually 
can  hi)  stated  by  the  .maker  of  the  argument  if  requested. 

A  common  misconception  related  to  this  .first  relation  should  be 
men tioiiod.  Many  novices  believe  that  if-sa'll  the  req^sons  arc  ftrlse  and 
tjh(^  infurence  is  valid,  the  conclusion  is  necc^ssarily  false.  This  b(flief  may  . 
be  explained  as  erroneously  assuming  the  truth  of  the  inverse  of-  the 
first  relation  when  stated  as,  *If  all  the  reas)j»ns  are  true  and  thc.inference 
is  valid,  the  conclusion  is  true*.  That  this  inverse  isrnot  necessarily  true 
may  be  demonstrated  by  the  simple^ .syllogis'm:  All  squares  are -circles. 
All  circles  are  quadrilaterals. i Therefore,  all  scjuarc^are. quadrilaterals. 
Bf)th  reasons  are  false.  The  hiferer^e  is  valid"^'aitd  the  conclusion  is  true. 

The  second  relation  maybe  stated  as,  Tf;'an  inference  is  valid  and 
the  conclusion  is /also,  then  at  le^i^Jt  one  of  the  reasons  is  f;il.se*.  It  is 
\iscd  when  we  ckmbt  the  truth  of  a  certain  statehnent  but  the  person 
advancing  it  doo.^  npt.  Wo.  are  careful  to  see  that  his  inferjcjice' based  on 
this  statement  is  valid,  ancti^ho^^^  that  the  necessary  conclusion-^ 

is  materially  false.  We  tKcfi.r'^ihai^^^^^^  the  statement  at  issue  is  false, 
providing, 'of  coursoj  we  a^id.^h^^^^  the  other  reasons  a^e  all 

true.  The  expressir)n  '-/Vtl  right,  let's  assurrfe  that  this  statement  is  true. 
Now  let's  see  what  f*>ll^^fe|['  <>r  siniila'r  e?;f)ressions  are.  often  cues  that; 
thj??' relation  between  tl^ftruth  of  the  constitutive  statements  of  an 
inference  and  the  validitM)?thennference  is  being  considered. 
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PROOF  AND  A^i^dGlCLlL  SYSTsJm  ;^ 

The  capstohe  of  an  understamding  of  proof  is  an  understanding  of 
the  nature  of  a  logical  -system  like  mathematics  and  the  rofe  proof  plays 
in  developing  this  system.  AUendoerfer  irnplies  this  when  he  says*^ 
"At  some  stage  in  the  high  school  mathematics  curricultim  there^hould 
be  a  serious  discussion  of  deductive  syistems  per  se,  and  later  ajiplitSt^ns 

—  of  this  to  mathematics  and.  to  nonmathematical  situations  shoaii^y^e 
used  to  reinforce  the  understanding  of  the  students  about  deductive 
methods."      .       '  =        .  . 

Let  u3  consider  briefly  the  nature  of  a  deductive  system  which  might 
be  a  part  oif  mathematics.  The  symbols  of  such  a  system  can  be  gr.otiped  • 
in  two  sets.  The  smallest  set  consists  of  the  primitive  symbols,  e.g., 

.  *point',  'join',  'set',  'operator',  and  *x'.  These  are  undefined  of 
necessity  must  remain  undefined  within  the  system  if  circularity  is  to 

'  be  avoided.  .     .         ^ ^  'sd. 

The  second  set  of  symbols  consists  of  thos^  symbols  introduced  into 
-the  system  by  definitions.  The  defining  pai^  of  the  definition  co^^tains 

-only  primitive  symbols  or  synobols  previously  defined  in  terms  ofJ*the 
primitives.  The  definitions  may  be  regardjjd  as  stipulations  ^  to  how 
the  new  symbpls  are  to  be  used.  For  example,  ^we* might  want  to  use  a 

•  simpler  term  (symbol)  than  *a  rectangular  parallelei^liyed  all  of  whole 

-  edges  are  equal'.  If  so^we  could  define  ^cube'^by  saying  that  wherever 
*a  rectangular  parallelepiped- ^11  of  who*le  edges  are. .equal'  is^ised,  the 
term /Wbe-  may  be  used  to  replace  it  aniLMice  versa,  ©i^  moj;^  |orma|;^, 
we  could' write,  "cube  ^\^df  a  gectan^lar  paj-allelepiped  all  of  \dio^ 

^dges  areWjqual."  The  symbol  'df  indicates  that  the  sentence  isS  defini- 
'  tion;thatVhe  term  following  the  'df  is  tBe  defining  part     the  definitic^j 
and  the  teVnj  on  the  other  side  of  the  '=^'  is  the  term  defined:  fQ' 

The  definitions  may  be  ft?ga):?led  as  the  rules  of  syntax  of  the  system. 
The  analogl?-  between/these  rules  and^^he  rules,  of  ^^tax  Q^  "English  ,  js 
interestinjd^To  the  set  of,prirmtive  symbols  <Bf  the  system,..there  corre- 
sponds th/set  of  letters  of  the  alphabet  and  the  pun,ctuatioh  marks.  To 
'  tha  ruW  of  formation  of  new  symbols,  there  corresporifi  ther  spelling 
-rtiilos  difd  tlTc  rules  of  grammar.  The  Sefiniiions  (niJbs  of  ^mtax)  become 
the  ci/teria  for  a  wclf-formed  expressionQ'Tht3y  provide  an  effectiv^e  test 
for<.dbtcrrnining  whether  or  not  a  given  expression  is  a  part  of  the  system. 
For  example,  '%'  and  =  mig|it  not  be  admitted  to  the  s^stefti, 
for  one  could  point  to  no  rule  defining  these  symbols. 

The  sonten^rwajc^i"''  the  system  may  also  be  grouped  in  two'  sets.  In  tKe 
smallest  set  are  those  which  ^re  the  j)fllnitive  SQntences — those  f roni^ 
■  which  all  the  other  sentences  in  the  system  are  deducec^^  These  are  - 
.  called  the  axioms  (or  sometimes  are  called  postulates)  of  the  system. 
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The  second  set  of  sentences  are  those  which  are  deduced  from  the 
axioms  by  using  agreed-upon  rules  of*inference.  They  are  called  theorems. 
Proof  of  the  first  theorem  is  a  mutter  of  deducing  a  conditional  in  which 
the  antecedent  is  a  conjunction  of  some  of  tl)e  axioms,  ^nd  the  consequent 
is  the  theorem.  In  the  proof  of  subsequent  theorems,  the  antecedent  of 
the  conditional  is  a  conjunction  of  axioms  or  theorems  previously  proven 
and  the  consequent  is  the  particular  theoretp  to  be  proved. 

A  necessary  condition  for  a  satisfactory  set  of  axioms  is  that  tBey  do 
not  lead  to  inconsistent  (contnadictory)  statements.  The  reason  for  de- 
manding-this  condition  has  been  stated  on  page  166.  A  further  condition 
which  is  not  neeesf^'fy  (unless  one  first  demands  elegance)  but  is  desirable 
Is  th(!  independence  of  the  axioms.  Thnt  fs,  none  of  the  axioms  shodid  be 
ahl(?  to  be  proved  frc^m  some  of  the  othcr.s.  .  i}4 

The  deductive  system  ^hich  ha?  been  described  is  aii  uninterp 
system.  This  is  because  no  meaning,  in  the  semantic  sense,  was  g 
the  primitive  syn^hols.  If  ^ye  want  to  interpret  it,  we  must  state  rule's 
correspondence  which  relate  the  primitive  symbols  to  "thing^s"  outside  th^ 
system.  For  example^  we  might  decide  that      is  to  correspond  to  aiiy*c^ 
point  on  paper  made  by  a  pencil  atid  M'  is  to' correspond  to  any  line  on 
paper  made  by  a  pencil.  Thqn  the  axioms: 

1.  There  exist  at  least  two  x'^..  .  v 

2.  Every  .4  is  a  collection  of  x's;.^ 

3.  If  Xi  and      are  :2;^s,  then  there  is  one  and  onj^  one  A  containing 
Xi  and  X2 .  ;       .  ^  'J  ^  '^''^^y^.  *■ 
would  be  interpreted  as:           \,      *              /  ' 

■  L  There  exist  at  Iciist  two  points  niade  by  a  pencil  on  papeif. 

2.  Every  line  on  paper  made  by  .  a  pencil  is  a  collectjQii  of  points 
made  by  a  pencil  on  the  paper..  .       ^  *  ; 

3.  If  there  arc  two  points  made  by  a  pencil  og^paper;;$tberi  one  and 
only  one.  line  on  the  paper  made  by  a  pencil  coatains  th^64\p  points! 

In  such  a  d(Kluctive  system,  the  role  of  proof  is  thi^t  of  p^viding'a/ 
test  of  whether  or  not  a  given  proposition  has  the  same  tiJ^li  A^a\\ie  as- 
thatj.)f  the  axioms.  If  we  arbitrarily  assign  the  truth  \'(t\\^'^Xv^^.^o X\iQ^. 
axioms,  w(^  can  assign  the  same  truth  value  to  any  proj39^ion  fcsif^^| 
frpm  the  use  of  thc^  axioms  and  the  rules  of  inf^^gnce  agreci^.pon.  Plence^ 
from  another  point  of  view,  proo?;|is  a  wavgBj%fing  ^)i^\kihx_o'^:r^^^ 
given  proposition,  other  than  an  axiom,  is'jBK'iof  the  dedu'ciTve >y;^t: 
.  This'is  a  bri(^f  description  of  the  naturc>J^[^J(^j|:aI  systcmJikc;  mathe- 
matics.  It  is  overly  simplified  because  tm^^mTf)b'se -of  tmff  section  of 
the  chapter  is  to  suggest  ways  of  gi\nng  sti^nts  an  uiideVstanding  of 
the  nature  of  a  mathematical  system  rather  tnrin  to  explieate  the  conccpL|gfeh* 
For  a  more  complete  explication,  Allencloerfer's  cfiapter  in^  the  t\venty7^"^ 
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-7/ ,.  V-'V- . ;  .;     " ' '  ■  .  : 

'        "  third  j^rbbok: of  the  National  Council  of  Teachers  of  Mathematics  is 
■■  '  /  .  recomm^ded^.       '  *■  .  \  .         -  . 

/  '  ■.  /  The  idea  of  proof  is  probably  easier  for  students  to  unders;tand.  than 
/  ii3;the  idea  pf  stmcture.  As  1ms  been  stated  earlier,  the  concept  of  proof 

, '  :  .  .  '  'begins  to  Jform,  when  the  child  learns  to.  ask  why  ,  and  io  accept '  some 
.  -         rpa^ons  aAcl' reject  others.:  But  the  idea  of  structure  is  a  ^ophi^ticalted  idea 
;  ;  *   'Which  pfpbably.  wiUinot  .rnature  until  students  have  studied  considerable 
'*     ^raMH^^nia'ticsr  in,^olleg^^^^  a  start  can  be  made  in  high  school 

* '  ■  ' ;  ;  ^in  4)oth  ftlgfetea  and  'geometr]j^..  in  the  past  where.  Such'  a  start  has  been 
"  •  ■  :  piiicTe;  itjijsjialiy  has  been  m:ade  in  demoAstratiye  geometry.  But  whether 
;  .       p€dajgotjcaUy;/this  is  best  remains  to  be  determined  by  experimentation, 
.;■  '  ;  J  "^Euctidean* geometry -has  tlie  advantage  .of  not  hiavirig  so*  muoh-.subjpct 
/  pnia'lter         is.preroqul^it^^  tiD/the^tudy*  ofi'subsequent  mathematics  as 
■  a%Cbra>  Hence,  the  teacher  does -ripi  feel  hb  is  handicapping! his  students 

'   \in  futiire  .5rkathematic&^  c6u^^^  an 
:         iHicIerj^iriding;  c/f  a  ^athematica];  system.  'But  there  is  inuch  to  be  -said 

•    ""fo^J  biegihiiihg  dxe  ^i.udx  of  tKe ^sim^ 
"f!-  ^  .  .coj^psevin  algebta.  This  cburee/eSBe^itialJy.i^  d  study  of;the  properties  of ^ 
*    '   a  fi'el^  •{see^aptei' 2V^Nd^^ 

V  '       consider  Tational'  niixftberg' as^^^^^^  which  sa,tisfies  the 

axipmi^'  definingf  a  fields  Thei^'w^^  is 
.  '    .  (ienricJnstraled,  Xhe^e  'togetheir;  y^}1^^  numbers,  can  .be  shown 

cqristitute  aapth(^r '.field'/ ife  real'nurnbers,       ' ■    *  ; 

' ^  -•;..'^h^e  arq^r^thbr^simplfe  syste  in ; 

.  ::m*it)iematics  itv  tte.'  t>velfth  g^^^  adniirably  to 

/  ■ ' i'V^trate  mathemsLtical  structure.'  Ideas  ;for  doing  this  cati  be  obtained 
%  '  frorn  Chshipteijs  Iil,and  %  in  .jthe  itwentyf-third  -yearbook  of^he  .National 
.  V'  ■ ;  C/niricil  of  .Teachers  pf  Mathematics'*  cried  above.-  Deliberate  tcfmang 
:         of  the  nature?- a' jnathematic  increasingly  being  incorporated 

"    i  ,/."ut  t ex tbooks  intended  . for  usein  jfirs.tTyciir.  collp^  mathematics  courses.*^^ 
/Let, us** turn,  to  reported  attempts  by  high  school  teachers  to  teach 
students  about  the  nature  .of  .  a  mathematics^  system.  One  example  is 
that  by  Fawcett.'^  Each.  oif  Fawcett's  students  built  bis  own  sy.stem  of 
jrcy'm.etTy,  which  he  ciijicd  hi$  Vlheory  of  space,",  withoi^  use  of  a texbo^ 
«^&y|yr  .yoar\s.  wnrk  began /with  ^  d  of  nonmathematical  topres 


Jraiuji;  at  showinj^  the  students  the  need  for  clear  definition  of  key  words. 
Students  were  led  to  see  thb  efTcct  of  definitions  on  conclusions;  how  a 
ohang(*jh*(i. definition 'pould  .lead  to  a  difTerent  conclusion.  They  also 
became  aware  of  ' the' nitibiguity,  vagueness,  and  eriiotional  overtones 
[iss'oeiated  witR^  mariy  terms- In  otir  ordinary  language.  Fawcett  then 
guided  them  into  a  realm  of  ideas — ideas  about  space^ — in  which  these 

"  1  ■  ■  "  ■'  ■  .    "  ■ 
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'  thri^'diflSotilU^^^^^^  woilfd; 'be  minimized,;^  by  carefulv  - ; 

deyeiapmen^  dl^^j  the  uriavoida-  .  .  . 

'\\yiiity  p^^^^  for  ideas ^out  splice.  Eac 

^studerit  theri  'ehds^^js^  to  use  as  undefined -in  his  ■ 

thepry.Qf  ^pace^^th^^^  c^er^i^rms  by  rheans  of  these  and  certain 

nbntechrj^ipaKwotd^^^^^  He  also  Selected  a  set  of, 

propositicni^  whicli  ds^htar  basic  assumptions  (axioms)^.  He  then 

.  proceeded  Jbg  f^ri^^  appeared  true  and  to  prove*  = 

■•  ■.those  that-  c^^li;  became  the  theorems  of  his  • 

;  unique  theory  of- sp^^  : 

.    Fawcett  geheral  procedures  as  follows: 

'm^m^y-^lif::     -  /.   •  -„  X  ^ 

'f,;Np  geheral  jfex^^  pupil  developed  his  own  'text  and. /mfe 

■*-  ,;g^^         o^pqi^xinx^y  to  it.in  his  own  way. 

]^}$XtJii{M  reduce  the  number  of  undefined  terms  to  a 

'^''^^  tierjnas  heec^^diif  de^nition  were  selected  by  the  pupils  and  the  definitions. 
^-•^ww'OT  of  the  prork  rather  thaii  the  basis  for  it.  . 

■'Y?*  '^^'^^^^®  v^re'made  by  the  pupils.  Loose  and  ambiguous  statemeriits  were 
riHtned' u^d  .^'prq^W      criticisms  and  suggestions  until  they  were  accepted  by 

P-^'  W^^^^^^^^.  which  seemed  obvious  to  the  pupils  were  accepted  as  assump- 
zi^T^-'if^^^f .       **  - 

.7.  .^^^^^^uni^ons  were  made  by  the  pupils  and  were  recognized  by  them 
Aa-th^b^pwi4to  own  thinking.  — .,: — 

\  8.  -No  an^jpnpfc^^S^  made  to  reduce  the  number  of  assumptions  to  a  minimum. 
■j^^.^.'Xhe-^iidS^^  implicit  or  tacit  assumptions  was  encouraged  and  rec- 

'  >  *"'  I0.  No  statement  of  anything  to  be  proved  is'giVen  the  pupil.  Certain  prop^ 
;  ;  erties  of  a.fi^re  jjtiie  assumed  arid  the  pupil  is  encouraged  to  discover  the  implica- 
ii^^jifmsipf}^  properties.  .  . 

•^vrv-ih^  ^it^'gen*^^  is  made  before  the  pupil  has  had  an  opportunity 

to  think  klj<jUt  the  implications  of  .the  particular  properties  assumed.  The 
generalifatibn  is  made  by  the  pupil  after  he  has  himself  discovered  it. 

12.  IQ>rc^gh  the  assumptions  made  "^he  atttention  of  all  pupils  is  directed 
,As>wai5L-tfee  discovery  of  a  few  theorems  ^whicj^'seem  important  to  the  teacher. 
'  13".;Assumptions  leading  to  theorems  that  are  relatively  unimportant  are 
suggested  in  mimeographed  material,  ^hich  is  available  to  all  pupils  but  not 
required  of  any»        -      ,  \ 
.1.4^  Matters  of  common' concern  such  as  the  selection  of  undefined  terms,  the 
^  rgjftkJng  of  definitions,  tbe  statement  of  assumptions  and  the  generalizing  of  an 
3  implication  are  topics  for  genera.1  discussion  while  periods  of  supervised  study 
provide  for  individual  guidance. '  ' 

15.  The  major  emphasis  is  not  on  the  •theorems  proved  l?ut  rather  on  the 
.'method  of  proof.  This  method  is  generalized  and  applied  to  non-mathematical 
_  situations. 
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•  Of  particular  significance,  as  one  .\vill  see  if  he  reads  Fawcett's  report,  4^ 
was  Fawcett's  demonstration  by  repeated  well-conceived .  exercises 
about  nontnathematical  topics  tliat  the  kinds  of  reasoning  peffigftling 

♦  mathematics  pervade  ji  on  mathematical  topics  also.  Students  ^kaw  the 
effect  of  definitions  in  insurance,  sports,  tax  lawS;  and  school 
They  ferreted  oiit  hidden .  assumptions  in  reasoning  employed 
vertising,  editorials,  articles  in  periodicals,,  lectures,  and  i)plitic 
ments.  The  purpose  of  this.kind  of  teaching  ^yas  to  enable  the  students 
to  transfer  more  readily  their  knowledge  of  proof  to  new  qohtexts.  That, 
such  transfer  occurred  and  that  the  studeiits  did  acquire  an  understand- , 
ing  of  the  nature  of  4x  mathematical  system  is  evidenced  by.  the  protocols' 
Fawcett  presents  in  the  chapter,  "Evaluation."  This  bopk  contains  a 
wealth  of  ideas  for  a  teacher  who  has  interests  similar  to  those  of^ Fawcett. 

Should  a  geometry  teacher  not  want'to-embark  on  such  a  free-wheel- 
ing approach  as  Fawcett's  he  still  can  give  his  students  an  experience  in 
building  a  system  of  geometry  for  themselves.  One  article^^  describes  a  , 
possible  approach  within  the  conventional  geometry  course  whose  scope 
and  sequence  are  determined  by  a  textbook.  When  the  chapter  on  parallel 
lines  is  reached,  the  teacher  can  abandon  the  textbook  temporarily. 
He  can  draw  two  parallel  lines  on  the  blackboard  and  a  transversal. 
JJsing  letters  to  identify  the  angles  formed,  he  can  get  the  students  to 
state  propositions ^which  appear  to  be  true  at  first  sight.  These  may  be 
.written  on  the  board.  Drawing  a  perpendiculjir  to  one  of  the  parallels 
from  the  point  of  intersection  of  the  transversal  and  the  other  perpendic- 
ular will  uncover  other  propositions.  So,  will  drawing  a  perpendicular  to 
,one  of' the  parallels  from  the  midpoint' of  the  segment  of  the  transversal 
included  between  the  two  parallels  and  extending  the  perpendicular  , 
*  until  it  meets  the  other  parallel.  ^  , 

The  students  can  then  be. told  to  select  a  small  number  of  these  propo- 

*  sitions  as  their  "axioms,"  and  to  try  to  discover  and  prove  propositions  / 
about  parallel  lines  and  geometric  figures  composed  .in  part  of  parallel 
line  segments  . by  using  these  axioms  and  whatever  definitions  they  de- 
cide to  introduce  into  their  system.  Since  it  is  unlikely  that  even  two 

-.students  will  select  the  same  set  of  axioms  and  defined  terms,  eacl^tu-  „ 
?  dent's  mathematical  system  will  be  unique.  Each  student&will  see  hovi 
a  mathematical  system  is  developed  by  developing  one  himself .  ^% 
Another  occasion  when  this  system-building  can  be' used  is  in  the 


n 


study  of  circles. .The  same  procedure  described  above  can  be  used  to  get.  ^ 
the  work  under  way.  Again  each  student  probabl^?^  would  develoj^p/ 
unique  mathematical  'system  i(^ntifying.  many  feHeoretically  us^l.  ^ 
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concepts,  e.g.,  those  to  which  the  names  'chord',  'central  angle',  'tangent', 
•secant^  and  'inscribed  angle^  are  ordinarily  assigned. 

A  provocative  variation  of  the  geometry. of  the  circle  could  be  made 
by  the  teacher  telling  the  students:  to  consider  the  surface  enclosed  by 
:,^the  circle  as  the  plane  and  to  build  a  ftystcm  of  geometry  descriptive  of 
5,*|fcLis  plane.  Such  a  .system  would  force  reinterpretation  of  such  termsxis 
■.■fpla,nc*  and  Mine'.* Both  a  plane  and  a^ine.  would  be  finite  in  extent.  Of 
'course,  rather  than  reinterpret*  the  terms,  new  naipes  could  be  given 
the  new -ideas.  But  if  the  old.  ferms  are  reinterpreted,  this  would  foster 
an  understanding  9f  a  mathematical  system,  for  the  students  would  see 
that  iindefirted  tetms  like-^phine'  and  Mine'  can  be  interpreted  in  more 
; .  than  oHe  way.  By  direction  of  th^j  students'  thinl$ing,  the  teacher  could- 
initiate  an  understanding  of  the  ideas  of  consistency,  independence,  and 
eategoricalness  pf  a  set  of  axioms.  ,/>  -     /  — 

An  experiment  sinlilar  to  Fawcet't's  but  not  as  extensive  was  carried - 
.  out  by  Henderj?ori  in  a  one-.-^emester  course  irf  solid  geometry. The  part 
of  this  experiment  relevant  to  this  dis'cussion  was  the  two  experiences 
the^ students,  had  in  building  their  own  systems  of  geometry.  When  the 
cHapter  on  pri.sms  wtis  reached,  each  student  put  away  his  textbook  and 
did  not  refer  to  it  as  far  as  the  teacher.could  determine  for  the  t^vo  weeks 
spent  on  the  unit.  The  teacher  broUKliMo  ela.ss  models  of  several  dif- 
ferent prisms..  By  encouraging  the  s^ilents  to  state"the  relationships 
that  appeared  to  be  true  about  the  prisriis  a  set  of  propositions  was  de- 
veloped. The  teacher  then  suggested  that  each  student  select  a  group  of 
these  for  the.  axioms  of  his  system  of  prisinatic  geometry  and  try„  to 
prove  some  theorems.  Vi 

Forty-three  different  theorems  were  proved  by  one  or  more  of  the 
sixty-three  students  in  the  classes,  The  smallest  number  of  theorems 
proved  by  a  studcntilvas  four;  the  largest  was. twenty-four.  The  median 
was  ten.  Class  time  was  spent  cither  i^i  supervised  study  or-evaluating 
'the  proofs  of  propositions  that  students  had  developed.  Indirect,  proof 
was  often  useti.  Terms  were  defined.  If  a  concept  was  invented  by  one  - 
student  which  seemed  fruitful,  it  was  adopted  by  other  students.^ -\p' ^ 
example  of  this  was  concept  named  by  'perpenprism'  which  the  inveAtor 
defined  as  we  would  define  *right  prism'.  Many  of  the  concepts  ordinarily 
used  ill  the  theorems  about  prisms  were  discbv^t-ed  by  the  students 
although  the  ideas  were  usually  named  differefttly.  'In  . this  naming  the 
use  of  metaphors  was  interesting,  e.g!^  'box'  for  ^rectangular  parallel 
epipeQ'  and  'dispersoid^  and  'wedge'  for  'triangular /prism'. 

Common  errors  in  proof/^^^.^assumiiig  the  converse  or  mverse  of  n 
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proposition,  reasoning  in  a  circle,  being  unaware  of  hidden  gratuitous 
assumptions,  and  basing  the  proof  of  a  general  theorem  on  a  special 
case.  As  these  errors  were  identified,  they  were  discussed  and  the  princi- 
ple, of  logic  involved  stated.  Students  who  made  the  errors  corrected 
them. 

At  the.  end  of  the  two-week  experience,  the  solid  geometry  text  was  r 
brought  out,*  and,  by  leafing  through  the  chapter  on  prisms,  the  students ' 
saw  the  conventional  names  and  definitions  for  the  concepts  they  had 
identified.  In  this  reading  of  the  chapter  some  students  saw  theorems  in 
the  book  which  they  had  discovered  and  proved  in  their  own  systems. 
This  was  a  source  of  considerable  satisfaction  to  them.  One  boy  in  all 
sincerity  thought  that  eithier  the  authors  were  unaware  of  a  particular 
theorem  he  proved  or  failed  to  realize  its  importance  since  they  had  not 
in\iluded  it  in  the  text,    ✓  , 

When  the  study  of  pyramids  was  reached,  another  experience  in 
building  a  mathematical  system  was  provided.  The  procedure  was  similar 
to  that  followed  in  the  construction  of  the  prismatic  geometry  with  the 
content  being  pyramids  instead  of  prisms.  It  was  gratifying  to  notice 
the  greater,  sophistication-  with  which  the  students  approached  their 
second  buildin^^  a  mathematical  system. 

The  experiments  reported  by  Fawcett  and  others  have  ^he  advantage 
of  teaching  students  about  the  nature  of  a  logical  system  by  firsthand 
experience  in  building  such  a  system.  The  students  learn  inli  dramatic 
way  the  unavoidability  of  undefined  terms,  and  unproved  propositions, 
the  freedom  to  name  and- define,  and  the  significance  of  theorems  as 
consequences  of  the  axioms.  They  learn  conformance,  to  rul^s  of  logic 
as  the  criterion  of  correctf proof  rather  than  intuition.  Excursions  lik6 
these  do  not  necessarily  result  in  a  loss  of  knowledge  of  the  theorems  of 
geometry.  They  do  result  in  a  concept  of  a  logical  system  and  the  role 
proof  plays  in  developing  the  structure. 

SUMMARY  ' 

The-Sdea  of  proof  is  one  of  the  pivotal  ideas  in  r^iathematics.  It  enables 
us  to  test  the  implication  of  ideas  thus  establishing  the  relationship  of  . 
the  ideas  and  leading  to  the  discovery  pf  new  knowledge. 

To  the  unsophisticated,  'proof  is  practically  synonymous  with  'what, 
donvinces  me'.  A  statement  is  "proved"  when  such  a  pferson  is  convinced 
that  if  is'true.'^^Such  a  concept  makes  proof  a  subjective  and  personal 
maj^ter.  The  poirpose  of  considering  proof  as  a  major  idea  in  mathematics 
is  to  lead  students  from  such  a  subjective  concept 'to  a  more,  objective 
.  one,  a  concept  based  on  criteria  interpersonal  in  nature. 
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People  are  continually  . called  upon  to  make  inlerences.^To  do  this  they 
.  pass  either  consciously  or  unconsciously  from  one  or  mSre  propositions, 
called  m'ffenceo  or  reasoufi^  to  another  prdposition  called  a  conclusim. 
If  . they  rationally  recohstruct  the  reasoning  they  or  someone  else  employs, 
two  questions  always  are  central:  (1)  Are  the  reasons  in  fact  true,  and 
(2)  iDoes  the  conclusion  necessarily  follow?  It  was  toward  these  two 
questions  that  the  chapter  was  directed.  These  were  tiSed  as  the  bases  of 
organizing  the  discussion  beowise  of  their  impcytance  and  because  it 
was  felt  all  teachers  from,  tl^gpmary  grades  through*high  school  can. 
make  a  contribution  toward  an' uiiderstaifding  of*  them.  . 

The  material  truth  of  a  statement^  if  it  has  such  a  property,  is  estab- 
lished by  inference?  which  are  probable.  The  necessity  of  a  conclusion 
is  established. by  laws  of  logic.  In  developniig  these  ideas  it  is  a  matter, 
of  the  teacher's  beginning  with  the  unverbalized  and  inconsistent,  ways 
/by  means  of  which  the  child  says,Jn  elTect,  "It  is  true  that  ..."  or 
**Therefore,  ^. In  the  case  of  probable  inference,  the  starting  point  is 
perso^ial  expcrienCe^very  convincing  hut  unreliable — and  authorita- 
tive opinion.  In  the  case  of  necessary  inferenee,  it  is  the  sentences  con-- 
.  taining  VhyVand  *hocau.sc'  that  the  child  makes.  ^As  he  progresses 
through  the  grades,  ho  is  taught  to  check  hi.s  judgments.  He'is  taught  to 
check  probable  infennices  by  s(jcuring  data  froni  cxperibnce,  and  to 
(!heck  iiecessjiry  inferences  by.  applying  principles  of  logic.  Armed  with 
this  kiiowkfclge,  the  student  should  be  a  more  disciplined  thinker  Whether 
ho  is  thinking  about  niat hematics  or  everyday  problems. 
'''See  Cha-pUr  11  fan  JnbHographics  andjftyggestians  for  the  further  study 
and.  use  of  the  materials  in  this  chapter.  ■  ' 
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^     V  and  Approximation,  V 

'V  -       .  ,  .  JOSEPH      PAYNE  AND  ROBERT  C  SEBER 

MKASungs  and  numbers  .  .  .  from'  £he  cradle  (WeigHt:.  6  lbs.  10 
'  »  -  ■  ozs/)  to  the  ipave  (Ag^^^  , 

•  '      As  a  child  ^rows'iie^ust  learn |o  m«3<sure  many  aspects^f  his  eriviron- 

■    '  ;       merit.  Hc; learns  to  associate  a  li timber  with  a  given  quantity.  must' 
^\     "  •^; learn  also  to  deal  effectively  with  the  numbers  that  he  obtains.from  tK^ 
•   ■         measurement  process! .These  are  vital ajid  rteces5ary  aspects  of  the  ediica- 
-  ^       ;  ibi 6 n  of  every  .child.-  '  ^-'"  '^     /  *  ' 

This  chapter.c'dntains  three'  sections:; Estimation ;  (2)  Measure-  . 
menti^(J^fA'p.pn>?fimatioji.  Although  the  three  topics  are.  interrelated, 
.  each  has  aspexts.peculiarly  its  own;,  The  section  on  estimation  contains 
•     ^  ^  ^uggestionsjor  teaching  cstiniatos  of  comptitatio'ns,  of  the  number  of  ol> 
V-  f       jects,  and  of  measuremcnts.-It  is  dcvote^d  mainly  to  specific" suggestions 
,  *  .        '  for  teaching  ,Gstrmafibn  to  elcmefttary  and  junior  high  sc}ioo^  pupils. 
' :  Many  of  thc'  ideas  presented  provide  the  background  for  tht  Ijist  section 
.  *    on  approximation.  Increasingly  precise  estimates  provide  a  natutal  lead  , 
^;s\tV  .'^^^^  a  discussion  Of  matlieinatical  approximation.  Estimates  of  .measure-  . 

•  '  ments  provide' the  lead  iqto  the  secpnd  section,  Mcasurcrrient!  The  sec- 

tion bji  measurement  fiealf?  ' With  tho^nilture  of  the  measuring  proces^ 
V  and  related  id(iiis.  Piw^dures  are  dctelopeH  for  computing  with  numW 
:  .  arising  from  approxitiiation.  Section  3  deals  with  the  wa;y  approximation 
j|  ^  ■        cnn  h(^treate(j['matheniatirji]iy.  It  sh'ould  be  of  ^•alue  to  >unibr  and  senior 
.  '    .    .  *hich  school  tciichers.     .  '         •      :  i  '  •  .  "       .  .  % 

Which^vdirJohi'^-^^  Johnny  is  a  three*  year  did  <5on- 

frontc4  with  the;  chff^re^  If  the,  objects  are  pieces  of 

candy,  he  will  iikelj^diopse  t^"^ first  ;  if  they  are  bitter  pills,  he  will 
likely  (choose  the  >>econ(f.'  It  may  be -'that  Johnny  .does  not  know  the 
"fiimber  of  objects,  in  either  «^et  and  yet  he  kno^vkthat  the  flrst  set  con-  '. 
ains  niore'than  the  second,.K'ind  that'  the  secqnd  contjalns' fewer  than  the,  ' 
first."  Py  choosirjK  both,  he  ^hows  that' the  two  sets  combined'  are  more  . 
than  either;  by  ohodsing, neither  one,,  he  shows  that  a 'set  t)f  none  is  lefjs  / 

' .:.  ■..      '   ■  .        •  - 
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than  either  of  theitt.  Early  in  their  lives,  children  demonstrate  some 
understanding  of  the  idea  of  more  than  and  less  than.  The  idea  is  im-' 
portant  mathematically  and  needs  to  be  nurtm'ed  and  cultivated 
throughout  the  years  m .  school. 

Often  in  aiithmetic  and  in  nu)re  advanced  mathematics  we  are  con- 
cerned with  exact  computation  but  neglect  an  equally  important  aspect, 
estimation:  We,  may  dey^p  the  algorisms  for^  multiplication  with  un- 
derstanding andvyet.fail'^  challenge  pupils  to  think  about  the  other 
relationships  betw^^,.numbers.  We  teach  that  5  X  7  is  35  but  leave 
the  child  to  his  own  <S|i;Sces  in  realizing  that  5  times  a  number  more  than 
7  is  a  product  more  than  35.  Though  we  teach  him  hew  to  find  the  area 
of  a  rectangle  and  introduce  the  formula  A  =  Iw,  we  often  overlook 
the  highly  useful  aspect  of  having  pupils  estimate. the  length  and  width 
of  a  room  to  get  a  sensible  estimate  of  the  area  of  the  rectangular  fioor. 
Without  a  design  for  learning  which  includes  planned  experiences  in 
estimating  and  mafcmg  sensible  approximations,  it  is  highly  unlikely 
that  studehts  will,  achieve  this  by  themselves.  Certainly,  estimatiiljg  re- 
sults of  computations  should  become  an  integral  part  of  the  instructional 
p^^m  in  arithmetic.  "  ' 

Mental  and  Paper-Pencil  Estimation  in  Computation.  A  child's  1 
early  idea  of  more  than  and  less  than  is  associated  with  physical  quanti- 
ties. Through  visual  observation.  Tommy  knows  that  he  prefers  the 
larger  piece  of  cake,  that  he  has  more  marbles  than  Jimmy,  that  lie's 
smaller  than  his  father,  with  little  or  no  idea  of  how  to  number  or  meas- 
ure objects  in  his  physical  environment.  As  he  learns  to  cojunt  by  ones 
toi  find  the  number  of  marbles  or  the  number  of^  pieces  of  candy,  he 
focuses  more  attention  on  the  number  concept  as  an  abstraction  from  a 
given  set  of  objects.  He^learns  the  meaning  of  5  from  seeing  .and  counting 

•  many  sets  of  objects,  each  of  which  has  one  common  characteristic, 
fiveness.  As  he  makes  comparisons  he  recognizes'^^I^aMl  group  of  8  con- 
tains  more  than  a  group  of  5.  Thenf'fe  his  ideas  expand,  he  begins  to 

.  realize  that  each  number  is  one  more  than  the.  preceding  one  and  that 
it  is  one  less  than  the  one  followifig  it.  Furthermore,  he  letS-ns  that  any 
number  is  more  than  any  of  those  which  come  before  it,  e.g.,  that  8  is 
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^      greater  than  7,  6,  5,  4,  3,  2,  or  1.  He  discovers  also  that  8  iAless^tfean 
,  any  number  following^t,  i.e.,  9,  10,  11,  12,  •  •  •  .  This  early  idia  of  more^ 
1  than-ness  and  Jess  than-ness,  the  order  relations,  provides  the  early  back- 
X.  ground  for  all  further  study  of  estimates  of  computations./ It  is  usfid-^ 

when  students  learn  how  to  tell  the  larger  of  l^wo fractions  aln^  then  to 
•    make*estimate§.4ifjComputations  with  fractions.  .  • 

i  Early  Elementary;  In  kindergarten; arid  the  lower  elementary  grades,' 
•teachers  should  prgv^jde'frequent  oppprtuhity  for'pupils  to  estimat/re- 1 
•^ults  of  computatfoils.  After  the  pupils  know  that  3  +  4  =  7,  the  teacher 
might  ask  if  3  +  Wis  more  than  7  or  less  than  7.  This  question  is  based 
ph  the  child's  knowled*ge  that  6  is  more  than  4.  Later  on  as  pupils  learn 
the  tens,  the  teacher  could  ask  if  30*  +  60  is  more  than  or  less  than  70. 
As  multiplication  is  introduced,  a  similar  procedure  is  appropriate,  ^or 
example,  knowing  that  4  X  3  =  12,  is  7  X  3  mOre-than  or  less  tlian  12?  • 
Thus,  before  the  pupil  knows  the  tabl^f  threes  completely,  he  has  some 
notion  of  the  size  of  the  pfodujpt  of  7  and  3.  In  a  later  gra;de,cthe  teacher  ; 
might  ask  if  3  X  70  is  ni^jpfrtMn  or  less  than/1-20. 
^  ^  The*ability»^to  estimate  is  extended  when  pupils  are  asked  to  give  two* 
numbers  such  that  the  result  is  between  them.  Knowing  that "3  X  4  =- 12 
and  3  X  10  =  30,  students  can  be  led  to  see  that  3  X  7  i^  between  12 
and  30..  The  .same  idea  is  expressed  when  a  pupil. says  .that  3  X  7  is  - 
more  than  12  but  less  than  30.  In  a  division  example  like  31  V  3,  jiupils 
•      first' might  estimate  the  result  as  a^little  more  than  10,  basing  their- esti- 
^  mates  on  the  known  fact  thai  30  -r-  3  =  10.  Tcf^ring  in  the  idea  of  be- 
twecn-ness,  pupils  -can  locate  two  numbers  such  that  31  -t-  3  is  between 
them.  One  pupil  may  know  that  30      3  =  10  and  that  36      3  =J3<^ 
hence,  he  may  sAy  that  31  -f-  3  is  between  10  and  12,  more' than  ijObut , 
less  than  12%  Another  pupil  may  think:  30      3  =  10;  33  4-  3  =  11; 
■  ^hencQ  31  -r-  3  is  between  10  and  11  but  nearer  *10  than  11.  A  similar 
analysis  is  appropriate  for  32  4-  3,  29  -^-  3,  and  28  -J-  3. In  locating  two 
numbers  sucK  that  the  result  is  between  them,  we  should  expect  some 
variation  in  pupil  response,  depending  to 'some*  extent  on  the  pupil's 
facility  in  making  estimates.  ^ 

Later  Elementary.  As  a  pupil  progresses  in'arithmetic,  place  value 
as  a  characteristic  of  our  number  system  becomes  increasingly  important. 
The  position  or  place  of  the  digit  determines  the  value  it  represents;  for 
example,  in  3G8,  the  3  means  3  hundreds,  ^Jie  6  means  6  tens,  and  the  8. 
means  8  ones.. This  idea  of  place  value  becomes  increasingly  important 
in.  estimating  computations  also.  Illustrations  of  the  use  of  place'  value^' 
in  estimating  are  shown,  when  pupils  are  led  to  discoveries  such  as  these: 
310  4-  3  is  more  thaa,100;  0  .X  37  is  between  180jvid  1^40;*215  X  404 

♦  ' , 
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us  about;  80,000  ;  79,000,000^ 2  is  about^ 40,000,00?)  ^(pu^ls  may  see 
it  iriore  easily  if  written  .79  million  -f-  2).  •  , 

Estimating  results  can. and  shoulcKbe  extended  to  all  p^arts  of  the  in- 
stnictional  program  in 'arithmetic.  As  complex  fractions"  are  studied, 

*  pupils  can  be  asked  to  estimate  suim  such  as  5^^^:^+  4^f2-  All  gupils 
should  be  led  to  sc^  that  the  resyiris  betwo^p/O  and  11.  Some  pupils 
will  be  able  to  give  a  smaller  interviil  such  as  between  9  and  10.  Brighter 
students  may  see  fhe  result  as  a  little  more  than  and  may  think  like 
this:  oViG  +  ^Vie  =  9^16  or  9>^;  since  4?1'2  is  more  tttan  4-^6,  o^ie 
•012  is  a  little  morefthan  9^^.  While  estimating  a  siim,  Mke  12  +  14  + 
9+18,  some  pupilsVill  think:  Each  number  is.less\han  20;  hence  tjie 
sum  is  less  than  TS<  20  or  80.  More  observant  youngfjters  will  say  tnat 
/he  sum  is  about  4  X  15  op  GO.  ^ 
•    Estimating  products  and  q^t^tients  of  decimal  fractions  helps  pupi^ 

.  place  the  decimal  point  sensibly.  F^r  a  product  such  as  3.24  X  4.6,  stu- 
<ients  first  should  estimate;  estimates  should  be  hi  the  intm-al  12  to  20 
beoauso^3  X  4  =12  and'4  X  5  =f  20.  For  exampler  students  coulc^^e 

,4^isked,  "Estimate  the.  product  and  then  place  the  decimal  point  in  the 
following."  »  • 

■      •  3.24  '       (    ,  ^ 

—       .  .        X  4.6  ,  ' 

.  1944. 
^  1296 
.11904 

A  similar  procedure  is  appropriate  for  placing  the  decimal'^p^^int  in 
cpiotients.  In  an  example  such  as  61.72  ~  4.2  students  can  make  a.pr^- 
jiminary  estimate  of  15  for  the  quotient.  This  should  help' pupils  place 
the  decimal  point  sensibly  instead  of  following  the  rule  blindly. 

To  make  estim.\tos  of  results  involving  decimals,  pppils  must  recognize 
the  rclative  sizcofmimbers  such  as  3.24,  4.6,  61 .72,  and  4.2.  Often  pupils 
fail  to  do  this  whcribhey  erroneously. conclude  that  the*  size  of  a- number 
is  deterniinrd  by  thc^Ffumber  oMigits.  To*^Kelp'?pupils  gaio  clearer  in- 
siglft  iiUo  the.  relative  .size  (if  such  numbers,  it  is  helpful  to  ha v&  pupils 
count 'by  tenths,  hundredths,  and  thousandths.-  For  exampl/y;.  to  get  a 
Jji)tion  of  the  position  3.2  i.n  relation  to  3  and  4,  count  Ky  tenths  from* 
^  to  4:     ,  .  .  ^  • 

•   3.0,  3.1,  5.j^,  3.3,  3.4,3.5,  3.6,  3.7,  3.8,3.9,  4.0.-^    .'^•^   •  - 
The  pupil  can  see  that  3.2  is  more  neahlvJf  thah'4.  A  similar  tixercise 
.is  appropriate  for  Jionvpar^ig  numb(TsMik<yr)2.3  and  62.27  by  countrng 
by  hundredths  from  ( )2. 20  to  62.30.    .  '  • 
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Pupils  can  learn  to  estimate  resylts  to  pbl^  a 
their  4)ape^pencil,  computations.  Also,  estimating  leads- cS 
work  with  slide  rule  ciilculations' where  one  almost  alwa> 
estimate     place  the  decimal  point  in  the  resj^lt. 

Students  usually  fiiid  it  easy,  to  count^by  25's,  50.'s,  a^nd* 
\  practical  use  of  such  counting  in  making  estimates  is  shown  in  j 
\from 'the  grocery  storey^  ; 
»  \  Martha  ^George  js  buying  groceries  i^a  ^yfftr  market.  Sae{^omeS  to 
the  candy  counter  and  woneiers  if  the  S^. 00.  she  has  is  enough*^^^pay  fnv 
her  ^groceries  and  buy  a  SI  .5Q  box  of  chocolat^s^'^  .fini^ou^  -^^  esti- 
mates the  cost  of  groceries 'inv her  basket  .by,  rounding  the  cost'^oif  each' 
it^m  to  the  nearest  25  cents  and  and  then  mentally  counts  by  25's,<5P*s'  ■ 
or  lOO's,  whichever  is  appropriate^,^t^stimate  the  total.  ^*  l 

^-^Cost  rounded  to 
/     mearest25  cents 

■        ^1.50  ' 
'    /  .25  . 
.75 


Actual  cost 

SI  .sV  ^' 


Mental  Estimate 
(Cumulative;  total) 

^    Si. 50  ^' 


'  .68 
S3.^ 


Actual  total 


^75 
2.00 
,  3f00 
■  3.75 

$3.75 


From  this  iviiimate  of  SB. 75,  Martha  George  might, decide. that;  she 
■should  buy  canJy*  costing 'only  SI  .00.  With  the  t-otals  cut  frpm>»  grocery  ^ 
slips,  pupils  can  find  the  exact  cost  arid  "compare  it  jw^ith  their  estimate. 
For  variation,  pupils  cau  round  each  item  to  the  nearest  lOfJ^nd  esti-' 
mate  the  total  by  counti^ij^  by  tens.  ^  ^  *  , 

Junior  and  Senior  HigK  School.  A-*^,  the  formula  for  the*cir^um-^, 
fCrence  of  a  circle  is  intrerauced, .  pupils  nmy  bring  in  tiri  cans^  bottle 
tops,  and  otlbi«r  circular  objcijts,  measure  the  circumference  and  the  Si-' 
ameter  and  then  discover  that  v^the  cTrcumference  is  about  3  times  the 
diameter.  Then  the  formulg,  (7.=  ird  is  intre^k^jSU.  "V^ith  the  valid  goal 
h)  mind  of  getting  students  ho  j^f^mp^te  accura€el^nd  t(l  use  tKe  for;«ula 
•properly,  frequently  we^sperid^all  the^^^pae  ^m/ these  computations, 
u.sing  3J^  or  3.14  as  an  approximafi^r^  is  equally  im- 

portant to  help  pupils  exjteiid  thei^*  Ability  to  estimat?the  results  before 
:^nd  after  the  direct.  computatior|.  Teachers  should  encourage  pupils  ^ 
'lake  ostimatOjS^w^iile  studying  i^iformal  geometry,  square. ^oots,  verbal 
.piV)l)Ienis,  and  ;ipplicnf?t«ns  in  algebiju-  a|id  geometry. 

^hile  finding  nrPT^  of  tria^figles;  re(!langles,  and  other  polygons,  part 
oi^he  yjrne^caii  he  devoted  to  estimating  tl|^  areas  by  estimating  results  . 
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^of  computation^.  For  example,  students  cap  be 'asked  to  estimate  the 
^rea'of  tl^e^polygpns  such  as  those  ill  Figure  2.  Fpr -the  triangle,  an  es£i- 


v 


Estimate  of 

-  .  \  ■  .    '[  '      Fio.  2 

mate  of  3  op  square 'units  wouid-seelh  reasonable.  The  area  of  the 
rectangle  is  about  100;  some  of  the  more  able^upils  might  see  th^J^rea 
as  about  110  sqiuare  tuiits,  obtained, by  multiplying  20  by* 5^.* 

As  put)il£|  undertake  squa.re  rogt.in  tlie  jimipiiffcigh  school,  they  should 
ed  to  estimate  before  trying  to^d  arcloser  approxipaatioft-! 

3  Detwi 


ClearJ 


ufpils  should  be  led  to  see  that";-> 


veen  8  and  9,  that 


5  is  betweeiir  13  and  14,  before  prqceHing  to  find  a  clqs^  approxima-  - 
tion^^  the  divij|?n  method^^Jihenrigorisyi.  The  dirlslon  method  for 
finding  the  squarje  root  is  mot^rneaniihgful  than  the  usualalgorism  and  ^ 
should -be  given -considerable  «mphisis,  particularly  as  square  root  is 
-introduced.  This  is  true  because  the  division  method -^fojpuges  attention 
on  the  fundximental  notion  of  Jhe  square  root  qf.a  number.  JThe  division 
method  can  Hfe-more  than  just  trial^iand 'errors  For  exalnple,  a  prelimi- 
'nar^  estimate  of  \/75  might  be  8.5/  .  > 


-8.8 


Divide  75  by  8.5^ 


8.5/75^00 
68  0 

'  7  00  . 
-      6  80. 
20 


To  make  the^^ecf^nd  estWtte,  average  8 J)  and  8.8,  getting'8;65^ 

;   ^      ■  ■    \  .  -      ■  '\  \  '  i  ■ 

"Use  8 . 65^113  the  trial  divisor. 


'8.65/75700 
'*  69.20 


5 


0 
on 
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This  process  can  continue  until  the  desired  precision  is  obtained.  From 
the  second  trial  division,  it  is  clear  that  \/75  is  8.7,  to  the  nearest  t«nth 
and  there  is  reaisonable  assurance  that  the  result  is  8.66,  to  the  nearest 
hundredth.  As.  the  averaging  and  division  process  continues,  a  closer 
approximation  is  obtained  although  no.  decimal  numb.er  will  be  the 
exact  square  joot  of  75.  Teachers  might  point  out  that  -s/lh  is  an  ir- 
rational number.  (See  page  52  in  Chapter  2,  "Number  and  Operation."") 

While  working  with  formulas  which  require  extensive  computation, 
it  is  helpful  first  to  estimate  the  result.  To  find  the  result  for 

31.72  X  42.4  • 
^  167 

a  pupil  might  estimate  this  way:  ''The  result  is  about  (30  X  40)/150 
or  (3  X''40)/15  or  about  120/15  oi^bout  8."  This  kind  of  estimation 
may;  help  avoid  errors  in  placing  the  decimal  point.  Such  exercises  are 
also  important  in  computations  using  the  slide  rule.  • 

Often  pu{>ils  use  the  rules  blindly  for  finding  the  characteristic;  of  the 
logarithm  of  a  number.  It  is  important  that  they  be  given  ample  praqfice 
in  estimating  the  logarithm  before  extensive  use  of  tables.  For  example,' 
the  log  of  789  is  bfetween  2  and  3  because  10^  =  100  and  10?  =  1000. 

As  the  reader  has  probably  recognized,  the  more  advanced  work  on 
estimates  in  calculations  is  deiSendent'upon  the  ability  to  multiply  and 
divide  easily  by  10,  100,  1000,  and  other  powers  of  10.  Therefore,' there 
should  be  continuing  stress  on  multiplication  and  division  by  powers 
of  10  as  well  as  stress  on  the  structure  of  thq  nupieration  system. 
/  Summary  of  Recurring  Ideas.  From  the  stijdy  of  estimation  in 
/computation,  certain  ideas  recur  .in  varying  degre.es  of  importance 
from  kindergarten  through  high  school. 

'  1.  The  order  relations  gflmer  than  and  less  than  are  importi3,nt  for  al- 
most all  work  on  estimates  of  computations.  The  id(|fi  begins  in  kinder- 
garten and  lower  elementary  grades  us  pupils  learn  that  every  integer 
is  greater  thail  all  that  come  before  it  and  is  less  than  all  that  follow  it 
in  counting  "Order.  In  the  micldle  and  upper  elementary  grades  this 
greater  than-less  than  idea  is  extended  to  common  and  decimal  fractions. 

2.  An  idea  of  beiween-ness  begins  somewhat  later  than  the  early  con- 
cepts of  more  than  and^ss  ihan.^lt  represents  a  growth  in  the  ability  to 
estimate,  i.e.,  the  ability  to  establish  two  numbers  such  that  the  result 
\s  between  them^  ^  '   •  *  - 

'3.  An  understanding  of  the  characteristics  of  our  number  system  plays 
an  important  role  in  the  growth  6i  the  ability  to  estirrfate.  Place  value  is 
particularly  import|int.  -  * 
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,4.  To  estimate  effectively,  it  is  necessary  to  be  able  to  multiply^and 
divide  easily  by  10,  100,  1000*,  and  other  powers  of  10.» 

3.  Implicit  in  all  work  on  estima.tion  is  the  atteimpt  to  get  pupils  to. 
think  about  the  result  and  make  an  estimate  before  plunging  directly 
into  the. exact  paper-pencil  computation.  The  major  attempt  is  to  get 
pupils  to  deal  with  numbers  sensibly.  ' 

Estimating  the  Number  of  Objects-  About  how  many  people  were 
at  the  meeting?  About  how  many  marbles  are  in  the''jar?  What  is- your 
estimate  of  the  number  of  children  on  the  playground?  — ^ 

These  questions  suggest  a  second  aspect- of  estimation,  looking  at  a 
group  of  objects  and  estimating  its  number.  The  subject  is  often  over- 
looked and  many  people  are  unable  to  make  a  reasonable  guess  in  such 
situations'.  This*  section  contains  some  suggestions  for  helping  pupils 
grow  in  their  ability  to  make  estimates  of  this  nature.  "  . 

Early  ideas  in  estimating  the  number  of  objects  involve  only  more 
than,  less  than,  many  more,  few  more,  and  the  like.  Teachers  can  ask 
"  questions  suieh  as;  Are  there  more  people  in  that  group  than. there  are  in 
our  class?  Many  more?  Few  more?  Then,  as  pupils  grow  in  their' afeility 
to  make  such  estimations,  closer  apfjroximations  may  be  expected.  Tn 
the' kindergarten  and*  lower  elemeritary^grades,  pupils  are  led"  to  get  a 
mental  concept  of  groups  of  1,  2,  3;  4„5.  Larger  groups  are. usually  vis- . 
ualized  in  terms  of  these  smaller  groups.  For  examxJTti,  ten  may  be  per- 
ceived as  5  +  5  from  the  pattern 

•  •  m     m  ^ 

•  •  •     • .  ■ 

This  sjajme  idea  is  used  when  we  encourage  pupils  to  estimate  a  larger 
group  by  estimating  the  number,  of  smaller,  more  familiar  groups  it  con- 
tains. For  example,  a  pupil  can  count  the  number  of  people  in  a  reading 
group,  look  at  it  to  get  some  itlea^'of  the  size,  and  then  apply  this  unit 
of  measurement  to  the  total  class  and  make  some  guess  about  the  numt^er 
of  children.  He  can  also  e^unt  the  number  of.  children  in  the  room  and 
use  this  larger  uni<>  of  measurement  to  estimate  the  number  of  children 
on  the  playground.  To  estimate  even  larger  groups  of  people,  students 
might  be  asked  to  focus  attention  on  tly^^^iiniber  of  people  at  assembly 
to  get  a  larger  unit  for  use  in  estimating  the  crowd  in  the  football  stadium^ 
Such  estimates  may  Vivolve  mental  or  paper-pencil  computations.  To 
estimate  the  number  of  niArbles  in  a  jar,  the  child  can  count  the  number 
of  marbles  on  the  bottom' of  the  jar,  estimate  the  number  of  layers  (by 
counting  down  the  jar)  iindthen  multiply  to  get  an  estimate  of  the  total 
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number/This  coiild  turn  into  an  interesting  guessing  game.  To  help  pupils 
•estimate  the  number  of  seats  in  an  auditorium  or  church,  have  then? 
count  the  number  of,  seats  in  one  row,  tlie  number  of  rows,  and  then 
multiply  mentally  (or  paper-pencil  if  too  complicated)  to  find  the  total. 
Numerous  opportunitie'S  arise  where  teachers  can  take  a  few  minutes 
for  this  kind  of  estimation.  At  Thanksgiving  arid  Christmas,  with  Aie 
abundance  of  cranberries,  a  guessing  game  is  fun.  The  teacher  might 
,hold  up  a  handful  of  cranberries  and  ask  pupils  to  estimate  the  number. 

The  inverse  of  estimating  a  given  number  of  objects  is. encountered 
wh>S^  a  number  is  given^^ud  a  group  of  objects  is 'to  be  chosen.  "I  want 
100  sheets^  of  paper.''  "Bring,  me  a  jj^n  pins."  "I  need  18  pieces  of 
candy.''  ProcedureJj  for  teaching  this  type  of  estimation  are  similar  to 
those  described  earlier: 

Estimating  MeasurementET^rhe  practical  value  of  being  able  to 
estihiate  the  size  of*physical  ol)jjbcts' is. recognized  by  almost  all  people. 
''Vyhal  is  the  length  of  this  room?"  "How  far  is  it  from  the  center  of. 
town  to  your  house?''  "How  many  feet  were  you  from  the  scene  of  the 
accident?"  "Does  this  btter  weigh  too  much,  to  go  tor  4  cents?"  "How 
-long  should  I  allow  for  my  drive  to  the  airport?"  ''^How  much  grass  seed 
should  I  buy  for  ftiy  lawn?"  "g[ow  many  square  yards  of  carpeting  do  I 
need?"  A  measuring  instrument  is  not  always  handy  or  it  may  be  diffi- 
eult  to^measure  the  quantity  directly.  The  teacher  should  realize  thatt 
this  kind  of  estimation  is' difficult  and  somewhat,  cumbersome  to  teach.  . 
There  are  several  realfeons  for  this.  It  is  time-consuming;  it  may  be  diffi- 
cult to  apply  a  measuring  instrument  to  the. quantity;  and  a  certain, 
degree  of  matheniatic'dl  maturity  seems  desirable,  if  not  jiecessary.  But 
this  does  ndt  mean  that  weoshguld  ignore  this  useful  aspect  of  estimation. 
It  is  even  more  reason  for  giving  conhcntra^  and  systematic  study 
to.this  topic.  - 

As  with  almost  all  measuring,  we  apply  a  known  unit  to.an  unknown 
quantity  and.  determine  the  number  of  units.  Hence,  the'  esseiftial  idea 
of  estimating  measurements  involves  ftfst-haild  experieiace  with  a,vvariety 
of  units  of  measurement  and  relating ''these  units  to  something  ?anj(iliar 
to  the  individual  making  the  estimate.  The  need  foi*  giving  pupils  re- 
peated experience  eannot  be  overemphasized.  A  clerk  at  the;  meat  coun- 
ter, upona  request  for  a  three  pound  roast,  can  take  a  l^irge  forieqiia'rter 
of  beef  and  slice  a  roast  within  an  ounce  or  two.  of  the  desired  three 
pounds.  He  has  had  much  experience  in  estimating.  '  v 

Linear  Estimates*  To  make  linear  estimates,  each  pupil  can  measure, 
the  breadth  of  liis  hand.  Using  the  ha.n^  as  a  unit  of  rneasuremenfi;  he** 
can  be  asked  to  find  the  width  of  several  objects;  desks,  books,  windows.; 
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etc.  Knowing  the  number  of  hands  and  the  width  of*  each  hand,  he 
can  make  an  estimate.  Similarly,  pupils  can  get  a  smaller  measuring 
unit  by  measuring  a  joii;it  of  a  finger,  perhaps  trying  to  find  one  that  is 
one  inch  long.  Measuring  his  height  and  using  this  as  a  unit,  a  student 
might  estimate  that  the  height  of  the  room  is  three  times  his  height,  or 
ab'out  12  feet. 

It  is  cofnmon  to  see  the  length  of  the  room  or  the  width  of  i  lot  stepped 
off.  This  is  done  by  knowing  the  length  of  the  stride,\finding  the  number 
of  steps,  and  then  estimating  the  distance.  Thus,  piipils  can  measure 
their  stride  (perhaps  take  an  average  of  5  or  6  steps)  and  tlien  practice- 
using  it.  If  desired,  the  distance  may  be  measured  with  a  tape  measure 
or  yardstick  to  check  the  estimate.  * 

Estimating  longer  distances  is  not  as  simple  because  we  cannot  apply 
a  known  quantity  as  easily  and  must  rely  on  -a  mental  approxin;iation 
of  the  number  of  units.  It  may  be  helpful  to  have  pupils  take* the  distance 
that  they  travel  often  and  know  well,  e.g.,  distance  from  home  to  school,^ 
and  try  to  apply  this  unit  to  other  d^tances.  *'-Well,  it's  about  twice  as 
far  from  my  house  to  yours  as  it  is  from  mine  to  school.  It's  1.6  miles 
from  myliouse  to  school.  Hence,  it  must  be  about  3  miles  from  my  house 
to  your/?."  As  a  child  bej^ins  to  travel,  larger  units  make  more  Sense.  It 
is  35  miles  to  City  A.  It  must  be  about  twice  as  far^ to  City  B;  hence, 
it  is  about  70  miles. 

The  Boy  Scout  Manual  contains  many  suggestions  for  making  linear 
estimations,  directly  and  indirectly.  For  further  information  on  this 
t^>pic,  consult  this  reference. 

Estimates,  of  Other  Measurements.  Making  estimates  of  other 
measurements  involves  procedures  similar  to  those  suggested  for  linear 
estimates.  Area  is  usually  e.stimatod  indirectly  jjfter  measuring  or  step- 
ping off  linear  measurements.  The  dimensions  of  a  room  may  be  esti- 
mated to  be  21'  by  45';  hence,  the  area  would  be  estimated' as  about  900 
square  feet.  Likewise,  most'  estimates  of  volume  are*  made  indirectly 
;  usiilig  known  or  estimated  linear  measurements.  To  help  pupils  estimate 
weight,  they  might  be  asked  to  estimate  the  weight  of  certain  objects 
before  and  after  handling  an  ounce  and  a  pound  weight.  It  is  difficult  to 
teach  pupil.s  to  e.stiniat(i  the  length  of  time 'from  one  event  to  the  next. 
But  they  should  bo  able  to  estimate  driving  time  between  two  cities  if  the 
distance  and  average  speod  arc  known.  Estimates  of  size  of.  angles  are 
usually  made  using  the  easily  recognized  45°,  90°,  180°,  and  270°  angles 
as  guides. 

One  practirill  problem  that  arises  in^jj^imations  is  the  amount  of  error 
that  should  he  allowed.  To  some  exUnit  the^llowable  error  depends  on 
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the  use  of  the  ostimate.  Certainly  if  a  pupil  can  estimate  with  a  10  to  20  %, 
error,  he  is  doing  well.  In  the  early  work  on  estfmation,  we  jnay  expect 
much  greater  error.  The  study  o^  the  error  of  an  estimate  provides  a  nic^ 
opportunity  for  some  wock  on  per  cent  by  finding  the.  per  cent  of  error 
of  a  given  estimate.  Likewise,  pupils  can  calculate- the  amount  of  per- 
missible error  when  the  per  cent  allowed  is  stated.-  '  , 
.  We  cannot  expect  a  pupil  to  make  satisfactory  estimates  of  measure- 
ments from,  a  brief  exposure  to  the  tqpic.  Elementary  and  high  school 
teachers  should  provide  many  and  varied  opportunities  for  pupils  to 
ndake  estimates  of  measurements.  These  experiences  should  be  of  the 
kind  which  relates  estimation  of  measurements  to  the  world  and  the 
envirurmient  of  the  studeM.  ^ 

INIEASUREMENT 

The  concept  of  measurement  is  used  daily  by  everyone.  It  is  so  much 
a  part  of  our  everyday  life  that  we  are  seldom  aware  of  its  extensive  use.. 
We  get  up  at  7  a.m.,  allow  30  mi  nates  for  breakfast,  drive  our  new  1959 
car  at  a  speed  under  the  55  m.p.h,  limit.  We  encounter  difficulties  park- 
ing—our car  is  too  long;  there  are  too  many  cars  and  too  few^arking 
^  spaces.  On  a  trip  to  the  super  market  we  gee  that  each  item  is  labeled 
with^one  or  more  number  symbols  referring  to  price,  length,  area,  volume, 
and  weight.  We  measure  for  draperies,  rugs,  and  to  find  the  amount  of 
grass  seed  for  our  lawns.  Meters  measure  the  number  of  units  of  gas,  water, 
and  electricity  we  use.  There  is  little  doubt-that  measurement  is  an 
integral  part  of  our  lives. 

This  section  is  devoted  to  the  teaching  of  direct  and  indirect  measure- 
ment and  Vl^^ted  ideas  such  as  standard  units,  precision,  acjcuracy^ 
tolerance,  and  tolerance^  interval.  Considerable  attention  is  gi.ven  to 
procrcduros  for  making  computations  with  numbers  arising  from  approxi- 
mations, including  numbers  arising  from  measurement.  ^ 

Direct  vs.  Indirect  Measurement.  In  eyery  instance,  the  ultimate, 
result  of  the  measuring  process  associates  a  number  with  some  geometri- 
cal or  physical  fpi^ntity.  This  association  may  be  made  directly  or  in- 
directly. 

Direct  measurements  are  made  by  a  direct  comparison  of  a  unit  of 
measurement  with  the  object  to  be  measured.  Examples  of  direct  meas- 
urement are:  length  of  a  room  found  by  using  a  yardstick  or  tape  meas- 
ure; area  of  floor  found  by  counting  the  number  of  tiles  (square  units).  . 
on  the  floor;  volume  Avithin  a  bottle  by  counting  the  number  of  standard 
cups*  of  water  it  takes  to  fill  it.  . 

When  the  measure  ^a  quantity  such  as  time,  temperature,  vefocity. 
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weight,  or  even  distance  is  computed  from  numbers  obtained  by  actually 
measuring  some  (Hher  quantity,  the  first  quantity  is  measured  indirectly. 
Instruments  such  as  clocks,  thermometers,  speedometers,  and^ring 
.  scales  are  used  to  make  measurements  indirectly.  Such  devices  convert 
the  quantity  being  measured  into  forces  which  move  gears,  expand 
metals,  and  in  some  way  produce  numbers  which  are  read  directly  on  a 
scale.  Such  measurements  are  made  possible  by  combined  mathematical, 
scientific,  and  mechanical  knowledge.  Some  quantities  are  measured  in- 
directly by  using  mathematical  formulas  to  translate  known  direct 
measurements  into  a  number  for  the  quantity.  The  area  of  a  recjtangular 
floor  is  found  indirectly  when  the  number  of  units  in  the  length  and  the) 
number  of  units  in  the  width  are  substituted  in 'the  formula  A  .=  IwS 
(If  I  =  21  ft.^nd  w  =  10  ft.,  then  the  area  is  found  ii^directly;  i4  =  21  X 
10  or  210  sqVft.)  The  height 'of  the  flagpole  (Fig.  3)  is  found  indirectly 


( 


Fig.  3  "  , 

by  u.sing  the  formula /i  =  d  •  (tangent  Z  y)  and  the  direct  measurements 
of  angle  ?A  and  d.  (If  angle  y  =  4P  and  d  =  76  ft.,  then  /i  =  76  (tangent 
41°);. /i  =  76  {.869)  or  approximately  /i  =  66  ft.  In  some  cases  we  are 
unable  to  apply  a  measuring  instrument  directly  to  the  quantity,  e.g.,, 
finding  the  time  which  has  passed  since  breakfast;  in  other  cases,  it  is  a 
^  matter  of  convenience  to  make  measurements  indirectly,  e.g.,  the  area 
of  floor  and  the  height vof  the  flagpole.  *" 

Units  of  Measurement.  From  the  stdidy  of  measurement,  pupils 
should  realize  that  standard  units  of  measurement  are  arbitrarily  chosen 
although  the  units  may  have  arisen  historically.  Furthermore,  they 
should  recognize  that  units  of  measurement  are  standardized  to  enable 
thcm  to  have  widespread  use.  For  example,  a  dooi\made  in  Indiana  must 
fit  an  automobile  assembled,  in  Michigan.  To  holp^chieve  these,  obj^jc- 
tives,  a  lesson  such  as  the  following  might  he  planned!  Have  pupils 
place  thoir  elbows  on  their  desks  witj;i  the /orearm  pointed  upward  and 
the  fingers  extended.  Measure  the  length  from  the  elbow  to  tlie  finger  tip 
(this  is  the  ancient  citbil,  d  unit  of  lengthy.  Record  the  measurement  for 
each  pupil.  They  will  recognise  that  a  floth  merchant  would  profit  by 
having  a  short  arm,  Recognizing  the  i>  :  fnr  a  standard  unit,  ^the  class 
can  establish  its- own  by  iiveraginj;  the  various  measurements.  Then, 
U  each  pupil  is  furnished  a  sMc1<  of  this  length,  many  measurements  qiii 
be  done  with  the  unit  standardized  just  for  the  class.  If  desired,  the 
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^  class  cubit  can-H^e  divided  into  smaller  equal  units. to  measure  srrialler; 
.  lengths.  ^  .      ^  ■  , 

•Standard  -ttflitsTirmeasurement  are  defined  by  law.The  definitions  of 
'some  units  are  made. by  the  U.  S.  Congress  and  some  are  made  by  in-^ 
.  dividual  states.  A  bushel  of  corn  niay  have  dilTerent  definitions  in  neigh- 
boring statefTln  mpst  of  our  tradin'g  and  industrial  establishments  we 
siill  use  the  Engli.sh  [System  of  weights  and  measures  established  by  act  ' 
'  •       of  Conp^ress  although  the  metric  system  is  permissible.  But  the  English 
units  of  nieasurenierit^e  defined  by  law  in  terms  of  the  metric  units 
which  are  Renerally  used  in  {Scientific  wol-k  and  which  are  being  u^d 

increasingly  elsewhere.^  The  yard  is  defined  to  be  meter.  This 

\  «393/ 

makes  an  inch  u  little  more  2;540005  centimeters.  For  industrial 

r^-v,  .  purposes  the  inch  is  often  treated  as  exactly  2.54  centimeters.  The  defi-  ^ 

V    nitjori  of  the  meter  itself,  however,  is  in  the  process  of  being  made  more 

precise.* 

Students  should  be  familiar \vith  tjae  variety  of  units  of  measurement.  • 
^xamples  of  some  units  can  be  exhibited  and  used  in  the  classroom  to  4 
give  pupils  repeated  contact  with  the' units  «and  their  use.  Certainly 
every  pupil  should  bo  thoroughly"  familiar  with  commf)nly  used  9nits 
such  as  inch,  foot,  yard,  mile,  ounce,  pound,  ton,  and  sf>^on.  But  in  the^>, 
present  at«m  and  space  uge,^there  is  a  need  for  more. attention  to  very"' 
small  and  very  large  units  of  measurement.  Contrast  in  linear  units  can 

 ^  '. 

*  The  following  is  quoted  from  Science  127 :  76;  January  10,  1958. 

IVeto  Standard  of  Length 

The  Advisory  Committer  for  the  Definition  of  tlie  Metre,  chaired  by  L.  E. 
.Hewlett,  direrctor  of  the  Division  of  Applied  Physics,  National  Research  Council 
«  of 'Canada,  has  iinanimou.sly  agreed  on  a  new  standard  of  length— a  wavelength 
of  light— to  be  uried  instead  of  tho^Dlatinum-iridium  bar  kept  at  Sevres,  France. 
The  leading  contenders  as  t}ie  sourte  for  light  for  the  standard  have  been  the 
following  isotope^:  mercnry-198,^  krypton-84,  *krypton-86,  and  cadmium-lH.  . 
One  of  the  wavelengths  of  orange'li^t  emitted  by  krypton-SS  has  been  selected 
its  ^he  standard,  aiu]  the  international  meter  win  be  defined  as  1,650,763.73  times 
this  wavelength.  ThtT  resulting  standard  will  t)e  more  than  100  times  as  precise  as 
the  present  international  meter. 

Although  in  practice  the  new  standard  is  already  in  use,  several  steps  remain 
before  the  wavelength  becomes  officially  recognized.  T;he  comniitteie  mentioned, 
.above  will  send  its  recommendation  to  the  In^srittftional  Committee  of  Weights 
and  Measures  for  consideration  at  its  meeting  in' October  1958;  when  approved 
there,  the  reebmmendation  will  be  presented  to  the  International  Conference  on 
Weights  and  Measures,  wh'^h  will  meet  in  19G0;  at  Wt  time  tht standard  will  be-  . 
come  the  legal  international  standard,  J  * 
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be  shown  by  these  comparisoits:  .    ■    '.  ■ 

.00000001  cm.— Diameter  of  hydrogen  atom  , 

.000001  in.  "—Crosshairs  for  telescope  made  from  cocoon  of  brown 
^  ^         spider      .  ■ 

.  003  in.  — Thickness  of  human  hair  ■ 

.  «».  •     _  •        '         ■         .  ■ 

.01  in.  — Thickness  of  3  sheets;  of  standard  newspaper 
.5  light  years     — Distance  to  one  of  the  nearer  stars  (distance  ^given  in 
terms  of  time  it  takes^a  ray  of  light  to  reach  earth).. 

Contrast  in  velocity  dfn  be  shown  by^comparing  the  speed  of  a  turtle 
to  the  spewed  of  sound,-  about  1080  ft.  per  sec,  or  about  ^  mile  per  sec, 
the  velocity  of  a  sateljite  in  ofbit  at  about  18,000  miles" per  hour,  and 
the  speed  of  Hght  at.a'bout  186,000  niiles  per  second,  or  about  670,000,000  ' 
^  miles  per  hour.  ^  '  . 

Students  should  be  faijaijiar  with  the  many  measuring  instruments' 
and  realize  man's  quest  for  more  precise  instruments  for  measurement. 
Foot  rulers,  yardsticks,  meter  sticks,  steel  tapes,  tape  measures,  vernier, 
and  micrometer  calipers  are  some  of  the  instruments  for  measuring 
length  which  can  be  deinonstrated  in  the*  classroom.  Other,  instruments 
Qan  be  used  and  demonstrated,  such  as  the  protractor  and  transit  for  - 
measuring  angles,  an^^  platform  balances  and  spring  scales  for  measuring 
weight. 

Relationships  Between  Units.  Letting  generalizations  grow  from, 
several  concrete  examples  is.  commonly  accepted  as  sound  practice  in 
teaching  arithmetic.  While  teaching  the  basic  addition  facts,  students  are. 
given  repeated  examples  such  as  combining  3  beads  and  4  beads,  3 
chairs  and  4  chairs,  3  pencils  and  4  pencils  before  reaching  the  generali- 
zation, 3  +  4  =  7.  A  .similar  procedure  is  highly  desirable  for  teaching 
many  of  the  relationships  between  units  of.  measurement.  Students  can 
be  given  a  rule  marked  in  foot  units  only  and  one  with  inch  units  only. 
,By  arranging  interesting  situations  in  which  th^  student  uses  both  rules 
to  make  the  same  measurement,  it  seems  likely  that  he  will  make  more 
observations  about  the  relation  between  the  foot  unit  and  the  inch  unit. 
For  1  foot  unit  he  has  12  inch  .units;  for  2  foot  units  he -has  24  inch  units; 
for  3  foot  units  he  has  36  inch  units.  He  pairs  the  number  of  foot  units 
with  the  number  of  inch  units  and  generalizes  that-there  are.l2  inch  units 
for  each  foot  unit,  12  inches  =  1  foot.  '  ^  ^- 

At  a  moce  advanced  level,  we  can  help  the  student  see  how  he  might 
record  the  results  of  his  observations  in  the  form  of  a  table,  generalize, 
and  then  write  a  formula  expressing  the  relation. 
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number  of  foot  unitis      |  1.     I  2     I  3 

 :  

number  of  inch  units     |l2      |24      [36  . 

Examiiiation  of  this  table  might  lead  hitlv^^coi*ijectureHhat.when  the 
number  of  foot  units  is  4,  the  numberof  inch  units  if  48.  He  might  verbal- 
ize what  he  sees  hi  the  table,  times  the  number  of  foot  imitsfs  eqical 
to  the  rnimber  of  inch  units.  For  the  number  of  foot  units,  F,  and  the.  num- 
ber of  inch  units,  /,  we  write  the  condition  that  12  times  the  number  o^ 
foot  units  is  equal  to  tljp  number  of  inch  units  as  12F  ==  7.  (Students 
should  be  reminded  that' the  formula  does  not  state  that  12  feet  =1 
inch;  rather,  12  X  the  number  of  feet  =  number  of  inches.)  Similarly  he 
can  discover  interpret  the*formtllas,  37  =  F,  307  =  7,  for  the  num-. 
ber  of  yard  marks,  7,  and  the  number  of  foot  marks,  F,  and  the  number 
of  inch  marks',./.  The  idea  of  the  relatedness  of  tlie  number  of  one  unit 
'  of  measure  and- another  unit  of  measure  can  be  brought  to  fruition  in  a 
-formula,  -illustrative  of  the  way  (with  considerable  simplification)  in 
which  a  mature  scientist  examines  a  specimen  of  his  environment,  re- > 
cords  pairs  of  numbers,  and  writes  a  formula  to  describe  the  results  (Jf 
his  observations. 

The  relationship  between  units  of  weight  such  as  ounce  anci^^^^d 
can  be  shown  by  use  of  a  platform  balance.  Foiv  liquid  measure,  pupijis 
can  measure  using  the  cup,  pint,  quart,  and  gallon  and  then  generali2e 
about  the  relationship  bet^yeen«  the  units. 

By  qbserving  physical  examples  of  units  of  measurement  the  student 
comes  to  know  many  of  the  directly  observable  imits  of  measurement 
and  the  relationship  between  the  same  units.  But  an  individual's  ii£|ri6- 
diate  sensory  perception  does  not  permit  him  to  know  relationships 's^'ch 
as  those  existing  between  one  inch  and  one  millionth  of  an  inch,  one  mile 
and  one  light  year,  or  one  second  'and  one  century.  How,  then,'  can  stu- 
dents come  to  know  about  the  relation  between  such  units?  In^.these 
cases.  We  must  rely  on  numerical  processes.  One  inch  =  1,000,000 
millionths  inches  because  1  =  1,000,000  millionths.  One  light  ^ar  is 
defined /as  the  distance  light  travels  in  1  year;  hence  1  light  year  is 
apprpxiinately  186,000  X  GO  X  60  X  24  X  365  miles.  One  century  is 
approximately^ 60  X  60  X  24  X  365  X  100  seconds.  This  provides  an 
opportunity  to  distinguish  between  relationships  which  are  purely  nu- 
merical '(one  contains  1,000,000  millionths),  those  which  also  involve 
physical  or  empirical  relationships  (the  length  of  one  light  year  depends 
upon  the  speed  of  light  as  well  as  the  number  of  seconds  in  a  year),  and 
those  wlych  are  purely  definitional  in  character  (there  are  12  inches  in  a 
foot  or -an  inch  i;^^.54  centimeters).  This  latter  concept — ^that  basic 
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units  are  arbitrarily  defined — is  a  fundamental  notion  which  must 
eventually  be  brought  out  clearly  and  not  be  obscured  "by  the  concrete' 
approacKruggested  above  as  a  pedagogical  device  for,  giving  childrefi  an 
insight  into  the  nature  -of  units  and  their  inteiTclationslxips.  A  clear 
understanding  of  this  was  noted  in  Chapter  4,.  'Troof,"  as  one  way  of 
•  pointing  out  the  fundamental  role  and  arbitrary  nature  of  definitions  jn 
all  mathematical  systems.  . 

**As  has  been  pointed  out  earlier,  by  the  measuring  process  we  associ- 
ate a  num^ber.with  some  geometrical  or  physical  quantity.  Thus,  meas- 
urement would  include  counting  the  number  of  fingers,  the  number  of 
people  in  the  room,  or  the  number  of  dollars  and  cents  in  the.  bank. 
But  thr*  more  common  usage  of  measurement  docs  not  include  these 
examples  of  a  discrete  number  of  (f,t)jects.  In  the  more  common  usage 
of  measurement,  a  measuring  instrument*  and  a  unit  of  measurement 
arelmpjjed.  furthermore,  it  is  usually  assumed  that  the  quantity,  to  be 
measured  cannot  be  numbered  exactly. 

A  clear  conception  of  the  measurement  process  must  include  au  un- 
derstanding of  its  approximate  natun&.  In  the  early  elementary  grades, 
a  pupil  might  think  that  he  can  cut'yfT  two  feet  of  rope  in  the  same  sense 
that  he  can  pick  up  ?\vo  pennies.  He  measures  pcrhdps  without  realizing 
that  the  length  of  rope  is  approximately  2  feet.  But  he  will  measure 
lengths  such  as  one  which  is  about  ft.  where  he  is  certain  to  observe 
that,  **It  does  not  cofne  out  even."  He  will_  sec  that  it  contains  neither, 
exactly  two  feet  nor  exactly  three  feet.  There Js  nothing  inexact  about 
the  amount  of  rape;  there  is  a  definite,  fixed  amount.  Thcro  is  nothing 
inexact  about  the  number  2  or  the  number  3.  But  there  is  something 
inexact  about  the  description  of  the  length  of  rope  as  2  ft.  No  -matter 
liow  small  the  unit  of  measurement,  the  exact  length  cannot  be  deter- 
mined. Thus,  numbers  arising  from  measurement  made  with  rulers 
and  other  instruments  are  approximate  representations  of  the  physical 
quantity.  , 

Precision  of  Measurement.  The  precision  of  a  measurevieni  is  de- 
fined by  the  unit  used  to  make  it.  When  a  measurement  is  made  to  the 
nearest  foot,  the  precision  of  measurement  is  1  ft.  Measuring  to  the 
nearest  half  inch  gives  greater- precision.  The  smaller  the  unit,  tfie 
greater  is  the  precision  of  the  measuremenrft. 

The  error  of  measurement  is  the  difference  between  the  actual  length  and 
the  recorded  length.  Error  of  measurement  docs  not  refer  to  a  mistake  in 
-  measuring.  If  line  segment  A  B  (Fig.  4)  is  measured  to  the  nearest  half 
inch,  the  length  is  recorded  as  23^'^  inchc*.  The  error  of  measurement  is 
the  length  of  YB,  the  difference  between- the  length  of  yl5  and  the 
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corded  measurement  of  2}^2  inches.  When  .-IB  is  measured  to  the  nearest 
inch,  the  length  is  recorded  as  3  inches  and  the  error  of  measurement  is" 
(3  -  AB)  inches.  If  AB  is. more  than  3  inches,  the  error  ot^ieasurement 
is  {AB  —  3)  inches.  It  shduld'*6e-  clear  that  the  erjor  of  measurement^ 
camiot  be  determined  just,  a^ihe  exact  length  of  ^4 5  cannot  be  deter- 
mined. We  can  only  state  iSie  lefigth  of  the  interval  within '^vhich  the 
error  must  be  contained.  ^  ^ 

To  help  pupils  understand  the  meaning  of  precision  and  error  of 
measurement  the  teacher  can  plan  a  lesson  similar  to  the  following.  Dis- 
tribute a  sheet  of  paper  to  each  pupil  containing  several  line  segments  of 
different  lengths.  Also,  supply  students  with  a  scale  marked  in  one-inch 
units  only.  Have  the  students  measure  each  line  segment  with  ttie  inch- 
unit  scale  and  record  their  results  to  the  nearest  inch  in  a  table.  The  pu- 
pils can  be  tolcf  that  the  error  of  measurement  is  the  difference  between 
the,actual  length  and  the  recorded  length.  Then  give  the  pupils  a  scale 
4[iarked  in  one-half  inch  units  and  ask  them  to  record  the  measurements. 
Then,  using  a  scale  marked  in  }4  inch  units  only,  repeat  the  process. 
If  the  original  lines  have  been  carefully  drawn  by  the  teacher,  the  student 
will  obtain  different  numbers  such  as  3,  2>^,  2?^  for  successive  measure- 
ments, of  the  same  line  with  different  rulers!  From  such  a  laboratory 
lesson,  the  students  should  realize  that  the  smaller  the  unit  of  measure- 
mei^f  the  more  precise  is  the  measuremeTit. 

By  pertinent  questions  from  the  teacher,  thrabovfe  lesson  can  be  ex- 
tended to  help  pupils  understand  greatest  possible  error,  the  tolerance,  as 
it  relates  tp  measurement.  When  line  segment  AB  is  measured  to  the 
nearest  inch,  what  is  the  recorded  length?^  (Fig.  5).  AB  must  be  as  long 

FiQ.  5 

as  X  to  be  recorded  as  7  inches.  AB  must  be  shorter  than  X  to 
be  recorded  as  7  inches  Then,  . the  greatest  possible  error  is  (Students 
wiJKrie^d  a  reminder  that  error  is'the  difference  between  the  actual  length 


MEASUREMENT  AND  APPROXIMATION  .  -  IQQ 

^  •  /  ■ 

and  the  pe7orfJe(f  length.)       use  of  questicias  lik^iiiese,  jiiipils  can  see 
tliat  the  ji^reutesf  po.ssible  error  is  I2  ni^^i-  Simltarqi^^ 
asked  for  nieasurenx^nt  to  tlie  nearef^t  half  inch  aijd  nearest  quarter 
inch.  T  roni  such  a  discission,  pbpiLs  are^led-iJ^o  niak(^  the' added  ge^ierali- 
zat\6n:  The.  .(f^raic^  poii.^Mv  vrror  {thvAolcrance) .  is  ph^-hnlf^  the  ^unit  r^^  • 
meainirawjit.  '  -  _       '^         p  *      ;    '  t  ' 

Tolcranre  hitervdi^  If  ^any      the  line*  segments  AB  CD,  KF,  >^r  * 
GH  (Fig.  G)  'is  measured  to  the  nearest  inch,  the  length  will  be  recorded  ^  .  . 
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as  2  inches.  \n  other  words,  any  length  between  \y/  and  2j.^«'  will  i)e  - 
recorded  as  2''  when  measured  to  the  nearest  inch.  The  interyal  lj^'^" 
to  23^2''  is  calted  the  tolerance  interval  iov  a  recorded  measurement  of  2 
inches  when  made  to  the  nearest  inch.  Thus  when  measuring  .with  inch 
units,  we  do  not  know  the  number  which  represents  the  Idhgth  of  any 
one  of  the  segmeiits  above.'But  we  do  know  that  the  number  for  any  ' 
one  of  them  is  in  the  tolerance  interval  1 .5  to  2.5.  If  another  line  segment 
A'K  is  measured  to  the  nearest  half  incli'^us  QM^^  the  number^J^  does 
not  tell  the  exact  length  of.  X7;  but  we  would  know  that  the  actual 
length  of  At 7  is  in  the  interval  634''  to  6^':4''..Thus,  in  most  cases,  the 
tolerance  interval  is  determined  by  the  unit  of-  measurement.  In^sucli  cases, 

'  the  lower  number  of  the  tolerance  interval  is  the  recorded  measurement 
minus  one  half  the  unit  of  measurement;  the  upper  number  is  obtained 
by  adding  one  half  the  unit  of  measurement.  It  is  clear  that  in  such 
cases,  the  tolerance  interval  is  twice  the  tolerance^ 

In  the  previous  examples,  the  units  of  measurement  were  stated  and 
we  were  able  to  give,  the  tolerance  interval  with  certainty.  In  scientific 

*and.  engineering  worJvHt  is  important  and  customary  that  these  facts 
are  written,  read,  ah4  used  carefully  and  properly.  This  is  Hot  always 
the  case.  Afany  times  we  must  make  an  intelligent  guess  about  the  unit 
of  nujasurement  from  a  recorded  measurement.  For  example,  the  mean 
distance  to  the  sun  is  sometimes  written  j}^  93,000,000  miles;  without 
knowing  for  sure  about  the  unit  of  measurement,  we  might  guess  that 
it  is  million  miles  and  infer  that  the  tolerance  inten'al  is  92,500,000 
miles  td  03,500,000  miles.  For  a  recorded  length  of  IG.3  inches,  we  prol^ 
ably  would  assume  that  the  unit  of  measurement  is  tenth-inch  beca\4^^ 
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•16.3  indicates  this  precision*  if4t  were  recorded  as  16.30  inches,  we  would 
a.S8ume  the,  measurement  was  made  tojjihe  nearest  JiundrcdlhUnch.  Much 
of  the  workijwith  measurement  , NvitP-^f^  make  a  sensible 

'guess  atout  the  unit  Troni  >  recrorded^Wsur^ment.  Hence^it  seems 
.reasonable^tQ,  ask  pupils  to  give  the  imit  of  measurement/  tlie^greatest 
possible  error,  and  the  toler^ce  interval  fpr-^veral  measurem^^s 
where  the  uiiit  of  measurement  is  not  stated  ej^plicitly.-      ^  .  * 

We ^hquld  encourage  pupils  to  inquire  about  the  tolerance  and  the 
unit  orarieasurenient  in  .each  neWrfm6asuriiig  context.  Wherl  a  seamstress 
.  Uiiys  3  yards  of  material tile  clerk  does  not  gVe  her  to  3>^'j^rds  of 
^  material.  She  is  assured  of  getting,at  least  3  yards  aiid  the  tolerance  in- 
.terval  probably  is  3  yards— 3  yar^s^nches.  If  you  go  to  a^um'ber  yard 
and' purchase^  board  8  feet  in  length,  Avhat^is  the  ueit  of  measurement? 
*VVhat  precision  is  required  in  milling  this  type  of  lumber?  Does  tfiis 
mean  that  when  you  get  horn,e  you^can' expe^  that  the  length  of  tiie 
board  is  more  than  7.5  feet  and  less  than  8.5  .(eet?  If  a  man  is  working  in 
a  machine  tool  company  and  the  blue  print  calls  for  a'  piece  yhich^is 
inehes  long,  is  he  toas^ufne  that  he  will  be  "performing  hig  dutj^properiy 
if  he' turns  out  q.  piece  whose  length  is  between  1}4  inches  and  1%  intihes? 
No,  he  will  either  already  hav^been  infgrmed  about  the  required  unit 
of  measurement  Employed  or  will  inquire  about  it  for  any  new  6lue  .print 
on  "which  it  Is  not  specified.  The  understanding  that  %  inches  may  mean 
1.5" inches  or,.1.50  iiichcs.or  1.500  inches  is*important.  In  many  cases  the 

/  teacher  can^ely  upon' the  local  environment  to  provide  industries  from  . 
-  whixih  the  jrtuden^*  can  obtain  information  regarding  the  unitsLof  measure- 
meat  used  or  the  precision  of  measurement  required'.  Students  can  be 
encouraged  tojriquire  aBout  the  tolerance  k>r  a  quart  of  milk,  a  gallon 

•  of  g^i^bline,  and  so  on,  ih  their  own  state. 

.     W^shouW  acquaint  pupils  with  the  standard  ways  in  which  precision 
<rfjneasurement  is  indicated-  Most  blueprints  .use  the  db  notation  to  in-* 
dicate  the  .tolerance  and 'the  unit  of  measurement.  A  measurement  of  6 
ft.  dbM  in.' would  mean  that  the.  tolerance  ^terval  is  5  ft.         in.  to 
G  ft.  }i  in.  and  that  the  unit  of  measurement* is  1  inch.  A  bolt  and  a  bolt 
hole  both  labeled  as  M'i".  would  not  have  ther^me  tolerance;  the  bolt 
might  have  as.its  diameter  0.25  —  .005  in.  making  the  ^tolerance  interval 
0.245  to  0.250,  a^d  the,  diameter  of  the  bolt  hole  might  be  writ^^n  as 
0.25  +  .005  in.  making  its  tolerance  interval  .250  to  .255.  Scientific 
v^otation  is  also  used  to  indicate  the  precision  of  measurement.  For  ex- 
.   ample,  2:63  .  X  10*  cm^ould  mean  that  the  measurement  was  made  to 
;   the  nearest  hundred  cenfen^igters.  If  it  were  recorded  as  26,300  cm.,  there 
.  m^ight  be  some  doubt  ab6utth«e  precision  of  the  measurement.  Likewise, 
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cm,  would  indicfate  precision(to  the  neiiri^st  millionth-centi- 
meter. .    f.  A4  V'  ^  *  '. 

'  _  .■  .       ♦  "^"^  ".  •*  «  •  •  •  - 

^By  examining  many  practical  illustrations  from  science  a^d  industry, 

^  stuc^Qtits  <,'a^.b8gm  t6  appf^ciate^tjie'  role  which  measurement  ancfi^p- 

Xpro^iation  play.  Ip  the  ms^  production  of  maijy  iteins^=H^frigerator.s, 

,  telcvibYon  sets,,  automobilijp — which^  itr^l?  produceil  on  .assrtnbly^  lines, 

each  part  must/B^^oduced  with  its  measure  in  a'giyen  tolerilnce  inft^rval 

^  in  o^der  tkit  the.parte  will^fit  tbgfther  andihe  finalproduct^  will  perform 

.    prqperi;^.  From  the  planning  stage,. thrpiigh  production,  and  the  eftrecking 

.  of  the  tjuality  of  the  pj-oduct— an^^applied  mathematical  arda  itself-^ 

*  we  are  concerned  about  tfiq  folerance  interval  and^lt^  relation  €&-^the  final 

'  ^performance  of  the  item*.  '  ^    p-        *         \  ^ 

.     *        CO^IPUTATIONJ^  WITH  NUMBERS.  ARISIISG  ' 

.     •  FR^W  APPROXIMATIONS 

\  '  .  /  "  *        I  ' 

Approximations  arise  from  many  soureeg.  It  has. already  been  shown* 

that  numberi^  obtained  by  applying  meaffeing  instrufhents  to/  quantity 
are  approximations.  Approximations  arise  alsplts  we  attera^Tto  wpte  a 
^decimal  representation ;for^ numbers J;ke.  J^S«;.-V^, 'V^^  62,  or 
sine  32°.  Numbers  such  as  171 ,000,000,  obtained  by  rounding  some  num- 
bci*  to  the  nearest  million,  give  rise  to  approximations.  Computations 

.  with  nunjfbers  ari|?mg  from  approximations  should  be  done  with  the  idea 
of  their  nature  clearly' in  mind.  *  .  , 

1      Many  standard  texts  use  ^Approximate  ^Numbers  to  denote  such  niim- , 

•  bers.  Although  this  terminology  is  simpler  to*yse,  the' writers  of  this 
chapter  . have  chosen  to  avoid  it  because  mathematically,  numbers  are  ^ 
not  classed  in  tjiis  manner.  Teachers  who  wish  to  continue* the  u^e  of 
Approximate  Numbers  should  not  feel  that  they  are  committing  a  grave 
error.  But  they  should  :be  certain  that  students  realize  that  this  is  a. 
shoftenecf  and  convenient  terminology.  No  number  is  approximate,  Tlie 

*  in  'b\i  ft.'  represents  a  numbet\  This  number,  by  itself,  is  never 
.  an  approximation;  hence.it  does  not  really  make  much  sense  to  call  it 

exact  either.  However,  the  number  b]^  be  used  to  fepresent  the 
height  in  feet  of  a  man,  with  the  understanding  that  we  do  not;  know 
the  number  wfiich  represents  his  true  height,  but  that  53^  is  close  to  it. 
The  number  \/2  is  not, approximate  but  any  decimal  expression  for 
y/2  is  an  approximation  to  \/2.  '  . 

In  the  section  which  follows,  procedures,  are  deyelope^  for  making 
computations  with  numbers  arising  from  approximationfi.  Most  of  the 
examples/leal  with  numbers  arising  from  measurement  because  of  the 
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ease\)f  illustration.  The  reader  should  be^  av^are' that 'the.  procedures* 
shauld^be  us3d- for  appnDximatrons ''arising  from  any  sourc^! 


Adding  and  Subtracting 

amples?  f .  ,  • 

Example  1  . 

Add  A  ^7  ft. 
.824  ft. 


What  is  wrong  mth  each  of  these  ex- 


Example  2 
.Subtract    6.4W  in. 


m. 


X 


\ 


8.524 


2.997  in. 


In  Example  1 ,  the  measurement  o£  4.7  ft.  indicatesHhat  it  is  madeto 
'^the  nearest  tenth  of  a  foot;.  thuSj^th^Tactual  length  is.  as  small  as  4.65 
or  as  large  as  (4.7§.  The 'measurement  of  3.824  ft.  indicates  precision' to 
the  thousandths  of  a  foot;  thus,  the  adual  l^igjh  is  as  small  as  3.8235  ft.  - 
or  as  large  as  3:8245  ft.  If  the  actual  JengtSs^ere  the  smallest '^possible, 
the  sum  would  be  8.47i35  ftl;  i£  they  were  the  largest  possible,  the  sum 
would  be  8.5745  ft.      '       '  '   .  '  "  ■ 


Smallest 

4.65  ^ft. 
3^823^ 
'8'.4735  £t. 


Largest  . 

4.75  ft. 
3.8245  ft. 
8.5745  ft. 


The  sum  of  the  two  measurements^  somewhere  in  the  interval  8.4735 
to  8.5745.  The  chances  are  only  yt  ^  (^Ib  sum  recorded^ 

in  Example  1)  is  the  actual  sturi  of  tne  two^measurements,  to  the  nearest 
thousandth  of  an  inch. 

In  adding  the  two  measurements  nhfecample  1,  the  precision  of  one  of 
them,  4J  ft.,  has  been  implicitly  increased -by  adding  two  zeros  getting 
4.'400  ft.,  indicating  precision  to  the  thoukandth-inch.  The-f(recision  of  a  . 
measurement  tian'not  be  increased  in  this  manner,  merely  with  a  flick -of 
the  pencil .^0  make  it  more  precise,  a  Smaller  unit  of  measurement  musti 
be  used.      *  •  Jr 

The  folly  of  such  additions  can  be  shown  by^placing  cross  marks  in 


the  spaces: 


Example  1 

^dd  4.7xxft. 
3.8ftlft. 


i 

.  Example  2  - 

Subtract    6.497  in. 

3 .  5xx  in. 
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Not  knowing  ivhat  digits  occupy  the  spaces,  it  is  evident  that  the'  sum 
in  Exa)?nple  1  and  the  difference  in  Example  2  cannot  be  obtained  to 
the  neareat  thousandth-inch.  \   :  . 

From- the. previous  disci!fesion  the  follo\ving  general  principle  is  evident: 

To  add  or  subtract  r\Aimhers  ansing  from^  approximations,  first  round 
each^  nufnher  to  the\%nit  of  the  least  precise  number  and'^theri  perform  the 
operation.     ,  '  .  •  ■   

The  principle  stated  above  is  easy  to  apply  when  measurements  are 
recorded  in  the  decimal  system  or  in  the  metric  system.  It  is  not  as  easy 
\vhen  adding  measurements  such  as  5%  pounds  and  6%  pounds.  The_ 
main  difficulty  ariseis  in  assuming  that  5^<4  pounds  represents  a  weight 
to  th(v  nearest  quarter-pound ;  in  actual  practice  it  may  mean  5%  pounds,  < 
*  a  measurement  to  the  nearest  eighth-pound,  Thus,  in  actual  practice, 
you  need  to  know  the  unit  of  rheasurement  before  3^ou  can  perform  the 
computations  with  certainty  of  obtaining  the  correct  precision  in  the 
result.  .  '. 

uelatiye- Ei:rpr  and  Accuracy.  If  the  length  of  a  desk  is  recorded  as 
3)^2  feet  to  the  the  nearest  half-foot,  the  greatest  possible  error  is foot 
and  the  relative  error  is  the  ratio  of     to  33^  or         S^i  which  is  .071. 
The  relative  error  of  a  nrteasurement  is  defined  as  the  ratio  of  the  tolerance 
6r  maximum  error  to  the  measured  value.  Some  persons  in  some  situa- 
^tions  choose  to' express  (his  fraction  as  a  per  cent  (7.1  per  cent  in  the 
ibove  example)  .  This  is  then  called  the  per  cent  of  error.  By  definition  a 
measurement  with  a  smaller  ,  relative  error  is  said  to  be  more  accurate' 
than  one  with/T  larger  relative  error.  This  is  a  special  technical  use  of 
.t)ie  words  qccurate  and  accuracy.  It  does  not  refer  to  the  care  witlrwlncti 
'Ihe  measurement  was  maide;  it  is  assumed  that  all  measurements  are 
made  with  care  qtnd  correctly 'to  the  precision  indicated  for  them. 

It  is  not  particularly  easy  to  get  pupils  to  realize  the  full  impact'o^the  ' 
statements,  in  the  previous  paragraph.  To  introduce  the  idea,  the  teacher 
may  give  several  sets  of  measurements  and  ask  pupils  to  find  the  error 
and  relative  error  as  in  the  following  examples.  (In  a  work  sheet  given 
to  students^  the  error  column  would  be  blank  as  is  the  relative,  error 
column.) 

.  ^  Relative 
^        »  Error  Error 

Example  1  .         12  ft.    ^  ft.   

18  ft.  1^  ft.   

(Vit. .  ft.  ■  . 
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5  ft.  • 
5  ydsi 
5  miles 


Example  3 


1,000,000  miles 
1  mi.  •  • 

.5  ft. 


-500,000  miles 
,05  ft.  ' 


From  examples  like  these,  pupils  can  be  led  to  see  that  the  accuracy  of 
a  measiirement  is  independent*'of  the  unit  of  measurement  used  to  make 
It.   _  r    ;    •  ;    '  . 

To  teach  an  understanding  of  this  have  students  examine  the  follow- 
ing calculations  of  the  relative  error  of  the  measurements  640  ft,  to 
nearest  10  ft.,  64  ft.,  6.4  ft.,  and  .64  ft.  .  ;  . 


Relative  error  of  640  ft. 


640 


Relative  error  of  64  ft.  =    —  =  — 

64  ^640y 

Relative  error  of  6.4  ft.  =   —  =  — 

6.4  640 

.005  ^  _5^ 
.64  640 


Relative- error  of  <64  f-t.  = 


or  about  .07 
or  about  .07 
or  about  . 07 
or  about  :07 


Note,  the  relative  error  of  each  measurement  is  the  same,  about  .07. 

By  similar  calculations,  note  that  the  relative  ^ror  of  each  of  the 
measurements  365  in:,  36.5  in.,  3.65  in.,  and  .365  in;  is  the  isame,  approxi- 
mately .0014.  Hence  each  of  this  last  set  of  measurements  is  more  accu- 
rate than  any  of  the  first  set  of  measurements.  Each  of  the  measure- 
ments C40  ft.,  64  ft.,  6.4  ft.,  .64  ft:  has  2  digits  which  affect  the  accuracy 
of  the  measurement;  each  of  "the  measurements  365  in.,  etc.,  has  3  digits 
which  affect  the  .accuracy  of  the  measurement.  Digits  which  affect  the 
accuracy  of  a  measurement  are  called  significant  digits.  The  more  signifi-  : 
cant  digits  a  measurement  has,  the  more  accurate  is  the  measurement. 

From  the  diseussion  above,  it  should  be  clear  that  all  nonzero  digits 
are  significanti  Zeros  are  'sometimes  significant;  they  are  significant 
when  they  are  between  nonzero  digits  as  in  numerals  like  700.01,  60054, 
and  3.005.  Zeros  are  not  significant  in  a  numeral  such  as  0.004  because 
the  zeros  do  not  affect  the  relative  error  and.  hence  the  accuracy  of  the 
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meivsurement.  For  example,  let's  oompare  the  relative  error  of  .004  with 
that  of  .4  under  the  assumption  that  in  each  qase  the  tolerance  is  one 
half  a  unit  of  the  size  represented  by  the  position  of  the  foii>s.  Thus 

the  relative  error  of  .004  =  -rxfrr     -jk  =  .125  while  the  relative  error 

.004  40 

0.05  5 

■0^  -4  =  — ^  ~  40  ^  '^h^s  shows  that  th^e  zeros  in  .004  are  nQt ''sig- 
nificant." 

In  a  numeral  such  as  64,000,  it  is  difficult  to  determine  the  number 
of  .significant  digits  because  the  unit  of  measurement  is  not  known.  If 
it  is  64,000  to  the  nearest  thousand,  then  none  of^the  zeros  is  significant. 
If  it  is  measured  to  the  nearest  unit,  all  the  zeros  are  significant.  To' 
■  avoid  ambiguity  in  cases  such  as  this  one,  a  dot  can  be  placed  over 'the 
zero,  which  indicates  the  precision  of  the  measurement. .  For  example, 
97,000,000  would  indicate  measurement  to  the  nearest  hundred  ,  and 
there  would  be  6  significant  digits.  A  second  and  perhaps  more  common 
way  pf  representing  significant  di^ts  in  this  case  is  to  write  the  number 
in  standard  (sometirnes  called,  saeri^zjfc)  notation.  In  this  system 
97,000,0^  to  the  nearest  hundred  would  be  written  9.70000  X  10^ 
It  should  be  clearly  recogiiized  that  tbe  number  of.  significant  digits  is 
only  a  rough  index  of  the  acctiracy  of  a  measurement.  Significant  digits 
are  introduced,  to  Jacilitate  the  procedures  for  the 'other  operations 
(multiplication,  division,  and  square  root)  with  numbers  arising  from 
approximations.  '  " 

^  Multiplying  and  Dividing*  Morgaifis  a  model  airplane  enthusiast 
and  has  Several  gasoline  planes.  He  flies  the  planes  by  attaching  a' piece 
of  string  to  a  plane  and,  by  holding  one  end,  lets  the  plane  fly  in  a  cir- 
cular path.  Morgan  wanted  to  calculate  the  distance  the  plane  travelled 
in  one  lap..  He  measured  the  diameter  of  the.circle  to  be  68  feet.  He  knew 
that  C  ^  ttD,  and  that  ir  is  approximately  3.1416.  He  found  the  cir- 
cumference of  the  circle  like  this:  .  - 

3.1416 

.       .  '        68  feet 

'  ..  '  25  1328 

188  496 

.     ,    ■    ■       ,        ;    213.6288  feet. 

Is  his  calculation  correct?  Is  the  circumference  of  the  circle  213*6288 
ft.?  After  measuring  the  diameter  to^the  nearest  foot  (68  ft.)  do  yS{i 
'think  that  he  could  calculate  the  circumference  to  the  nearest  ten- 
thousandth  of  a  foot? 
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Dan  ieminded  Morgan  that  his  measurerlent  of  68  feet  is  made  to 
the  nearest  foot  and  hence  the  actual  diameter  of  the  circle  is  between 
67>^  feet  and  68J^  feet.  iFurthermore,  he  noted  that  a"  3  digit' approxi- 
mation for  TT  is  more  sensible  to  use.  Then  Dan  showed  Morgan  that 
the  circumference  of  the  circle  could  be  as  little  as  211.950  feet  and  as 
mucTi  as  215.090 ieet.  He  showed  Morgan  these  calculations: 

With  Diameter  of  67.5  ft.       \      With  Diameter  of  68.5  ft. 

68.5  feet 
3.14 

274a       .  - 
685 
2055 
,215.090 

Morgan  could  have  been  asked  to  compare  tl((e  digits  in  corresponding 
places  in  the  two  products.  The  digits  are  the  same,  2  and  1,  in  the 
hundreds,  and  tens  columns,  but  different  in  the^ther  places.  Hence, 
it  is  clear  that  the  result  should  be  rounded  to  210  ft.  "because  there  is 
no  certainty  of  any  digit  to  the  right  of  the  tens  place. 

Perhaps  you  recognize  the  important  principle  that  ihe  accuracy  of  a 
rneasurement  cannot  be  improved  by  compulation.  That  is  to  say,  Morgan 
couldn't  get  a  measurement  of  the  circumference  of  a  circle  to  the 
nearest  ten-thousandth  of  a  foot  by  using  a  five  digit  number  for  tt, 
if  his  mg«c§urcment  originally  had  only  two  digit  accuracy.  He  couldn't 
improve  his  accuracy  (.007  relative  error  in  68  ft.)  by  multiplying.  He 
merely  piit  on  an  appearance  of  ai|paccuracy  to  which  he  was^ot  en- 
titled when  he  used  3.1416  for  ir  and  wrote  his  result  as  213.6288  feet. 
.  A  rough  guide  for  rounding  ah  answer  obtained  by  multiplying  num- 
bers arising  , from  - approximiations  is  as  follows  (remember  that  the 
number  of  significant  digits  gives  a  rough  idea  of  accuracy): 

In  midliplying  numbers  arising  from  approximations,  keep  as  many 
significant  digits  in  the  product  as  there  are  in  the  number  with  the  fewer 
significant  digits. 

When  Morgan  found  the  circumference  of  the  circular  path  which 
the  plane  travelled,  he  multiplied  3.1416  by  68  feet.  The  number  68 
feet  has  the  fewer  significant  digits  (2)  and  hence  he  should' have  rounded 
his  answer  to  contain  only  2  significant  digits  (210  ft.). 

The  folly  of  keeping  more  signifjfcant  digits  in  the.  answer  is  illustrated 
by  placing  an  x  (cross  mark)  for  the  digits  which*are  not  Ipiown  and 
then  attempting  the  multiplication.  . 


67.5  feet 

3.14 
.  2700 

675 
2025 


211.950 
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3.14 


xxxx 
2512 
1884 

2lx.xxx 


Since  the  digit  in  the  tenths  place  of  68  ft.  is  not  known,  we  can 
indicate  it  by  a  cross  mairk,  carry  out  the  calculation  and  get  21x  ft. 
which  says  that  the  result  .should  be  written  is  210'  with  two  significant 
figures.  \  .    /  ^ 

A  geometric  illustration  ^pf  the  need  for  rounding  the  result  may  be 
shown  using  a  rectangle.  Consider  a  rectangle.  (Fig.  7)  whose  length,  is 


Fia.  7 

recorded  as  10.4  centimeters  and  width  as  4.7  centimeters,  with  each 
nieasurement  given  to  the  nearest  millimeter4tenth-centimeter).  . 

,Swo  of  the  possible  rectangles  are-  drawn  with  the^measureihents  of 
each  within  the  tolerance  intervals.  Of  course,  thp  actuq.1  rectangle  may 
have  two  of  its  sides  anywhere  in  the  shaded  area. 

The  area  of  the  rectangle  can  be  as  Irttle  as  4.65  X  10^5  or  48.1275 
square  centimeters.  The  area  can  be  as  mucl^'as  4.7S  X'  10,45  or  49:6375 
square  centimeters.  Thus,  the  actual  area  is  in  .the  interval  48.1275  to 
4t).6375  square  centimeters. 

Following  the  rule  on  multiplying  lumbers  arising  from  approximation, 
we  obtain  the  following  result  for  the  area  of  the  rectangle;  10.4  chi. 
by  4.7  cm.  -  ■    '      V  ^ 

lO.Tcm.  '  *  ^ 

'  *      4.7  cm.  ^  .  .  . 

7  28 
41  6 

48.88  or  49  sq.  cm.  '\  .  ■ 
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Since  4.7  centimeters  has  thie  fgwer  significant  digits  (2);  the  result 
isj-ounded  to  49  square  cehtimeters.^Writing  our  result  this\vay  implies" 
that  it  is  correct  to  the  nearest  square  centimeter.  Tl^e  tolerance  int«r-, 
val  \yhich  we  computed  . was  48.1275  to  49.iG>375/rather  than  48.5  to  49.5. 
This  shows  that  ourrukf  about  rounding  products  to  the  same  ntimber'of 
significant  figures  as  in  the  least  accurate- factof  is  itself  only  approxi- 
mately correct.  However,  it  is  a  good  approximation  and  saves  us  from 
two  long  multiplications.'   '  ' , 

Division  is  the  inverse  of  multiplication.  Therefore,  itVould'  seem 
reasonable  to  follow  the'  procedure,  used  for  miultiplication  iiKmaking 
divisions  involving  numbers  arising  from  approximations. 

Jn  dividing  numbers^  arising  from  approximaiims]  keep  as  many  sig- 
nificant iigiis  in  ihe'^qupii'mi  as  there  are  in  the  number  withAhe  Jewer 
.  significant  digits: 

A  similar  rule- applies  to  square  root.  ;^or  example,  if  a  square  contains 
69  square  inches,  measured  to  the  nearest  square  inch,  to  find  the  side, 
take  the  square  root  of  69  and  retain  two  significant  di^s  in  the  result. 
Thus  the  side  of  a  square  whose  area  is  69  square  inches  is  8.3.incheSi 
correct  to  two  significant  figures,;    %  .  ,  - 

To  find  the  square  root  of  a  mmber  arising  from  approximation,  re- 
tain  as  many  significant  digits  in  the  result  as  the  number  contains. 

APPROXIMATION  ^ 

A  physical  conception  of  approximation  and  successive  approximation 
arises  with' a  measuring  process  and  the  use  of  smaller  and  smaller 
units  of  measurement.  A  formal  notion  of  approximation  grows,  from 
and  brings  neW'  meaning  to  a  ^tudent's  work  with  estimations .  and 
measurements.  In  each  of  these  we  found  as  a  key  idea  an  ordering  of 
quantity  and  of  numbers.  TEe  idea  of  order  continues  in  this  role  as 
we  attempt  to  give  it  depth  and  breadth  by. viewing  it  in  a  ^variety  of 
new  contexts.  One  of  these  i^  approximation. 

The  continued  study  of  mathematics  demands  that  more  and  moj:e 
attention  be  given  to  a  distinction  between  mathematical  conditions 
and  the  physical  situations  which  they  describe.  Even  though  titiis 
distinction  is  made,<  there  "is  little  doubt  about^the  pedagogical  value"  of 
keeping  both  in  view  when  dealing  with  either.  In  teaching  geometry 
this  point  is  illustrated  >vhen  we  hel^  the  student  see  a  mathematical 
proof  in  terms  of  a  sequence  of  deductions  made  from,  assumed  con- 
ditions. A  drawing  may  suggest'that  a  statement  is  true.  Other  drawings;, 
may  provide  evidence  that  the  statement  is  true,  but  they  do  not  con- 
stitute a  mathematical  proof.  A  mathematical  proof  exhibits  relatioqs*^ 
involving  terms  and  statements.  A  student's  understanding  of  these.. 
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terms  and  statements  is  extended  by  considermg  these  relations.  We 
help  him  see  approximation  m  this  way  as  conditions  are  developed 
which  define  an  approximation  to  a  number  or- a  point.  In  doing  this 
we  find  that  algebraic  and  geometric  conditions  correspond^  to  one 
another.  Graphical  and  other  physical  interpretations  of  these  con- 
ditions provide  the  opportunity  to  further  develop  an  understanding 
of  the  distinction  between  the  use  of  mathematical  conditions  in  de- 
ductive schemes  and  the  related  'physical  concepts.  f 
•  In  this  section  you  will  find  some  o£  the  contexts  in  which  we  make 
use  of  rational  approximations.  We  find  a  concept  of  approximation 
involved  as  a  student  extends  his  notioa  of  number  from  fraction  or 
rational  number  to  irrational  number.  We  find  gipproximations  neces- 
sary when  we  make  use  of  trigonometrfc  ^  or  logarithmic  tables  and' 
when  we  interpolate  in  them.  Work  with  sequences  of  numbers  brings 
into  play  a  concept  of  successive~^approximation  which  provides  part 
of  the  background  for  the  study  of  limits  and  calculus.  A  geometric 
view  of  approximation  is  developed  and  related  to  a  number  line.  This 
is  indicative  of  the  way  in  which  we  associate  algebraic  and  geometric 
concepts.  W^  find  that  apprbximation  is  not  a  proi)erty  of  a  number 
but  a  relation  involving  pairs  of  numbers.  The  relation  approximately 
or  is  defined  consistently  with  the  use  of  the  term  'relation'  in 

Chapter  3.  Finally^  these  ideas  are  brought  to  bear  a  brief  discussion 
of  soma  types     approximat?ons  which  arise  in  science. 

Rational  Approximation.  Children  encounter  a  notion  of  approxi- 
mation early  in  their  school  days  when'>they  first  meet  the  division 
algorism.  In  dividing  10  by  4  the  student  can  view  the  information 
obtained  from  the  first  step  in  the  algorism  in  a^variety  of  ways.  One 
way  to  view,  it  is  that  it  gives  the  first,  or  in  this  case  the  units,  digit 
in  the  quotient.  But  kejcftn  also  state  that  this  tells  him  that  2  is  less 
than  the  quotients  and  the  quotient  is  less  "than  3,'  or  the  quotient  is 
between  2  and  3,  "or  a  first  approximation  to  the  quotient  is  2,  or  tlie 
quotient  is  approximately  2.  The  recognition  that  these  statements 
about  the  quotient  are  equivalent  is  important  as  we  proceed  ^in  the 
direction  of  an  algebraic  or  geometric  treatment  of  approximation. 
Thus  the.division  algorism  can  serve  as  a  basis  for  ^liscussions  of *deci- 
mal  approximations  to  rational  numbers. 

One  way  in  which  ^^e  develop  meaning  in  mathematics  is  by  helping 
students^  recognize  the  common  elements  in  different  situations  and 
different ^approi^ches  to  or  symbols  for  the  same  "thing.  In  our  example 
where  the  division  algorism  is  used  to  di\dde  10  by  4  we  use  the  algorism 
to  justify  the  equality  of  10/4  and  2.5: 

The  use  of'  pairs  and  triples  of  numbers  and  the  relations  which  are 
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defined  by  sets  of  them  is  common  to  the  stuciy  of  many  mathematical 
systems.  Hence,  emphasizing  pairs  and  relations  also  helps  teach  mean- 
ings. An  approximation  relation  arises  naturally  in  connection  with  the 
use  of  the  division  algorism.  It  seems  reasonable  to  use  the  algorism  to 
determine  a, decimal  representation  of  10/3.  In  making  use  of  the  al- 
^  gorism  we  find  that  at  each  step  the  remainder  is  not  zero-  This  is  not 
like  the  case  where  the  algorism  is  used  to  divide  10  by  4.  The  advantage 
of  viewing  the  algorism  in  a  variety  of  ways  is  more  apparent  here. 
We  cannot  conclude  that  10/3  is  equal  to  3.3.  However,  the  student 
relates  10/3  and  3.3  through  the  use  of  the  algorism.  As  teachers  we 
should  encourage  him  to  consider  the  nature  of  this  relation  by  helping 
him  draw  conclusions  about  10/3  and  3.3  from  his  work  with  the  divi- 
sion algorism.  He  should  see  that  the  first  two  digits  in  a  decimal  rep- 
resentation of  10/3  are  3  and  3;  10/3  is  between  3.3  and  3.4;  3.3  is  less 
than  10/3  and  10/3  is  less^han  3.4;  10/3  is  approxunately  3.3. 

These  statements 'concerning  the  fraction  represented  by  '10/3'  can 
bewritten  in  symbolic  forriT  as  below. 

3.3  is  less  than  10/3  and  10/3  is  less  than  3.4 

3.3  <  10/3   and    10/3  <  3.4 

10/3  is  between  3.3  and  3.4  ^ 

3.3  <  10/3  <  3.4 

10/3  is  approximately  3.3 

10/3  ^  3.3  / 

Many  different  problems  involving  division  provide  the  opportunity 
for  the  teacher  toiielp  the  student  discover  that  there  ^are  numbers 
which  cannot' be  repres^ented  in  decimal  notation  by  a 'finite  sequence 
of  digits,  and  that  sets  of  nimibers  represented  by  finite  sequences  of 
digitus  are  used  to  approximate  these  nimibers  such  as  3.3,  3.33,  3f333, 
and  so  on,  which  are.  all  terminating  deciipals  each  of  which' is  a 
closer  approximation  to  10/3  but  none  of  which  equals  10/3.  In  junior 
high  school  the  concept  of  approximation  which  arises  in  connection 
with  the  use  of  the  division  algorism  and  in.  working  with  fractions 
,which  cailnot  be  /  represented  in  decimal  notation  by  a  finite  sequence 
of  digits  serves  as  a  background  from  which  the  student  can  continue 
to  explore  mathematically  the  notion  of  approximation.  To  do  this, 
however,  he  must  begin  to  see  the  variety  of  mathematical  statements 
which  are  equivalent  to  one  another. 

It  is  important  for  the  student  to  associate  the  notion  of  approxima- 
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tion  with  a  concept  of  order  for  numbers.  The  teacher  can  help  him  do 
this  by  (1)  using  a  symbol  for  approximation  when  it  is  appropriate,  (2) 
using  the  symbol  which  indicates  that  one  number  is  less  than  another 
number,  (3)  bringing  out  in  class  discussion  that  there  niay  be  many 
different  approximations  to  a  given  nimiber,  (4)  relating  the  concepts 
of  order  and  approximation  by  examples  similar  to  the  one  above,  and 
(5)  developing  the  idea  that  approximation  is  a  relation  between  num- 
bers by  exhibiting  pairs  of  .numbers  in  this  relation.  Each  of  these  points ' 
will  be  illustrated  again  as  we  consider  rational  approximations  to 
irrational  numbers. 

Rational  Approximation  to  Irrational  Numbers.  Thfe  junior  high 
school  mathematics  program  serves  to  help  the  student  imflce  the  trans- 
ition from  arithmetic  to  the  algebra  and  geometry  of  tne  high  school. 
Consequently  we  find  jgaany  topics  in  the  jimior  high/ school  program 
in  which  the  student  can  begin  to  make  use  of  the  idea  of  formulating 
and  using  mathematical  conditions  in  his  work.  His^work  with  iixformal 
geometry,  formulas,  equations,  and  graphs  can  lead  to  many  interesting 
discoveries.  Here  we  suggest  ways  in  w&ich  a  concept  of  approximation 
can  be  developed  from  a  geometric  situation.  Informal  geometry  pro- 
•  vides  numerous  situations  in  which  we  use  numbers  which  cannot  be 
represented  by  a  finite  sequence  of  digitp.  In  the  formulas  for  the  area 
or  circumference  of  a  circle  we -find  the  number  tt.  The  length  of  the 
diagonal  of  a  unit  square  is  \/2.  These  numbers  are  related  by  approxi- 
mation to  numbers  represented  by  finite  sequences  of  digits. 

In  addition  to  the  name  of  a  geometric  configuration,  such  as  a  tri- 
angle, we  consider  properties  of  the  configuration..  For  a  right  triangle 
we  find  thatr  the  area  of  the  square,  constructed  on  the  hypotenuse  is 
equal  to  the  sum  of  the  areas  of  the  squares  constructed  on  the  legs  of 
the  triangle.  If  A  is  a  unit  square  (Fig.  8)  and  ^  is  a  unit  square,  we 
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can  ihinioiistniU^  tliat  tlu*  area  of  S(iuar(i  C  is  tlie  sum  of  the>an\LS  of 
scjuarcs  .1  and  li.  Vi\i,urv.  1)  indicates  oiui  way  in  which  this  he  done 
This  type  of  investigation  provides  some  physical  evidence  that  tiiere 
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is  a  square  whose  area  is  equal  to  that  of  two  unit  squares.  Now  one 
wonders  what  the  length  of  a  side  of  square  C  is.  We  might  arrive  at 
the  same  question  by  considering  the  formula  A  =  s«,  for  the  area  of 
a  square.  If  is  replaced  by  '2\  is  there  a.nxmiber  for  which  2  =  s« 
is  true?  One  way  to  answer  this  question  might  be  to  construct  a  right 
triangle  whose  legs  are  each  one  imit  long,  then  measure  the  length  of 
the  hypotenuse.  This  process  may  not  prove  to  be  very  satisfactory. 
Suppose  on  the  basis  of  measiirement  it  is  suggested'  that  the  length 
of  a  side  of  square  C  is  1.4  imits.;  Since  (1.4)«  =  1.96  we  find  that  1.4 
does  not  satisfy  the  condition  2  =  sK  If  the  diflBculty  lies  in  the  approx- 
imate nature  of  the  measuring  process  and  we  cannot  obtain  an  answer 
to  our  question  by  measuring,  how  can  we  answer  it?  This  type  of 
situation  provides  an  excellent  opportimity  to  illustrate  how  mathe-- 
matical  conditions  can  be  used  to  obtain  answers  to  questions. 

What  would  be  true  |jf  a  nimiber  whose  square  is  2?  The  geometry 
may  suggest  the  observation: 

1  is  less  than  the  number  and  the  number  is  less  than  2, 

which  can  be  written  also  as 

1  <  n    and    n  <  2. 

In  addition  to  the  condition  that  the  square  of  a  number  is  equal  to 
two,  we  have  a*  condition  which  gives  its  order  in  the  number  system. 
For  thQ  condition  *1  '<  n  and  n  <  2'  we  can  consider  replacenaents  for 
'n'  for  which  the  condition  is  true.  Students  may  suggest  some  numbers, 
from  the  set  of  numbers  with  which  they  are  familiar,  for  which  the 
condition  *1  <  n  and  n  <  2'  is  true.  Is  one  of  these  a  number  whose 
square  is  2?  Suppose  that  the  candidates  are  1.2,  1.41,  1-.5032,  1.76,'. 
1.52,  1.42,  1.4.  In  this  manner  we  focus  the  student's  attention^on  the 
set  of  replacements  for  *n'  for  which  the  condition  '1  <  n  <  2'  is  true. 
Checking  to  find  out  if  any  of  these  numbers  has  a  square  which  is  2 
we  find  that  some  of  these  numbers  have  squares  li^ss  than  2  and  the 
others  have  squares  greater  than  2.  .  •  f 

This  procedure  is  suggestive  of  the  way  in  which'  we  are  lead  to  con- 
sider the  condition  '1.41  <  n  and  n  <  1.42'  in  place  of  the  condition 
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4  <  n  and  n  <  2\  The  condition  '1.4l'*<  n  <  1.42'  is  not  true  when 
is  replaced  by  1.2  ox  1.76.  The  set  of  numbers  for  which  *1.4l  <  n 
<  1.42'  is  tnie  does  not  contain  1.2,  1.76,  1.52,  1.4,  1.5.  However, 
1.4109,  1.4137,  1.418,  1.4199  belong-to  this  set. 

We  have  dealt  at  length  with  this  particular  example  because  it  is 
indicative  of  the  manner  in  which  we  can  begin  to  lay  foundations  for 
a  formal  development  of  the  concept  of  approxin^^tion  and  successive 
approximation,  "^e  find  that  in  addition  to  considering  a  number,  we 
can  encourage  stucTcrTEs  to  think  about  sets  of  numbers,  such  as  the 
set  of  numbers  bet.ween  1.41  and  1.42  or  the  set  of  numbers  for  w%j9h 
the  condition  *1.41  <  n  k,  1.42'  is  true,  We^can  use  mathematical  con- 
ditions in  the  discussion  of  approximation.  Work  of  this  type  in  the 
classroom  can  help^^the  student  begin  to  appreciate  mathematics  as 
more  than  a  collection  of  problem  solving  techniques. 

Even  though  the  student  is  not  familiar  with  irrational  numbers, 
the  geometric  context  in  which  the  question  of  the  existencie  of  a  num- 
ber Jor  which  the. condition  *.v>  =  2'  is  true  makes  it  seem  reasonable' 
that  there  is  such  a  number.  We  must  help  the  student  understand 
that  this  number  is  not  a  rational  fraction.  It  is  not  in  the  set  of  numbers 
with  which  he  is  familiar,  but  it  can  be  approximated  by  rational  num- 
bers. These  ideas  can  be  developed  by  guiding  attempts  to  produce  a 
number  whose  square  is  2 into  the  forinulg^tion  of  conditions  similar  to: 

I  <  n  <  2, 

/    1.4  <.n  <  1.5, 

1.41  <  71  <  1.42, 

"  ■    ■  1 .414  <  n  <*  1.415.  ' 

Some  guessing,  computing,  and  the  recording  of  the  results  of  our 
observations  as  mathematical  conditions  are  fruitful  types  of  class 
activity.  They  provide  meaning  for  concepts  before  the  introduction 
of  symbols,  technical  terms,  or  formal  definitions  and  rules.  In  the  case 
of  Rational  approximations  we  want  the  student  to  understand  that 
'  \/2  is  approximately  1.41,  \/2  ^  1.41.  This  latter  may  be  interpreted 
.to  mean  that  y/2  is  betweenT.405  and  1.415,  but  in  this  case  we  have 
by  earlier  computjition  also  established  that  in  fact  \/2  is  between  1.41 
and  1,42.  These  statements  can  be  written  symbolically  as  ^ 

1.405  <  V2  <  1.415,  . 

1.41  <  V2  <  1.42,. 

1.41  <  \/2  <  i.4r5. 

-  ..    ...    _  ^ 
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also  want  to  help  the  student  develop  a  notion  of  successive 
approximation.  The  idea  that  ^  1.4,  \/2  *w  1.41,  \/2  1.414 
suggests  that  there  is  a  set  of  numbers  such^tfiat  eiach  number  in  the 
set  is  related  to  by  approximation.  T4fe  numbers  which  belong  to 
this  set  will  be  determined  by  the  conditions  vie  use  to  define  approxi- 
mations to  ^/2.  Assume-  that  we  have  developed  the  idea  that  sa1> 
isfies  each  of  the  conditions: 

1  <  71  <  2 

1.4  <  n  <  1.5 

1.41  <  n  <  1.42 

1.414  <  71  <  1.415 
or  that        is  in  each  of  the  sets 

(71  I  1  <  71  <  2) 

\n  1  1.4  <  71  <  1.5)  ' 

{n  1  1.41;<-7i  <  1.42)         ■  . 

.  .       ■  ft 

■         (71 1  1.414  <  71  <  1.415). 

We  might  inquire  about  the  numbers  in  the  set  [n  ]  1  <  n  <  2).  The 
first  digit  in  the  decimal  representation  of'^ach  number  in  this  set  is  1. 

is  in  the  set  (71  ]  1  <  7i.  <  2}  since V\/2  satisfies  the  condition  1  < 
71  •<  2.  Therefore  the  first  digit  in  the  decimal  representation  of  is 
1.  We  may  treat  each  nujmber  in  the  set  [71  |  1  <  n  <  2)  as  an  Approxi- 
mation to  v^-  We  can  define  an  approximation  to  \/2  as  al  number 
which  satisfies  the  condition  1  <  7i  <  2.  HoweveV  it  is  important  that, 
we  may  also  give  other  definitions.  is  also  in  the  set  [71 1  1.4  <  71  < 
1.5).  The  first  two  digits  in  the  decimal  representation  of  each  number 
in  this  set  are  1  and  4.  Therefore  the  first  two  digits  in  the  decimal 
representation  of  \/2  are  1  and  4.  We  may  define  an  approximation 
to  \^  as  a  number  which  satisfies  the  condition  1.4  <  n  <  1.5. 

Now  we  may  compare  thesgtvvo  definitions: . 
(I)  An  approximation  to  y^-  isa^iumber  which  satisfies  the  condition 

< 


(II)  An  approximation  to  j/f  a  number* which  satisfies  the  condi-> 
iion 
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Each  number  which  is  an  approximation  to  .-\/2  using  definition  (II). 
is  also  an  approximation  to  -\/2  using  definition  (1).  Not  all  the  num- 
bers which  are  approximations  to  -\/2  using  definition  (I)  are  approxi- 
mations to  -\/2  using^efiriition  (II).  In  this  sense  we  say  that' the 
second  definition  gives  closer  approximation?  than  the"^rst  definition. 

In  addition  to  representing  a  number  whose  square  is  2  by  -\/2  we 
gain  insight  into  the' nature  of  this  number  as  we  consider  its  position 
in  the  n^hiber  system  through  decimal  approximations  to  it. 

V2      \A;      but    1.4     <  S/2  <  1.5 

V2  ?^  1.41,     but    1.41    <  V2  <  1.4^ 

v'  ^  1-414,   but    1.414  <  V2  <  1.415 

Beginning  in  junior  high  school  and  continuing  through  high  school 
and  college  work  in  mathematics  the  student  makes  use  of  a  variety 
of  symbolic  forms  to  represent  numbers.  He  encounters  V', 
*sin  22°',  'log  37',  each  representing  a  number.  A  concept  of  approxi- 
mation in  terms  of  the  first  two,  three,  four,  or  five  digits  in  the  decimal 
representation  of  each  of  these  numbers  relates  the  numbfer  to  a  rational 
number. 

TT      3.14;      y/2  ^  1.414,       sin  22°  ^  .37461,       log  3Z;^  1,56820 

Here  ^v^5  find  the  early  notion  of  place  value  in  the  decimal  representa- 
tion of  a  number  extended  t6  thinking  of  numbers  being  represented  by 
sequences  of  digits.  Some  of  these  sequences  are  finite,  some  are  not. 
When  a  number  is  designated  by  an  endless  sequence  of  digits  we  relate 
it  to  a  number  represented  by  a  finite  sequence  of  digits  by  approxi- 
mation. W^on  u  student  uses  tables  such  as  a  five  place  trigonometric 
table  he  should  be  helped  to  understand  that  the  table  gives  the  first 
four  digits  in  the  sequence  of  dfgits  representing  sin  22°,  The  fifth 
digit  indicates  the  order  of  sin  22°  in  the  number  system.  From  the 
entry  .37461  .corresponding  to  sin  22°  in  a  trigonometric  table  we  know, 
that  the  first  four  digits?  in  the  sequence  representing  sin  22°  are  3,  7,  4, 
and  0.  The  fifth  digit,  1,  indicates  that 

^374605  <  sin  22°  <  .374615         \  .. 

and  thus  that  the  fifth  digit  may  be.  0  or  1 ,  .  . 

Geometric  Approximation.  One  of  the  fascinating  aspects  of 
mathomati(vs  is  the  variety  fff  vantage  points  from  which  one  can  view 
a  topic,  each  providing  sf)nio thing  in  itself  and  still  contributing  to  the' 
others^.  One  of  the  goals  of  ni.strurtion  in  high  school  mathematics  js 
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to  help  the  Student  begin  to  understand  the  role  of  definitions  and 
deductive  organization  in  mathematics.  We  should  not  overlook  the 
opportunity  to  utilize  the  students'  experiences  with  rational  approxi- 
mation as  we  move  in  the  direction  of  formal  definition  and  proof, 
This  section  contains  a  discussion  of  approximation  in  a  geomet^c 
^ontext  which  is  suggestive,  of  the  way  in  which  an  order  of  the  points 
•belonging  to  a  line  is  associated  with  an  ordering  of  numbers, 
i-  ^  We  think  of  an  ordering  of  the  points  belonging  to  a  line  corresponding 
^  to  frtkr  notion  of  an  ordering  of  numbers.  We  indicate  this  by  saying 
that  for  points  P  and  Q  in  Figure  10  belonging  to  a  line,  P  precedes  Q. 
The  ^ne  segment  with  end  points  A  and  B,  where  A  precedes  B  (Fig.  11), 

P  Q 

Fia.  10  . 

A  P  B 

,  *  • —   r 

Fig.  U  ' 

is  the  .set  of^points  P-^or  which  the  condition  'A  precedes  B  and  P  pre- 
cedes B*  is  true,  along  with^the  points  .4  and  B,  The  set  of  points  j  P  |  .1 
pi^cedes  F  and  P  precedes  B]  is  called  an  open  segment.  An  open 
so[i:uient  from  A  to  B  is  the  segment  from  A  to  B  exclusive  of  its  end 
points^  With^  each  open  segrrf^fcit,  as  with  a  segment,  we  associate  a 
number  called  its  length. 

With  these  idsfds  in  mind  we  might  ask  under  what  conditions  can  we 
state  that  'P  is  close  to  Q'?  Our  physical  conception  of  closeness  might 
suggest  that  P  is  close  to  Q  if       distance  between  P  and  Q  is  small. 

"  But>  what  is  small?  A  distance  less  than  one  unit?  Less  than  one-half 
wnit?  Less  than  one-tenth  unit?  In  making  our  definition  we  make  an 

'^arbitrary  c^hoiee  of  one  of  these  lengths  and  work  with  it.  One  way  in 
which  we  can  define  ^P  is  close  to  Q'  is  %  the  condition  that  the  dis- 
tance from  P  to  Q  is  less  than. one  unit.  An  equivalent  way  of  stating 
this  definition  is  [P-^sind  Q  belpng  to  an  open  segment  of  length  one' 
(Fig.  12).  For  a  point  P  as  shov^a  in  Figure  1^  we\can  determine  the 

.  [<  ^        1  unit  )|  \ 

P  Q 
FiQ.  12 

;   ,  '  V-  ■ 

Fro.  13.  Open  segment  of  length  one.  - 


MEASTTREMBNT  AND  APPROXIMATION  217 

set  of  points,  Q,  for  which  it  is  true  that  T  is  close  to  Q\  Locate  a  point 
A  (Fig.  14)  such  that  A  precedes  P  and  the  length  of  the  segment  from 

^^^^^^  J"^ 

Fig.  U 

A  to^  is  one.  LocSfe^a  #fimt  B  such  that  P  precedes  B  and  the  length 
of  ther^gment  from  P  to  B  is  one.  For  each  point  Q  belonging  to  the 
open  segment  from  il  to  B  it  is  true  that  P  is  close  to  Q. 

.  .  We  might  inquire  about  the  meaning' of  the  statement  'John's  house 
is  close /to*  Billys  house'.  We  would  like  to  know  first  imder  what  con-' 
ditions  it  is  truVfo'r  any  pair  of  individuals,  A  and  B,  that  id's  house  is 
close  to^'s  house.  Begin  by  considering  pairs  of  individuals  for  which 
the  condition  'A's  house  and  B's  house  are  on  the  same  street'  is  true. 
Now  add  the  condition  'there  are  less  than  ten  houses  between  ^'s 
house  and  5's  house'.  In  this  manner  we  can  list  the  set  of  pairs  of  in- 
dividuals for  whom  it.  is  true  that  A's  house  and  jB^ "house  are  on  the 

.same  street  and  there  are  less  than  ten  houses  between  ^'s  house  and 
B's  house.  This  is  the  same  as  .the  set  of  pairs  of  individuals  for  whom 
it  is  true  that  A^s  house  is  close  to  B's  house  by  definition. 

Take  a  picture  from  a  magazine,  locate  twenty  points  on, this  picture 
and  label  them  Pi ,  Pj ,  •  •  •,  P20 .  Set  a  compstss  to  measure  a  unit  of 
length.  Using  the  definition,  P  is  close  to  Q  if  and  only  if  there  is  an- 
open  segment  of  length  one  which  contains  P  and  Q.  We  can  thus  list 
the  set  of  pairs  of  points  -(P,  Q)  for  which  it  is  true  that  'P  is  close  to 
Q'.  • 

An  example  like  this  provides  a  setting  in  which  we  can  (1)  point 
out  that  even  our  notion  of  closeness  or  proximity  3aelds  to  a  precise 
definition,  (2)  consider  equivalent  conditions  in  the  sense  that  they 
determine  the  same  sets,  (3)  help  preparg  the  student  for  future  study 
of  mathematics,  particularly  with  regarcj  to  limits  and  calculus,  and 
(4)  illustrate  that  a  closeness  relation,  as  we  have  defined  it,  is  different 
from  an  equivalence  relation,  such*  as  congruence,  in  the  following  sense. 
Three  conditions  for  the  congruence  o^  line  segments. are:  (1)  AB  is 
congruent  to  ABj  (2)^if  is  congruent  to  CD,  then  CD  is  congruent 
to  A3,  and  (3)  if  AB  is  congruent  to  CD  and  CD  is  congruent  to  EF, 
then  AB  is  congruent  to  EF.^We  sny  that  the  congruence  relation  is 
(1)  reflexive,  (2)  symmetric,  and  (3)  traasitive.  Although  closeness  is 
reflexive  and  symmetric,  it  Is  not  transitive.  Things  cl^se  to  the  same 
'  thing  may  not  be  close  ts  each  oihtr.  . 

By  providing  experiences  for  the  student  with  (conditions  in  contexts 
similar  to  those  of  the  preceding  paragraphs,  we  can- help  him  extend 
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earlier  notions  of  approximation.  We  can  help  him  to  see  that  relations 
such  as  is  close  to  and  is  approximately^  can  be  treated  mathematically. 
These  contexts  also  serve  to  illustrate  the  continued,  although  more 
formal,  use  of  an  order  relation  in  the  definitions  of  *is  close  to'  or  'is 
approximately'.  EveA  more  important,  as  we  find  corresponding  con- 
ditions in  different  contexts  we  begin  to  look  for  a  mathematical  struc- 
ture or  structures  common  to  these  contexts. 

In  the  high  school  mathematics  program  we  should  make  use  of  every 
opportunity  to  exploit  the  analogous  concepts  of  geometry  and  algebra. 
One  of  these  IS  'closeness'  for  pairs  of  points  and  'approximativeness' 
for  pairs  of  numbers.  Each  of  these  is  defined  in  terms  of  an  order  rela- 
tion. Making  use  of  a  one-to-one  correspondence  relating  points  belong- 
ing to  a  line  and  the  set  of  real  numbers  we  can  develop  the  analogy  of 
geometric  and  numerical  approximation. 

We  illu.strate  the  pairing  of  points  belonging  to  a  line  and  nmnbers 
in  the  usual  manner.  The  pairing  illustrated  in  the  drawing  (Fig.  15) 

A       O        I       B       CD  E 
-10         12        3t  4 
Fig.  15  ^ 

can  also  be  given  in  the  form  5:2;  the  point  B  is  paired  with  the  num- 
ber 2.  Similarly  for  yl :  -1,  0:0,  7:1,  C:3,  Z):7r,  and£:4.  We  assume  that 
if  we  pair  a  point  A  with  a  number  a  and  a  point  B  with  a  number 
the  order  of  points  belonging  to  the  line  corre.sponds  to  that  of  numbers. 

A  precedes  B  if  and  only  if  a  ^  &.  We  define  the  length  of  the  segment 
from  A  to  B,  provided  .4 .precedes  B,  A: a,  and  B:b  Visb  —  a.  We  iden- 
tify the  open  segment  (Fig.  16),  {P\  A  precedes  P  and  P  precedes  B} 

V     ,  A      '  B 

Fio.  16  ^ 

where  ^1:1,  5:3,  and  P:p  with  the  set  of  numbers  [p\l  <  p  <  3J. 
Correspondingly  we  call  the  set  {p|  1  <  p  <  3}  an  open  interval  of 
numbers  and  define  its  length  as  3  —  1  =  2. 

On  page  216  we  gave  the  definition  'P*is  close,  to  Q  if  and  only  if  P 
and  Q  belong  to  an  open  segment  of  length  one'.  Again,  correspondingly 
we  will  define  for  numbers  p  and  q,  p  is  approximately  q  if  and  only  if 
there  is  an  open  interval  of  length  one  which  contains  p  and  q.  With 
this  definition  we  can  verify  as  either  true  or  false  each  of  the  state- 
nuMits:  1.7  is  approximately  2,  3  is  approximately  5,  tt  is  approximately 
3,  \/2  is  approximately  1.  4.7  is  approximately  2'  is  true  since  the 

'  ■■      228.;  ■  ■  *  ■' 
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open  interval  {p  |  1.5  <  p  <  2.5)  is  of  length  one  and  contains  1.7  and 
2.  *3  is  approximately  5'  is  false.  We  can  verify  this  by  showing  that 
the  assumption  that  there  is  an  open  interval  of  length  one  containing 
3  and  5  leads  to  a  contradiction.  If  the  open  interval  {p  \  a  <  p  <  b}  is 
.of  length  one  and  contains  3  and  5,  then 

,    6  ^  a  =  1,      a  <  3  <.b/     a  <  5  <  b.  ,  , 

If  a  <  3  <  6,  then  -6  <  -3  <  -a.  If  5  <  6  and  -3  <  -a,  then 
5  —  3  <  6  —  a.  But  since  6  —  a  =  1  we  have  5  —  3  <  1.  Consequently 
we  have  the  contradiction,  2  <  1  and  1  <  2.  ^ 

The  idea  that  intervals  of  numbers  corresmid  to  line  segments  is 
useful  in  graphing.  Just  as  we  graph  the  set  of  solutions  of  equations 
such  as  y  =  X  and  y  =  x«  we  can  graph  the  set  of  solutions  associated 
with  approximation  conditions  such  as  ?/  ^  x  and  y  ^  x^.  Drawing  a 
graph  of  a  relation  helps  us  visualize  the  relation  as  a  set  of  points  in  a 
plane.  We  miake  use  of  a  one-to-one  correspondence  between  the  set  of 
points  called  a  plane  and  the  set  of  pairs  of  niunbers.  This  correspondence 
is  illustrated  by  the  usiial  method  of  graphing  using  rectangular  coor- 
dinates. The  definition  of  a  relation  as  a  set  of  pairs  is  interpreted  geo- 
metrically as  a  set  of  points  in .  a^plane.  Any  collection  of  points  in  a 
plane  such  as  a  curve  or  a  region  is  a  relation.  A  student's  concept  of 
an  approximation  relation  is  enhanced  when  he  views  it  as  a  strip  of 
points  in  a  plane. 

To  illustrate  this  we  will  use  as  the  definition  of  an  approximation 
relation,  x  ^  ylf  and  only  if  x  and  y  belong  to  an  open  interval  of  length 
one.  The  graph  of  an  approxinmtion  relation  can  be  conveniently  treated 
in  the  classroom  by  considering  the  condition  x  ^  y  along  with  the 
condition  x  =  y.  If  we  treat  x  and  y  as  coordinates  of  a  point,  then  we 
interpret  the  set  of  solutions  of  the  equation  x  ~  y  as  the  set  of  points 
whose  coordinates  are  equal.  Similarly  for  x  ^  j/  we  interpret  the  set 
of  solutions  as  the  set  of  points  whose  coordinates  are  approximately 
equal.  We  also  thin^^  the  set  of  solutions  of  the  equation  x  =  y  as 
the  set  of  points  belongihg  to  a  straight  line.  Correspondingly  we  think 
of  the  set  of  solutions  of  the  condition  x  ^  y  as  the  set  of  points  which 
almost  belong  to  a  straight  line  with  the  equation  x  =  y.  We  make  use' 
of  our  definition  of  x  ^  ?/  to  determine  whether  or  not  we  can  conclude 
that  the  point  (x,  y)  almost  belongs  to  the  line  with  the  equation  x  =  y. 

One  way  to  interpret  the  definition  '*^x      ?/  if  and  only  if  x  and  y 
belong  to  an  open  interval  of  length  one"  by  a  graph  is  as  follows/ Use 
the  correspondence,  X:x  and  Y:y.  Locate  a  point  X  on  the  line  segment 
■  as  shown  in  Figure  - 17.  The  pointy  close  to  X  are  in  the  open  segment 
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y  X 
■    Fig.  17 


.X  +  1 


from  A  to  B.  A  precedes  X  and  A  is  one  unit  below  X.  A  corresponds  to 
X  —  l.X  precedes 5  and X  is  one  unit  below  B  E  corresponds  to  x  +  1. 
If  F  is.close  to  X  then  7  is  between  .4^ and  B.  The  corresponding  con- 
dition on  the  coordinates  x  and  y  is.x  —  1  <  y  aiKi  y  <  x  +  1.  For  the 
X  and  y  coordinates  of  a  point  in  a  plane  this  can  be  interpreted  as* 
stating  that  the  y-coordinate  is  between  one  less  than  the  x-coordinate 
and  one  greater  than  the  x-coordinate.  For  example,  if  the  x-coordinate 
is  3,  then  the  y-coordinate  is  between  2  and  4.  (3,  2.1)^^(3,  2.9),  and 
(3,  3.5)  are  points  whose  coordinates  satisfy  the  condition  J?^^  y, 

T6  graph  the  set  gf  points  whose  coordinates  satisfy  the  condition 
^ V  we  graph  the  set  of  points  w|iose  coordinates  satisfy  the  con- 
dition, X  ~  1  <  y  and  y  <  X  +  1.  First  we  can  graph  the  set  of  points 
whose  coordinates  satisfy  the  condition  x  —  1  <  y  (Fig.  18).  We. can 


Fio.  18 

also  graph  the  set  of  points  whose  coordinates  satisfy  the  condition 
y  <  X  -f  1  (Fig.  19).  The  set  of  points  whose  coordinates  satisfy  both 
of  these  conditions  is  illustrated  in.  Figure  20  as  the  intersection  of  the 
regions  shown  in  Figures  18  and  19.  The  points  whose  coordinates 
satisfy  x  y  are  those  shown  in  Figure  20.  In  this  figure  we  see  these 
points  as  the  points  between  the  lines  with  th^i  equations  y  =  x  ~  1 
and  y  =  ar  -f  1. 

We  can  now  compare  the  set  of  solutions  of  the  conditions,  y  =  x 
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Fig.  20. 


and  y  ^  z.  The  set  of  solutions  of  the  equation  y  =  z  is  pictured  as  a 
straight  Ime.  The  sjet  of  solutions  of  the  approximation  condition  z  ^y, 
is  the  strip  of  points  in  the  plane  between  the  lines  with  the  equations 
y  =t  X  —  I  and  2/  =  X  + 

The  graph  of  the  equation  a:  =  2  in  a  plane  is  a  straight  line  parallel 
to  the  2/-axis.  The  graph  of  the  approximation  condition,  x  ^  2,  with 
the  definition  of  approximation  we  are  using  at  the  moment,  is  the  set 
of  points  between  the  lines  with  the  equations  a;  =  1  and  z  =  3  (Fig..  21). 

As  we  consider  the  graphs  of  the  sets  of  solutions  of  equations  we 
can  also  consider  the  graphs  of  the  corresponding  approximation  con-  ^ 
ditions.  Several  of  these  are  illustrated  in  the  Figures  22,  23,  and  24.  \ 
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Approximation  in  Science.  A  concept  of  approximation  which, 
develops  as  a  student  considers  a  measuring  process,  arithmetic  cal- 
culations, and  mathematical  conditions  to  define  an  approximation 
relation  can  be  useful  to  a  science  student.  He  needs  help  in  learning 
how  to  fopnulate  mathematical  conditions  appropriate  to  a  variety  of 
problem  situations.  A  source  of  problem  material  with  which  a  . student 
can  practice  relating,  .mathematical  conditions  to  physical  contexts 
is  his  own  laboratory  manual  for  a  science  course.  The  teacher  can  also 
use  these  manuals  in  addition  to  the  text  book  to  obtain  illustrations 
of  the  types  of  situations  in  which  a  concept  of  approximation  is  used. 

Common  types  of  situations  in  which  a  concept  of  approximation 
is  involved^  are  :  (1)  the  use  of  mathematical  conditions  which  involve 
irrational  *  ^umbers  or  rational  numbers  with  no  finite  decimal  repre- 
sentation, the  use  of  mathematical  tables,  tables  of  physical  con- 
'Stants,  or  a  computing  device  such  as  the  slide  rule,  and  (3)  the  use  of 
drawings,  graphs,-  and  data  to  suggest  mathematical  conditions  which ' 
defiile  relations  and  functions.  As  a  student  studies  algebra  and  geometry 
we  can  help  him  recognize  that  a  term  such  as  ^approximately^  'which 
is  aised  rather  loosely  in  ordinary  conversation  can  be  used  precisely 
in  mathematics  and  science  by  formulating  mathematical  conditions 
to  define  it.  If  a  definition  is  given  and  never  used  it  seems  imlikely 
t]tiat  a  student  will  view  it  as  important  or  learn  it.  Once  an  approxima- 
tion relation  has  been  defined  the  situations  listed  above  provide  oppor- 
•  tunities  to  make  use  of  the  definition. 

In  a  problem  which  involves  the  area  of  a  circle  whose  radius  is  3 
inches  we  use  the  conditions =  7rr«'  and  V  =  3'.  Wc  conclude  that 
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A  =  Ott.  However,  Qtt  is  irrational  and  may  be  related  to  some  rational 
number  by  approximation.  Depending  upon  the  definition  of  approxi- 
mation used,  Ott  may  be  related  tq  27^  27.9,  or  28.16.  Similarly  from  a 
problem  whieh  involves  a  right  triangle  and  the  conditions  a»  +  6»  = 
c»,  a  3,  6  =  2,  and  c  >  0,  we  eonelude  that  c  =  \/l3.  The  num- 
ber \/l3  ean  be  related  to  4,  3.6,  or  3.60555.  Again,  the  relation 
used  is  an  approximation  relation.^  ^/l3  ^  4:,  ^/l3  3.6,  VIS 
3.60555.  The  rational  number  to  whieh  VTs  niay,be  related  by^pproxi- 
mation  willMepend_upon  the  definition  of  used.  If  VTs  x 

means  x  -  1  <'  \/l3  <  a:  +  l/then  all  of  the  statements  \/T3  4, 
\/T3  ^  3.G,  VTS  ~  3.00555  are  true.  However,  if  \/Ts  x  means 
X  -  .0^  <  VTs  <  X  +  .05,  then  Vl3  ^  A  is  false,  but  VT?  3.6 
arid  \/T3  ~  3.60555  are  true". 

In  using  a  slide  rule  to  eompute  the  product  (34)(19)y  sinee  the  num- 
bers 34  and  19  are  represented  by  lengths  on  the  rule,  we  ean  only 
state  that  (34)(19)  is  approxunately  some  number.  Suppose  it  is  stated 
that  (34)(19)  ^  640  and  that  this  means  that  thq  first  two  digits  in  a 
decimal  representation  of  (34)  (19)  are  6  and  4,  then  the  statement 
that  (343(19)  ^  640  is  correct.  <3n  the  other  hand  if  (34)  (19)  «i  X  means 
that  X  -  5  <  (34)(19).  <  :c  +  5,  then  the  statement  that  (34)(19)  ^ 
640  is  false,  but  (34) (19)      050  is  true. 

In  dealing  with  an  equation  such  as  y  =  2x  —  1,  where  x  and  y  be- 
long .to  the  set.  of  real  nurnbei^s,  we  picture  a  set  of  solutions  of  y  = 
2,c  -  1  by  listing  a  finite  number  of  solutions,  (0,  -1),  (1,  1),  (2,  3) 
(3,  •">)  (Fig.  25),  and  then  drawing  a  line  through  these  points  (Fig.  26) 


.•(3»5) 
•(2,3) 
•(1.1) 


i-  2  i 
(0.-1) 


Fio.  25 

Suppo5p,'  however,  we  have  a  finite  set  of  pairs  of  ntmibers.  such  as 
(0,  T-.9),'(l/  l.^),  (2,  3.1),  (3,  4.6).  We  can  plot  each  pair  of  numbers 
as  a  point.  Fi!z:ure  27  iitdicatos  that  we  might  say  that  these  points 
are  appn^ximatcly  on  a  line.  If  we  interpret  Mine'  as  the  J^ot  of  solutions 
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y 

4— 
3 
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•(3,4.6) 
•  (2,3.1)^ 


1-.  •(1,1.3). 


1-« 

(0.-.9) 


Fiov  27 

of  an  equation  y  =  mx  +  6,  where  m,  6,  x,  and  y  belong  to  the  set  of 
real  numbers,  then  the  statement  that  the  points  (0,  —.9),  (1,  1.3), 
(2,  3.1),  and  (3,  4.6)  are  approximately  on  a  line  may  mean  that  the 
coordinates  of  these  points  satisfy,  an  approximation  eondition,  y  ^ 
mx  +  b.  Although  statistical  conditions  concerning  least  squares  may' 
be  used  to  draw  conclusion's- about  the  best  values  for  m  and  6,  we  can 
also  formulate  conditions  involving  m  and  b  by  assuming  that  (0,  —.9), 
(1,  1.3),  (2,  3.1),  and  (3,  4.6)  satisfy  y^mx+LWe  define  y  ^  mx  +  b 
is  defined  by  y  —  1  <  mx 
definition  we  conclude  that: 


b  <  y  +  1.  From  this  assumption  and 


.  -.9  -  1  <  6  <  -.9  +  1, 
1.3  -  Km  +  b  <  1.3+1, 
3.1  -  1  <2m  +  b  <  3.1  +  1, 
4^6      1  <  3m  +  h  <  4.6  +  1. 
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If  m  =  2  and  b  =  —1,  then  each  of  these  conditions  is  satisfijed.  This 
is  sufficient  to  conclude  that  (0,  -  ,9),  (1,  1.3),  (2,  3.1),  (3,  4.6)  satisfy 
the  approximation  condition  2x  —  1.  When  the  set  of  solutions  of 
this  condition  is  pictured  as  a  strip  of  points  in  a  plane,  we  see  that  the 
pohits  (0,  -.9),.  (I,  1.3),  (2,  3.1),  (3,  4.6)  belong  to  the  strip  bounded 
by  the  lines  with  the  equations  7/  =  2j:  —  2  and  y  =  2x  (Fig.  28); 


-  1 


Fig,  28  '  ' 


Similarly  when  we  consider  sets  of  solutionis  of  equations  and  their 
graphs,  such  us  y  =  ax",  y  = '  a&*','  where  a,  6,  n,  k,  y,  and  x  belong  to 
the  set  of  real  numbers,  we  can  also  examine  the  sets  of  solutions  of 
approximation  conditions  y  ^  ox",  y  ^  a^*""  and  |,heir  graphs  (Figs. 
29  and  30).  These  ideas  in  a  mathemaliics'  class  should  be  useful  to  a 
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science  student  when  he  collects  data  in  the  form  of  pairs  of  numbers. 
These  pairs  t)f  number^  are  in  turn  represented  graphically  with  the 
idea  that  this  data  provides  evidence  that  a  relation  is  approximately 
linear,  polynomial^  or  exponential.  *  .  . 

This  suggests  that  a  common  and  important  meeting  place  for  the. 
ideas  of  function,  delation,  and  approximation  is  the  determination  of 
ijmpirical  formulas.  These  are  formulas  defining  fimctions  which  deter- 
.  mine  pairs  of  numbers  that  are  approximately  equal  to  thS  pairs  re- 
corded as  the  results  of  measurements  or  observations  of  a  statistical 
nature.  The  determination  of  linear  empirical  formulas  requires  the 
testing  and  recognition  that  a  set  of  pairs  of  numbers  representing  ob- 
servations closely  approximate  pairs  satisfying  an  equation  of  the  fonn 
y  =  mx  -\-  and  then  the  determination  of  appropriate  values  for  ttz. 
and  h.  Both  the  testing  and  the  determination  of  values  for  the  con- 
■'fitants  interweave  simple  ideas  of  graphs,  slope,  intercepts,  and  simul- 
taneous equations.  Such  work  is  important,  useful,  witl^the  range  of 
algebra  and  geometry  students,  and  displays  si^ifican^^t^ematical 
principles  and  relationships.  At  more  advanced  levels  the  same  general 
processes  of  (1)  testing  for  the  type  of  formula  to  be  lised  and  (2)  deter- 
mining the  constants  for  relations  of  the  form  =  ax",  y  =  y  = 
ax^  +  hx  +'  c  have  all  the  values  noted  above  and  in  addition  give 
meaningful  uses  of  and  practice  with  logarithms,  logarithmic  and  semi- 
logarithmic  graph  paper,  parabolic  curves,  and  finite  differences!,  We 
have  not  the  space  here  to  outline  the  processes  and  detail  the  peda- 
gogical values  imphcit  in  teaching  them  in  the  secondary  schools,  but 
gich  discussions  are  available  in  many  places  and  we  recommend  them 
to  our  readers.  .  . 

The  early  recognition  of  order  relations,  greater  than  and  less  than, 
on  sets  of  numbers  and  the  use  of  these  relations  in  making  estimates 
provide  ejfperiences  from  which  a  child  can  abstract.  This  abstraction 
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first  takes  the  form  of  the  symbolic  expression  of  7  is  less  than  13'  as 
7  <  13'.  Lfiter  he  considers  the  conditipa  'x  <  13'  where  x  is  a  natural 
number  and  recognizes  that  'x  <  13'  is  true  of  some  natural  numbers 
and  false  of  others.  This  is  a  natural  setting  in  which  he  can  focus  atten- 
tion on  the  set  of  numbers  for  which  *x  <  13*  is  true.  Similarly  in  meas- 
uring he  learns  that  the  length  of  .a  line  segment  is  approximately  6 
inches.  He.learns  that  this  may  mean  the  length  is  between  5.5  inches  and 
6.5  inches  or  that  the  length  is  between  5.75  inches  and  6.25  inches  depend- 
ing upon  th^  unit  of  measure.  This  first  acquaintance  with  an  approxima- 
tion relation  serves  as^a  background  from  which  the  conditions  'I  ^  & 
and  '5.5  <  I  <  6.5'  are  abstracted.  In  tliis  manner  the  physical  notion 
of  quantity  gives  way  tb  the  consideration  of  mathematical  conditions 
and  their  relatedness  in  deductive  schemes.  Here,- for  example,  the  con-, 
ditions  are  related  by  defiiiition  as  5.5  <  I  <  6.5  is  used  to  define  the 
condition  I  ^  6.  This  process  of  abstraction  continues  as  the  student 
is  encouraged  to  consider  any  set,  iS,  with  an  order  relation,  read 
'less  than  or  equal  to',  defined  by  the  properties: 

{II  a  <  a  (reflexive) 

(2)  if  a  <  b  and  b  <  a,  then  a  =  b  (antisymmetric) 

(3)  if.  a  <  6  and  b  <  c,  then  a  <  c^(transitive)  ^ 

Thfi<Qncept  of  approximation  which  a  student  develops  in  the  secondary 
school  mathematics  program  by  considering  mathematical  conditions 
invoMng  fin  order  of  real  numbers  or  of  points  belonging  to  a  line 
serves  as  part  of  his  preparation  for  the  study  of  limit  processes  and 
otinfeii^rf^?myma  constructions  which  contain  order  relations. 
I  Seeliiapter  11  for  bibliographies  and  suggestions  for  the  further  study 
and  use  of  the  materials  in  this  chapter'/ 
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i\ppLiCATiONS  of  the  theory  of  probability  are  so  numerous  today  that 
it  would  take  au  entire  chapter  to  begin  listing  them.  Probability  and 
its  technological  brother,  statistics,  are  used  by  most  major  mdustries 
in  this  country-  to  keep  check  on  the  quality  of  the  articles  produced. 
Physicists  develop  new  theories  of  atomic  phenomena  which  use  proba- 
bility as  a  fundamental  tool.  Military  experts  plan  the  defehse  of  our 
country  using  the.  results  of  research  in  probability.  Since  probability 
theory  is  a  mathematical  idealization  of  certain  aspects  of  human 
uncertainty,  it  is  not  surprising  thatithas  such  wicRspread  applications — 
so  much  of  human  activ-ity  must  take  place  in  the  fade  of  uncertainty. 

I(  the  sentences  above  are  paraphrased  for  students,  they  may  grant 
that  the  subject  of  probability  is  indeed  important,  but  .such  reverence 
alone  will  notjkeop  them  studying  it  long.  Students ^j^not  maintain 
dail^^  interest  in  a  field  because  they  have  been  convinced  that  it  is 
important.  Rather  they  are  interested  because  they  en|bjf  it^diiy  by  day, 
because  they  find  it  inherently  fascinating.  This  chapter '^xplores  some 
.ways  in  which  a  teacher  might  attempt  to  make  some?  i^ljihe  important 
aspects  of  the  theory  of  probability  alive  and  interesting  for^  students 
between  kindergarten  arid  grade  12-  ' 


One  word  of  caution  is  needed  here.  Probability.  (orTlfatistics  com- 
bined mth  probability)  is  now  almost  never  taughft.aa^a  separate  subject 
and  is  seldom  even  touched,  upon  in  graciea^Iv^  thro  ugh  Currently 
there  is  an  important  debate  over  ^vh^itlJer.  statistics  .^Mj^ 
should  be  introduced  as  a  separate^  c>|&s^  in  vOiijr^s 
This  chapter  should  not  be  interpret(Kl^^'rc£og|to 
tion  of  such  courses.  The  author  beUcyes^^awnf^  matter  of 

probability  is  primarily  important  at 'tX^^^prcc^l?^^^^^  as  it 
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can  be  used  .to  add  interest,  understanding,  and  pleasant  calisthenics 
to  the  more  fuudamentaL  parts  of  the  curriculum. 

Probability  theory  is  often  thought  of  as  dealing  with  the  occurrence 
of  random  events  in  nature,  such  as  whether  a  tosse^  coin  will  come  down 
heads  or  tails  or  whether  when  dealt  a  hand  in  a  game  of  bridge  this 
hand  wull  contain  4  aces  or  whether  three  bombs  are  adequate  to  destroy 
a  factory.  In  recent  years  the  theory  of^robability  has  become  a  purely  , 
mathematical  topic  which  does  not  deal  in  any  way  with  the  Happenings 
of  real,  events  around  us.  Jiist  as  in  studying  mathematical  geometry 
one  finds  that  lines  and  points  are  not  carbon  lines  on  a  paper  or  chalk 
.  lilies  on  the  blackboard  but  rather  abstrifctions  which  are  suggested 
by  such  pictures,  similarly  mathematical  probability  theory  is  the  study 
of  an  abstract  formulation  of  probability  whiSi  is  suggested  by  the 
.  occurrence  of  random  events  in  nature.  From  a  rather  small  number  of 

postulates  together  with  a  body  of  knowledge  derived  from. other  areas 
of  mathematics  one  proves  theorems  concernyig  probability.  Teachers 
should  know  that  in.  its  advanced,  modern  cloak,-  probability  theory 
has  as  much  claim  to-being  a  purely- mathematical,  doctrine  as  any  other 
area  of  mathematics.*  '        ^  /. 

It  is  certainly  not  nowtfeasible  to  teach  probability  theory  as  a  pure. 
mathematical  subject  in  high  school  or  earlier.  But  many  of  the  notions 
important -in  probability  theory  can  be  grasped  in  a  clear,  intuitive  ^way 
by  children.  This  article  tries  to  show  how  the  teacher  in  the  first  twelve 
grades  can  sprinkle  in,  here  and  there,  bits  of  interesting  worTc  dealing 
in  an  informal  way  with  the  ideas  of  probability.  The  inclusion  of  such 
sprinklings  has  at  least  three  purposes: 

1.'  To  familiarize  the  student  with  -some  of  the  fundamental,  intuitive 
ideas  of  probability  and  expose  him  to  real  and  imagined  experiments 
:     ^  .  which  should  precede  a  thorough  and  rigorous  stud}*  of  th^  subject. 

V     (ExJ^mple:  independent  events.  See  page  260.) 

2..  To  provide  a  novel  and  interesting  content  for  standard  mathe- 
-  *      .-^^^^^  and  thereby  to  deepen  the  students'  understanding  of 

^^j^  v.     ^ >!-?^^!^i^J^??^^^^      these  ideas.  (Example:  developing  space  perception  by 
■•  '^TrV:  lattice.  See  page  254.) 

;    -,1^.     ^^M^0P^M^^^^^^^^        teachers  a  new  and  refreshing  method  for, 

mathematical  ideas  which  are  already  taught  as 
(^^"^P^^-  solving  linear  equations 

•  ,j^^0^,^i^^i^0tlohbin3,  Herbert.  "The  Theory  of  Probability."  Insights  Into  Modern 

\       tx^iii^^^^^^f^^^^^^^^-  Twenty-Third  Yearbook.  Washington,  D.  C:  National  Council  of 


2.4  0. 


PROBABILITT  231 

PROBABILITY  IS  PROBABILITY  . 

What  can  we  tell  students  about  the  meaning  of  probability?  It  is 
common  tfysay  that  if  you  toss  a  coin,  the  probability  that  it  will  come 
down  hea^s  is'j^.  What  exactly  does  this  mean? 

Question  Answer 

1.  Does  it  mean  that  if  you  toss  a  coin  two  times  it  must  come 
down  heads  one  time  and  tails  the  other?  '  No 

2.  Does  it  mean  that  if  you  toss  a  coin  ten  times  it  must  come 
down  heads  five  times  and  tails  five  times?*^  No 

3.  Does  it  mean  that  if  you  toss  a  coin  a  thousand  times  it  must 
come  down  heads  somewhere  between  450  and  550  times?  No 

4.  Does  it  mean  that  if  you  toss  a  coin  twenty  times  in  a  row  it 

is  impossible  for  it  to  land  heads  each  of  the  twenty  times?     No  ^ 

Then  what  does  it  mean  to  say  that  such  an  event  has  a  probability 
of  3-2?  In  trying  to  change  the  questions  given  above  into  correct  state- 
ments about  probability  one  might  say  something  like: 

1.  If  you  toss  a  coin  two  times,  it  is  more  likely  that  it  will  land  — 
one  head  and  one  tail  (without  regard  to  which  comes  first) 

than  that  it  will  land  two  heads.  * 
But  isn't  this  the  same  as  saying: . 

If  you  toss  a  coin  two  times,  the  probability  is  greater  that  it 
will  land  once  heads  and  once  tails  than  that  it  will  land  two 
heads.  , 

2.  If  you  toss  a  coin  ten  tira^s,  there  is  a  6c«erc/jance  that  it  will  -  / 
land  five  heads  and  five  tails  than  any  other  single  alterna- 
tive. 

But  isn't  this  the  same  as  saying: 

If  you  toss  a  coin  ten  times,  the  single  outcome  with  the 
highest  probability  is  five  heads  and  five  tails  (again  we  are 
not  concerned  with  the  order  in  which  the  heads  or  tails 
occur). 

3.  If  you  toss  a  coin  one  thoupnd  times  it  is  very  likely  that  the 
number  of  heads  will  be  bet\v*een  450  and  550. 

But  isn't  this  the  same  as  saying: 

If  you  toss  a  coin  one  thousand  times  the  probability  is  high 
that  the  number  of  heads  will  be  between  450  and  550. 

4.  It  is  most  unlikely  that  if  you  toss  a  coin  twenty  times,  it  will 
land  heads  each  of  these  twenty  times. 
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But  isn't  this  the  same  as  saying: 

The  probability  is  very  low  that  if  you  toss  a  com  twenty  times,  it 
will  land  heads  each  of  these  times.  . 

Thus  every  time  you  make  a  correct  statement  of  what  to  expect  of 
a  coin-toss,  you  are  forced  to  use  some  expression  (perhaps  more  dis- 
guised than  those  above)  which  contains  a  word  such  sls  chance,  likeli- 
hood,  unlikely y  almost  certain,  almost  never y  and  so  on.  But  these  expres- 
sions are  essentially  synonymous  to  an  expression  containing  the  word 
probability  itself.  The  explanations  are  circular. 

One  way  to  tell  vihat  probability^cans  is  to  give  a  collection  of  postu- 
lates which  tell  how  to  use  the  word  mathematically.' Since  we  have 
already  indicat^  that  a  postulational  approach  to  probability  is  beyond 
the  capability  of  schoorchildrcn,  what  can  a  teacher  do  who  wants  to 
introduce  some  of  the  ideas  of  probability?  The  answer  is:  Use  the 
word  probability  as  accurately  as  you  can,  work  with  the  ideas  of  proba- 
bility which  follow,  and  don't  try  to  say  what  probability  is.  Students 
.  are  quite  accustomed  to  picking  up  ideas  from  context.  Keep  the  con- 
text reasonably  correct  and  they  will  infer  correct  notions. 

ACTIVITIES  FOR  ELEMENTARY  SCHOOL 

Throughout  the  elementary  grades  there  are  many  opportunities  to 
give  children  a  better  understanding  of  standard  topics  while  giving 
them  some  ideas  about  probability..  In  kindergarten  and  first  grade, 
children  can  carry  out  a  project  of  dice-casting.  Give  each  student  a  die 
or  lot  students  take  turns  with  fewer  dice.  The  goal  is  to  make  a  large 
number  of  throws  and  to  record  the  results.  If  throwing  dice  is  objection- 
able, students  can  spin  pointers  or  select  pieces  of  paper  with  numerals 
on  them  from  a  hat.  When  a  student  throws  a  die  and  reads  it,  he  must 
\(tok  at  the  spots  and  identify  the  n^imbcr  to  which  the  set  of  spots 
corresponds.  The  results  are  recorded  on  a  chart  such  as  illustrated  in 
Table  1./ 

•      .  ■  ■  <i  ■   .  .  ■ 

'  ^TABLE  1 

!  2  -       3  4  .5  6 

/////    '  //////  .  ////       '        /////     .         /////  ///// 

//     »    .      /    ;  .  .  /////  -  / 

The  chart  form  can  be  one  that  thic  student  has  made  for  his  Own.  use, 
or  it  can  bo  duplicated  in  advance  by  the  teacher,  or  there  can  be  a 
^gle  chart  on  the  blackboard  for  the  entire  class  to  use.  With  .children 
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who  are  quite  new  at  working  with  numbers  and  who  are  likely^  therefore, 
t^)  make  many  mistakes,  the  single  chart  is  better.  Each  student  should 
come  to  an  experiment  table  to  make  his  throws  so  that  the  teacher  can 
check  on  his  decisions  concerning  the  results  of  his  throws,  ff  a  nondice 
experiment  is  used,  the  number  of  columns. in  the  chart  mU.st  be  adjusted 
to  the  number  of  possible  outcomes., At  the  beginning  it  should  be  be- 
tween 5  and  10. 

The  student  records  his  result  by  making-^a  tally  mark  in  the  ap- 
propriate column  of  the  chart.  (In  5oing  this  he  has  to  recognize  an 
Arabic  numeral.)  To  make  it  easy  to  compare  the  number; of  entries  in 
each  column  some  definite  pattern  of  making  the  marks  should  be  agreed 
upon.  In  the  example  above  the  agreement;  was  that  after  five  marks 
have  been  made  in  a  row  the  next  mark  begins  the  next  row.  Here  is  an 
ideal  place  to  introduce  the  standard  system  of  tallying: 

M  :  tffj    m  .  //  .  ' 

Also,  here  is.  the  place  to  encourage  students  to  invent  other  methods 
of  keeping  track.  Continue  the  experirrient  until  there  has  been  a  total 
of  at  least  one  hundred  throws  recorded  on  the  chart.  With  students 
wh^  have  used  individual  charts  at  their  seafs,  collect  all  the  data  of  the 
entire  class  onto  a  single  chart  of  this  type.  Now  there  is  an  opportunity 
for  pounting.  Count  the  number  of  tallies  in  each  column.  Also  count 
the  'total  number  of  tallies.  For  practice,  count  the  number  of  tallies 
in^the' first  three  columns  arid  the  number  qf'tailies  in^the  last  three 
columns,  and  so  oh.  Usually  somewhere  fairly  near  }4  of  the  total 
number  of  tallies  will  occur  in  each  column.  In  particular  it  is  quite 
unlikely  that  in  one  hundred  total  throws,  any  column  will  be  missed 
completely.  It  is  also  quite  unlikely  if,  say,  102  throws 'are  made  that 
exactly  17  tallies  will  appear  in  each  column.  Just  by  noticing  the 
random  way  in  which  the  tally  marks  were  put  down  in  the  first  place, 
students:develop  a  better  intuitive  idea  of  randomness. 

Ask  students  questions  like  these:  °  . 

1.  If  we  only  made  six  throws,  would  it  have  to  be  that  one  mark 
landed  in  each  columia?  (No) 

2-  If  we  made  six  throws  and  then  made  another  six  throws  and 
then  another  six  throws,  and.. so  on,  would  very  many  of  these 
individual  six-throws  give  exactly  one  mark  in  each  of  the  six 
columns? 

(j^sw(jr:  only  a  few  would.  If  students  don*t  agree  -on  this  con- 
elusion  or  don't  feel  strongly  about  any  conclusion,  have  them 
.  carry  out  the  experiment.) 
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3.  After  seven  throws  were  made,  could  one  eblumn  still  remain 
empty?  (Yes) 

4.  After  ten  throws  were  made,  eould  one  eolumn  be  empty?  (Yes) 
Continue  asking  questions  like  this  going  up  five  throws  at  a  time, 

asking  about  fifteen  throws,  twenty  throws,  twenty-five  throws,  arid 
then  nioving  ten  throws  at  a  time  until  you'get  to,  say,  the  following 
question :  .  . 

5.  If  you  made  a  hundred  throws,  would  it  be  possible  for  one  eolumn 
to  be  empty?  (Yes,  it  would  be  possible  but  it  wouldn't  happen 
very  often.) 

6.,  U  you  made  a  hundred  throws  and  then  another  hundred  throws 
and  then  another  hundred  throws  and  so  on,  would  very  many  of 
.   these  hundred-throws  give  ycJH^eharts  in  whieh  one  eolumn  was 

completely  empty?  (No,  very  few  of  them  would.) 
For  classes  that  are  interested  in  the  topic  and  able  to  go  farther  with 
it,  there  are  many  more  questions  that  you  could  ask  at  this  time,  many 
of  which  would  provoke  dispute  and  need  to  bCscttled  by  experiment: 

7.  Does  the  location  of  the  first,  say,  twenty  marks  in  the  table 
.    affect  where  the  next  mark  will  go?  Specifically,  suppose  that 

,  ,  after  twenty  marks  are  made,  one  column  is  blank;  does  that  mean 
it  Is  pretty  certain  that  a  mark  will  next  fall  in  the  blank  column?* 
(No.  B^it  some  gtudents  may  be  hard  to  convince.)  : 

8.  Suppose  we  throw  ten  dice  once  instead  of  one  die  ten  times. 
How  will  the  outcome  be  affected?  (You  wouldn!t  expect  the 

exact  same  results,  but  the  chances  will  remain  the  same.) 
1).  If  you  throw  4  dice  oyer  and  over  again  about  how  often  will 
they  all  come  down  sixes?  (About  once  every  1300  times.  A  good 
answer  from 'a  student  at  this  stage  might  be:  much  less  than 
once  every  100  tinles.) 
•    Students  will  have  no  other  way  than  experimenting  to  answer  such 
questions  except  for  the  intuition  of  some  gifAcd -students.*  You  will  see 
how  to  handle  such  questions  mathcmaticall}'  later  in  the  chapter. 

The  student  should  gain  from  this  early  \Cork  with  dice  or  similar  devices 
the  feeling  that  *'the  chances'^  of  one  throw  landing  in  any  one  of  the 'six  columns 
are  the  same  as  the  chances  of  landing  in  any  other  of  the  six  columns.  In  more 
formal  terms  (not  necessary  for  use  with  students)  he  should  realize  that  the 
,  six  possible  outcomes  of  a  single  throw  are  equally  likely.  His  understanding  of 

*  This  question  alhides  to  the  frequently  encountered  (but  fallacious)  notion  of 
the  Lmv  of  Averages.  If  you  toss  a  coin,  say,  four  times  and  get  all  heads,  o^  the 
next  toss  you  are  almost  certain,  by  the  **Law  of  Averages,"  to  get  a  tail  on  the 
fifth  try.  The  error  in  this  kind  of  thinking  will  be  more  apparent  later  in  the 
chapter  when  Independent  Events  are  discussed. 
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more  complicated  ideas  will  depend  upon  his  gaining-  first  an  accurate  notion 
of  equally  likely  events: 

Some  of  the  ways  (eounttiig,  tallying,  iiunierill  recognition)  in  which 
these  dice  throwing  and  wmilar  activities  reinforce  ordinary  work  in. 
early  arithmetic  have  been  indicated  above.  You  can  increase  the 
arithmetic  complexity  of  such  activity  by  substituting  for  dice  regular 
solid  figures  of  more  than  six  sides  with  numerals  on  the  sides.*  If  you 
use  a  solid  which  does  not  have  pairs  of  parallel  sides,  you  will  need  to 
read  the  side  which  is  down  instead  of  following  the  usual  procedure 
of  reading  the  side  which  is  up  as  you  do  with  dice. 

An  instructive  comparison  or,  better  yej,,  a  preliminary  to  this  exercise 
is  the  experiment  of  flipping  a  coin  and.  recording  the  results  in  a  two- 
column  chart  which  has  one  column  labeled  heads  and  the  other  column 
labeled  tails.  Plave  students  in  the  early  grades  report  that  they  arc 
learning  coin  flipping  at  your  own  risk!  However,  if  you  wnint  to  bring 
in  this  idea,  you  can  use  checkers  or  similarly  shaped  objects  with  one 
on  one  side  and  two  on  the  other  or  5  on  one  side  and  10  on  the  other. 

There  are  also  games  for  children  on  the  market  which  use  plastic 
cubes  labeled  with  letters  of  the  alphabet  rather  than  with  the  spots 
of  ordinary  dice.f  Such  cubes  can  be  used  to  study,  spelling  and  proba- 
bility together  as  will  be  pointed  out'later.  In  particular  they  can  be 
used  for  the  student  actintios  suggested  thu^  far.  Ultimately,  numbered 
cubes  will  be  more  useful.  * 

If  shop  facilities  are  available,  wooden  cubes  an  inch  or  two  on  an 
edge  can  be  labeled  with  letters,  numerals,  or  spots.  Or  they  can  be 
coated  with  blackboard  paint  and  then  they  can  be  labeled  and  relabeled 
with  chalk  to  suit  the  activity  at  harid.t 

Many  simple  probability  de\nces  can  be  constructed  and  appreciated 
by  elementary  school  studpn'ts.  They  can  open  a  book  ai,  random  and 
take  the  last  digit  of  the  page  numeral.  Be  careful  of  well  worn  books  • 
that  tend  to  open  at  certain  pages!  The  numerals  in  telephone  directories 

*  Caution  :  If  you  use  a  many-sided  solid  which  is- homemade  out  of  paper  or 
cardboard,  it  may  easily  turn  out  that  the  distribution  of  weight  in  it  is  not 
symmetric— some  joint  may  have  a  lot  of  glue  in  it-^and  then  the  side  opposite  • 
the  heaviest  side  will  be  favored.  The  sides  will  not  give  equally  likely  outcomes.  ; 

t  One  such  game  is  Throw  and  Spell  manufactured  by  the  Toycraft  Company,  " 
Chicago  5,  Illinois,  .\long  with  15  alphabet  cubes  is  included  a  cube  labeled  with, 
Arabic  numerals  which  eliminates  any  stigma, that  may  be  attached  to  ordinary 
dice. 

t  The  blocks  must  be  quite  accurately  cubical  or  the  various  faces  will  not  be 
equally  likely.  This  suggests  an  appropriate  variety  of  topics  for  able  high  school 
students  looking  for  projects.  Build  rectangular  solids  of  various  shapes.  Try 
to  find  a  connection  between  the  dimensions  of  the  blocks  and  experimentally 
rietermined  probabilities.  Extend  to  nonrectangular  soliffs. 
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can  be  used  in  many  similar  ways.  Challenge  your  students  to  think  up 
other  systems. which  give  equally  likely  outcomes:  If  there  is  some  doubt 
about  a  student's  system/test  it  by  repetition.  For  example,  if  an  experi- 
ment has  three  possible  outcomes  and  after  100  repetitions,  two  alterha- 
^  tives  have- occurred  25  times  each  and  the  other  alternative  has  occurred 
50  times,  you  >know  that  either  a  very  unlikely  event  has  occurred  or 
else  the  alternatives  are  not  equally  likely.  If  you  want  to  make  a. care- 
ful test,  you  are  Out  of  the  range  of  students  in  the  .early  grades.  For 
your  own  information  or  for  older  students,  consult  the  chapter  on 
''Statistics"  in  this  Yearbook. 

ACTIVITIES  FOR  MIDDLE  GRADES 

Somewhere  around  grades  three  to  five,  students  can  carry  out 
experiment^  similar  to  the  one  just  described  1but  in  which  they  throw 
two  dice  at  a  time.  In  order  to  tell  the  two  dice  apart,  use  dice  o^  differ- 
ent cofcrs.  Using  dice  that  are  easy  to  tell  apart  is  extremely  important; 
don't  decide  at  the  last  minute  to  use  the  dice  you  used  before  if  they 
are  imperceptibly  different  from  each  other.  When  students  were 
throwing  only  one  die,  it  made  no  difference  if  different  students  had 
different  colors  of  dice.  Therefore,  if  you  purchase  them,  it  might  be 
wise  to  buy^  differently  colored  dice,  say,  three  different  colors  at  the 
outset.  (For  obvious  reasons,  it  is  probably  wise  for  the  school  to  furnish 
the  dice  us  experimental  equipmimt  and  for  the  teacher  to  collect'the'rn 
at  the  end  of  each  experiment^  Gall  one  of  the  two  dice  the  first  die 
and  the  other  the  second  die,  and  keep  these  names  the  same.Jf  you  are 
working  with  one  red  and  one  white  die,  you  might  agree  to  call  the 
red  one  the  first  die,  and  the  white  one  the  second,  die,  (If  students  have, 
trouble  keeping  this  straight,  you  can^use  a  mnemonic  device  such  as 
^  first,  in  the  morning  there  is  a  red  sunrise  and  second,  during  the  day 
it  gets  white*\)i 

Have  studenis  make  many  throws,  each  -time  throwing  the  pair  of 
dice.  A  good  procedure  to  follow  here  is  to  have  students  work  in  pairs, 
one  student  throwing  the  dice  and  the  other  student  recording  the  results. 
.\fter  a  whfle  students  can  interchange  duties.  Students  can  record  their 
results  on  a  chart  such  as  illustrated  in  Figure  1. 

The  design  of  this  chart,  in  particular  the  horizontal  choice  iov  first 
die  and  vertical  choice  for  second  die,  is  not  accidental.  It  is  intended  as 
an  analogue  to  plotting  points  in  the  first  quadrant  of  the  coordinate 
plane.  ThL§' analogy  .will  be  more  apparent  when  we  come  to  the  next 
version  of  this  same  experiment,  c^y  •  .  . 

Notice  that  each  time  a  student  makes  a  thro^v  of  two  dice,  he  obtains 
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Fig.  1  • 

two  rtumbers,  a  first  number  and  a  second  number.  The  first  number  is" 
given  %  the  first  die  and^th^  second'  number  by  the  second  die:  in 
technidal  language, 't^e  student  obtains  an  ordered  pair  of  numbers: 
If  you  explain  to  students  that  an  ordered  pair  of  numbers  is  a  paif^ov 
couple  of  numbers  wheFeiyou  know  that  one  of  the  numbers  is  the  first 
and  the  other  number  is  the  second,  students  could  probably  make  more 
.  sense  out  of  the  term  ordered  pair  than  many  of  the  words  they  are' 
sometimes  expejcted^  to  be  familiar  with  in  arithmetic  (for  example, 
'subtrahend'  anjd  'minuend'). 

At  this  point  it  js  worthwhile  to,  have  students  invent  a  notation  for 
recording  the  rosiilts  of  a  single  throw  when  they  do  not  make  use  of  a 
chart  as  above.*  For  a  throw  in  which  the  first  die  gives'3  and  the  second 
die  5,  typical^otations  that  inveutive  students  might  suggest  are  " 
illustrated  in  Figure  2.  You  might  point  out  to  students  that  a  notation 


Fio.  2 


which  would  be  good  for  them  to  know,  about  because  they  will  use  it 
in  a  very  similar  way  later  on  in'^chool  is  the  following: 

A  good  drill  activity  ^i'hich 'students  will^  hardly  think  is  drill  is  the  •\ 
following:  let  one  team  throw  a  pair  of  dice  and  using  the  notation 
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^^ggested  above,  (3,  5)  ^nd  so  on,  have  them  record  the  results  of  each 
throw  on^fi  blank  sheet  of  paper  ratlj^r  than  a  rectangular  chart.  Thus, 
^  such  a^teAm  migW  produce  a  pfigeVhich  begins  as  illustrated  in  Figure  3. 
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.      Fig:  3  , 

Tljen*  the  sepOnd  team  working  from  this  daik  $heet  transfers  the  data 
onto  a  6-by-6  chart  of  dots  like  tlSS^one  shown  below.  Notice  that^he 

^  talley  ,  marks  imprq^ve  the  analogy  bet^jeen  the  activity  of  the  second 
team  .and  plotting  points  in  the  first  quadrant ^of  the  coordinate  plane. 

•  After  recording  40  ordered;  pairs  the  chart  might  look  like  the  one  illus- 
trated in  Figure- 4  •  * 
■  '..  t.-  "  ' 

/     mm.  /// 


6  • 


5^' 


m 

I 


-    3  's-         •    .  ■    ■•      .  .  •  •  , 


2  • 


1 


// 


///  // 

5  6 


0  '     .  Jft.  '         *  '  First  Number 

You  can  extend  this  process  of  recording  ordere^^airs  of  numbers 
on  a  chfwt  to  bigger  nuriiBfers;  For  exampje,  you  can  give  students  a 

^dittoed  sheet  with  a  BO-by-BO  array  of  dots  and  another  sheet  which 
simply  lists  manv  ordered  pairs  of  numbers  constructed  from  the.  whole 

•numbers  1  throiiglr>20.  Jnstead  of  merely  using  a  list  of  ordered  pairs 
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students  could  obtain  these  ordered  pairs  of  numbers  by  tossing  two 
regular  icosahedra  (20-sided  solids)  or  by  spinning  pointers  each  of 
which  points  to  one  of  twenty  different  numbered  regions.  Also  if  you 
^yant  to  reinforce  work  with  fractions,  instead  of  giving. them  an  array 
of  dots  numbered  1,  2,  3,  •  you  can  give  them  an  array  of  dots 
numbered  1,  Vyi,  1%,  2,  2^,  ....  In  a  similar  manner  you  can  use 
decimals.  If  you  have  evenly  spaced  dots,  it  is  probably  wise  at  this 
stage  to  use  only  sequences  of  numbers  in  arithmetic  progression,  that 
is,  where  the  differience  between  successive  numbers  is  the  same. 

AN  EARLY  TASTE  OF  GRAPHING  AND 
COORDINATE  GEOMETRY 

Before  going  further  into  the  idea  of  probability,  'you  now  have 
developed  the  tools  for  giving  lots  of  interesting  and  important  exercises. 
.  Here  is  ari  example  of  a  sequence  of  questions  which  you  now  might  ask 
your  students :       ,  . 
■  1..  If  Bill  throws  and  gets  (2,  5)  and  T(5m  throws  and  gets  (5,  2), 
will  they  each  make  the  corresponding  tally  mark  by  the  same 
point?  (Answer:  no.)  - 

2.  Where  will  they  make ,  their  tally  marks?  (Answer:  illustrated 
in  Figure  5.) 
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If  Bill  makes  marks  for  (2,  3)  and  (2,  4)  and  (3,  5)  and  (4,  6)  and 
^rom  makes  marks  for  (3,  2)  and  (4,  2)  and  (5,  3)  and  (6,  4);show 
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where  the  location  of  each  of  their  sets  of  marks  would  be.  (Answer: 
illustrated  in  Figure  6.) 
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4,  ^uppose  Bill's  marks  were  like  those  shown  in  Figure  7,  and  sup- 
pose t^at  in  each  case  Tom  had  the  reverse,  that  is  whenever  Bill 
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'      had  something  such  as  (1,  5),  Tom  had  the  reverse  (5,  1).  What 
TVbuld  Tom's  chart  look  hke?*  (Answer:  illustrated  in  Figure  8.) 
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Watch  the  students  as  they  construct  Tom's  chart.  Some  will  go*  to 
each  point  and  find  its  ordered  pair  of  numbers,  interchange  first  and 
second  numbers,  and  then  find  the  corresponding  new  point.  Such 
students  are  operaftng  correctly  but  they  haven't  yet  caxtght  on.  When 
they  batch  on,  they  will  construct  the  second  chart  just  by  looking  at 
the  first  one.  Give  more  such  questions  to  children  who  have  not  caught 
on.  Finally  give  them  Bill's  chaLrt  as  illustrated  in  Figure  9.  What  does 
Tom's  reverse  chart  look  like?  By  now  many  of  them  should  be  ready 
to  reply  almost  instantly:  "It's  the  same  chart!"  The  reverse  of  Bill's, 
chart  is  precisely  the  same  chart. 

When  students  see  the  easy  way  to.  do  such  problems,  they  have 
observed  that  one  set  of  .  points  is  symmetric  to  the  other  set  of  points 
with. respect  to  a  diagonal  line  (Fig.  10). 

Do  not  expect  students  to  be  able  to  tell  you  what  'symmetric'  means 
or  even  to  learn  the  word  unless  you  do  considerably  more  work  on  the 
topic.  But  such  a  brief  exposure  to  the  notion  of  symmetry  will  pay  off 
when  they  meet, it  again  more  formally. 

*  It  would  also  be  a  good  idea  to  use  the  word  inverse  here  from  time  to  time 
in  place  of  reverse  in  preparation  for  later  work  in  mathematics.  See  the  discussion 
on  the  inverse  of  a  function  ii^hc  chapter  on  ''Relations  and  Functions'*  in  this 
Yearbook.    '  . 
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Here  are  a  few  other  questions  which  you  could  ask  students  at  this 
stage  to  provide  early  groundwork  for  more  formal  work  in  graphing 
of  inequalities  later  on.*  '  . 

1.  One  time  when  Bill  threw  the  dice  several  times  it  turned  out  that 
the  number  he"^  got  from  the  first  die  was  always  more  than  the 
number  Jie  got  froni  the  second  die.  For  example,  he  goib  (5,  1), 
(2,  1),  (6,  5),  (4,  2)  but  never  a  pair  such  as  (2,  4)  or  (5,  5).  What 
can  you  say  about  how  his  chart  looked? 

*  For  a  discussion  of  the  graphing  oVinequalities  and  to  see  how  this  work 
sets  the  stage,  see  Chapter  3  of  this  Yearbook. 
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Answer:  An  occasional  brilliant  child  will  see-in'uxiediit^ 
region  in  which  Bill's  ordered  pairs  must  fall.  iVfost 'siti^derits.^^^^^^ 
need  to  start  plotting  pairs, with  first  number  bigger  tMn'sep^ 
number.  If  necessary,  a  student  can  plot  all  lo.sucK  o^di^r^^ 
Most  students  will  catch  on  after  plotting  a.few-^'Of 
each  of  Bill's  throws,  it  must  have  fallen  ^oniewhere%^^ 
following  region- of  circled  dots  (Fig.  11).        •  ' 


6  •  •  •  •  'V  •V^;;;•^*''y7.*' V. 
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•    2.  In  all  of  Bill's  t}iro)vs.aii<)ther  timcvit;iurrieci^i^^^ 
he  got  from  liio  fif'st' die  was  never.ie^^^^ 
to)  the  numbcnrom  the  second  die^'^y^^^ 
his  chart  looked?  •*  /  ^'■^.^-■■'^'.''^j^'-  U  ' 

Answer:  All,  6f;the.  throws -fell.  s<jnip\v^hel:e*&^^  region 
of  dark^d*d6ts  (fifj.  12).  Z^'-^:-";  ' 

For  the  last  tWo  quekions  students  hjiye  ;fe^^ 
using  a  vei'y  restricted  domain -of  nunniberg.^.^K^^^^^  type 
and  related  student  aeti.yitics  Avill  be  sugig#t6U  later  in.  this*  bjlapter . 

.  ^  rROIUniLlTIKS;  WJTir^iT^ 

;  After  students  havtvhUd  soine/pnicfeci  itl-ttii;^ 
the  (H)rresp(?ndiiig  point  fi)r  (;lirh*  tlir<iv{^.  (>ii  ;Vi  (^  {of.  latticr) 

of  do\s,'ask  them,  whioh  cl^)t^^■  nre  \]i(t[j(T^i)riic^i\\^  them 
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if  there  are  some  dots  on  wHicn  one  has  a  better  chance  of -landing  than 
on  the  others.  When  presented  with  such  questions,  a  few  students 
may  claim  that  the  central  dots  are  more  likely,  and  an  occasional 
student  may  claim  that  the  dots  which  involve  sixes  are  more  likely. 
The  first  misconcet>tion  probably  comes  from  general  intuitive  feeling 
that  the  middle  is  better  than  the  edge.  The  second  misconception  cpmes 
from  a  misapplication  oi  correct  knowledge  about  dice,  e.g.,  getting  a 
6  is  more  Ukely  than  gtUiryi  a  2\  The  student  who  thinks  a  6  i§  more  likely 
than  a  2  has 'forgotten  for  the  iyibment  that  his  ideas  are  correct  when, 
the  2  and  the  6  are' the  of  the.twb  numbers  from  two  dice  (and  he  is 
ahead  of  the  story  as  it  is  developed  here).  As  yet  we  are  talking  about 
the  two  numbers  separately  without  adding*  them. 

The  majority  of  students  will  conclude  correctly  that  there  is  as 
good  a  chance  of  landing  on  any  dot  as  there  is  of  landing  on  any  other 
dot,  But  how  many  different  dots  are  there  as  choices?  Thirty-six.  Then, 
what  are  the  chances  of  landing,  say,  oh  the  upper  left-hand  dot?  One 
chance  in  SB.  What  are  the  chances  of  landing  on  the  dot  at  the  lower 
right-hand  corner?  One  chance  in  36.  What  are  the  chances  of~lant 
on-  the  dot  corresponding  to  (3,  2)}  Still  one  in  36.  The  language  one 
chance  in  36,  comes  easily  to  students  and  they  should  be  Encouraged  to 
use  it  a  while  before  making  the  next  step:  sayijig,  one  thirty-sixth. 
In  fact,  students  who  have  not  studied  fractions  sufficiently  vvill  need 
to  continue  to  follow  the  50  many  chances  in  so  many  pattern. 
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Now  in  the  array  of  36  dots  draw  tfn  oval  which  includes  two  dots 
(Fig.  13). 
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2  • 


1  • 


2  3  4  5  6 

First  Die 
F^o.  13 

Ask  students  what  the  chances  j^re.that  in  one  throw  of  two  dice,  they 
,>yill  get  one  of  the  dots  inside  the. oval.  Two  chances  in  86,  Now,  draw 
>a  vertical  line  to  the  right  of  the  leftmost  column  of  dots  as  in  Figure  13 
and  ask  what  the  chances  are  that  in  one. throw  they  will  get  a  dot  to  the 
^eft  of  the  line.  Six  chances  in  86.  As  a  bit  of  humor  (but  with  a  purpose), 
draw  a  line  at  the  right  of  the  rightmost  column  and  ask  what  the  chance3 ' 
are  of  getting  k  dot  to  the  right  of  that  line.  Students  will  laugh,  biii- 
pres3  for  an  answer  to  the  question.  In  time  someone  will  see  that  he 
can  give  yoti  a  perfectly  good  answer  using  tjie  same  language  pattern- 
as  was  used  for  the  other  answer:  no  ch^aripe  in  36,  Ask  many  more  ques- 
tions.of  this  tjspe  singling  but  various  regions  of  Spts.  In  some  cases 
choose  regions  in  which  the  d6t§  are  widely  separated  such  as  .  those 
illustrated  in  Figtu^l  4.  '  ^  . 

Answer:  for  the  solid,  loop  3  chances  in  36,  .and  for  the  dashed  loop 
9  chances  in  36.  .  ' . 

Eventually,  encircle  the  entire  array  of  36  points  and  ask  for  the 
chances  that  in  one  throw  they  will  gert  a  dot  within  jbhe  loop.  S6  chances 
out  of  36. 

The.  next  step  is  to  recognize  that  expressions  such  as  two  chances  in 
36  and  one  chance  in  18  are  synonymous.  With  students  who  are  familiar 
with  fractions,  this  will  be  an  easy  step.  For  students  who  do  not  know 
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fractions,  here  is  a  way  to  give  them  an  interpretation  of  the  essentials 
of  reducing  fractions.  For  the  case  of  two  chances  in  36,  encircle  the 
two  original  dots,  and  then  encircle  in  pairs  all  of  the  other  dots  (F^K  15). 


2GZZZ)  dZZD  (TZJ) 


5  6^ 


3  A 
First  Die 
Fio.  15 


(Adjacent  pairs  of  dots  are  encircled  only  for  convenience.)  For  students 
who  do  not  immediately  recognize  that  there  are  18  pairs  of  (dots  in  the 
preceding  figure,  this  becomes  an  exercise  illustrating  the  operation 
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of  division,*  In  any  case,. students  should  determine  that  there  are  18'^'  ' 
ovals  in  the  figure  and  that  one's  chances  of  landing  in  one  oval  are  as 
.good  as  those  of  landing  in  any  other  oval.  Thus,  the  chances  of  landing^^^^. 
in.  the  first  oval  discussed  are  1  out  of  J8.  Similar  grouping  procedure^^  /^  • 
should  be  carried  out  until  students  can  translate  rather  freely  froi^  '  >V^ 
10  out  of  36  to  5  out  of  18  or  from  18  out  of  36  to  1  out  of  2.  Students 
who  know  about  fractions  will  see  that  an  expression  such  as  18  oui  of  \ 
36  resembles  a  fraction  such  as  ^%Q  'm  tbat*in  each  case  one  is  Smking        V  - 
about  two  .  whole  numbers  18  and  36  (an  ordered  pair  of  Integers) .  • 
Also  an  expression  such  as  18  out  of  36  is  simplified  in  a  way;simiiar  to      .f^  '^ 
the  simplification  of  fractions  to  /  out  of  2.  Students  who  are  ready  to 
work  with  fractions -should;  now  shift  from,  for  example,  the  expression^ 
the  chances  are  3  out  of  6  to  the  expression  the  charices  are  %.  Then  it  is 
an  easy  step  to  say  (he  probability 'is  %,  The-:rest  of  this  chapter  will 
follow  this  pattern  of  wording.  'Jeachers  who  do  not  want  to  bring  in 
fractions  will,  need  to  translate  back  to  the  less  technical  language. 


(Fig,  16):. 
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*  Experieiiced  teachers  will  recognize  that  the  grade  level  under  discussion 
jumfps  about  rather  erl-atically.  ^uch  discontinuities  seem  to  be  necessary  in  a 
single  chapter  which  deals  with  13  grades.  It  is  hoped  that  each  (fekcher  can 
extract  a  consistent  story  for  the  level  with  whieh  ho  is  concerned. 

t  Here  is  the  place  where  it  becomes  important  that  each  die  gives  a  number 
rather  than  eay  a  letter.  . 
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.  Ask  students  questions  such  as  these:  ^ 
Find  all  the  dots  where  .the.  sum  is,  say  6.  Piit  a  loop  around  them. 
'  .   ■  How  many  are  there?  (5)     '  *    :  - 

liVhat  is  the  probability  that  if  you  throw  two  dide,  the  sum  will  be 

6?  (Me)  .  r  V  \ 

What  is  the  probability  that  the  sum  wifl  b^e  2?  (Me) 
■     What,  is  the  probability  that  the  sum  will  be  6  or  less?  (i^e) 

What  individual  sum  is  most  likely,  that  is,  what  individual  sum  has 
the  highest  prqbability?  (7,  because  there  are  more  dots  corres- 
ponding to  7  than  any  other  sum.) 
What  is  the  probability  that  the  sum  will  not  be  12?  (There  are  35  i 

dots  corresponding  to  not  geiting  a  12  so 'the  probability  is  ^^e-) 
What  is  the  probability  of  getting  a  sum  which  is  7  or  5?. There  are  11 
points  corresponding  to  getting  7  or  8,  Notice  here  the  language  training 
in  a  p^^cise  use  of  the  word  'or'.  One  has  obtained  7  or  5  if  he  has  obtained 
7.  Also,  one  has  obtiiined  7  or  5  if  he  has  obtained  8.  Thus,  the  probability 
oi  getting  a  7  or  8\^^}/^Q.* 

\  What  is  the  probability  of  getting  in  one  throw  7  and  8?  Since  it  is 
impossible  in  one  throw  to  obtain  a  sum  which  is  6o^A  7  and  8,  the 
fprobabilrty  oi  getting  a  7  and  an  8  is  O.  Here  the  student  is  presented 
with  a  sharp  contrast  between  the  words  'and',  and  'or'.  What  is  the 
probability  of  getting  less  than  7  as  a  sum  and  getting  £  as  a  sum?  The 
event  getting  ^ss  than  7  and  getting  2  occurs  only  when  you  get  2.  Conse- 
quehtly,  the  probability  of  getting  less  than  7  and  getting  2  is  y^Q. 

What  is  the  probability  of  getting  less  than  7  or  getting  2?  T!his  event  ' 
occurs  any.  time  the  result  of  the  toss  has  a  sum  less  than  7.  Thufe, 
the  probability  of' getting  less  than  7  or  getting  2  is  i^e-  Note  that  while 
it  is  good  practice  ^yith  fractions  to  reduce  'i^e'  to  '^2'?  when  working  ^ 
with  probabilities  it  is  usually  better  not  to  reduce  fractions  but  to 
leave  them  all  with  the  highest  denominator  since  this  is  the  form  in 
which  you  add,  subtract;  and  compare  them.  . 

Now  you  are  in  a  position  ,  to  investigate  one  of  the  fundamental 
facts  about  probability.  The  probability  of  getting     sum  of  7  is  '"' 
The  probability  of  getting  a  sum  of  6  is        The* probabiiity  of  getting 
a  S7im  of  6  or  7  is  ^^e  +  He  or^'^}/^^.  Does-it  always  work  that  way? 

*  Tho  word  'or'  is  used  in  two  ways  in  common  language.  Sometimes  *A  or 
means  '-4  or  B  but  not  both/  and  sometimes  it  means  *A  or  B  including  the  pos- 
sibility of  both*.  In  probability  work  the  second  meaning  is 'usually  intended. 
In  the  exampjp  just  jjiyen  it  doeanot  mattornvhicK  way  you  interpret  'or'  because 
it  is  certainly  impos.siWe  to  get  both  a  7  and  an  8  as  a  sum  in  one  shake.  See'  the 
chapter  on  **Proof"  in  this  Yearbook  for  a  further  discussion  oLlbe  two  uses  of 
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•  No.  For  example,  the  probability  of  getting  a  OTin  \^hich  is  greater  than 

•  3  i3  ^He>  and  the  probability  of  getting  a  sum  whifch'is'less  than  11  is 
^He-  Is  the  probability  of  getting  a  sum  which  is  greater  iiian  a.or  less 
than.ll  equal  to         +  s^gp  No.  (It  is  only  any  number  is. 

•  greater  than  3  or  less  than  110  By  now  you  see  that:     ,  . 
.  >'A  probability  is  a  number 'which  must  be  greater  Mian  or  equal  to^zero 
cmd  kssj^Iuin  6r  equal  to  1,  \ 

\    No  ^yent  has  probabihty  For  "what  events  can  you 

find  the:  probability  of  one  event  or  a  second  event  by  adding  the  separate 

-  probabihWes?  If  yo^^^^^  of  pomts  for  two 

dice,  it. -is:  easy;  to  .decide.  Th  event  corresponding 

to  geiiing  a  point  in  the  solid,  oval  or  the  dashed  oval,  as  in  Figure  17,  can 
be  foimd^^by  aj^^^^  probability  oi  geUing  in  the  solid  oval  drnd  the 

probabihty  pf  gre«2>^^  (Figc  18)  the  probability  of 


t  ■  V  FirstDie  ■ ;  .  . ; 

FiQ.  17.  Probability  of  getting  in  the  solid  loop:  5^6 ;  probability  of  getting 
in^the  dashed  loop:  J5e;: probability  of  getting  in  the  dashed  loop  or  solid  loop: 
^>3e.  •  ■.  :  .  ,   *  ■ 

getting  a  point  either'  In  the  dashed  oy^ti  or  in.  the  solid  oyaZ  is  not  the 
sum  of  the  separate  probabilities.  Looking  at  charts  it  is  easy  to  s^e  that 
you  can  add  "probabilities  to.  obtain,  the  protrability  of  an  or-event  if  the. 
two  loops  involved  do  not  have  any  points  in  common  .-What 'can  you 
say  about  theopfiysical  events  themselves  if  theirv  Cdrresponding  loops 
do  not  have  any  points  in  common?  If  there  appoint  in  both  loops, 
then ^ there  is  a'way  in  whieh'both  events  d^n  occur^lmultaneously.  In 
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Fig.  18.  Probability  of  getting  in  dashed  loopVHe;  probability  o/^getting 
id  loop:  ^%s't  probability  of  getting  in  dashed  or  solid  loop:  ^%6. 


6 


the  second  illustration  above,  if  the  sum  is  12,  both  of  the  evenfe;  ;the: 
'solid  loop  eveqt  and  the  dashed  loop  .event,  ^ave  occurred. '      .   - : 

Events  \Vhich  cannot  occur,  simultaineousiy  are  Called  mutually  ex- 
cZiz^z'ye  events.  In  the.  immecjia.tely  preceding  figure,  the  event  c|)rre8pond- 
ing  to  the  dashed  loop- and  the  event  corresponding  to  the*  solid  Toop  .. 
are  not  mutually  exclusive.^  However,  tjie  event  getttng  a  5  or  a^6  and 
the  event  getting  a  9  are  mutually  exclusi^)^If  one  of  them  happens, ' 
the  other  one  cannot  happen. 

1.  From  the  point  of.  view  6f  probability  there  is  a  more  precise  way 
to  say  two  events  cannot  occur  ^rmlianeoualy.  Suppose. to  abbreviate... 
we  call  one  event  v*^'  and  anotHer  event 'B'.  Then  if  A  and  B-gtonot 
occur  ,  simultaneously,*  th&  probability  of '  (A' and  B)  is  zoro.  Th^'is; 
if  there  are  no  poirfts  in  the  overlap  oi  A  and  B  then  the''  prabability  o'f 
landing  in  the  overlap  is  zerOvTo  summzirize  then,  we  can.say  thatifor  . 
an  event  A  and  an  eyent  B,  if  the  probability:' of      and  B)  i|  zero,  then*  / 
the  probability  of      or  B)  is*the  sum  of  the  probability  of  A  and  the 
probability  of  B.  In  brder  to.  save  space  and  make  reading  easier  we,  shall . 
abbre^^^ the  probability  of  A  dndili  as  "Pr(A  and  B).  Using  th^'s  ab- 
lation a  f  undaniental  principle  of  probability  becomes :    *  ' 

(I)  For'fcxrents  A  and  B,  if  Pr{A  and  B)      0,  then  / .  •*. 


v  Pr(A  or  B)  =  Br{A)  +  Pr{B).. 
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Now  can  we  generalize  this  principle  so  that  in  Its  new  form  it  applies'' 
to  sets  of  dots  that  do  overlaps?' The,  trouble  with  sets  of  dots-  ttiat  do 
overlap  is  that  when  you  add  the  corresponding  two  probabilities  ^o(f 
count  the  points  in  the  overlap  twice.  The  set^pf  points  in  the^  overlap 
corresponds  to  the  event  (A  and  B)^  Thus^.  to"  get  rid  of^the  efTect  of 
cqunting  the  overlap  twice^you  nee(|^to  subtract  it  once.  That  is,  you 


Event  A 
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and  J?* 
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Event  AorB  . 


need  to  subtract  Pr{A  and.  i?)  (Fig.  19).  Thus  the  new  generalization 

becomes:  ■■  ■ 

.  .    '   ■■  •     '  ^; 

■    (II>  Eo«  any  events  A  and  5,  Pr(yl  or  5)  =  Pr(A)  4; 

'  Pr{B)  -  Pr{A  and  B),  ^        '  ,  : 

'  .  '    .     .     ■  ■ 

N4?te  that  generalization  (I)  is  a  special  case  of  generalization  (II) 

where  Pr( /I  and  B)  .=  0.  ;    ^  * 

,  Here  is  an  example  of  generalization  (II).  Suppose 
that  ' 


and  • 
Th6n 


and 
and 


e  vent  A  \s  getting  a  2  or  a  7 
event  ^B  is  getting  an  il  or  a  7. 
Pr(.l);=  Vff  - 

\  Pr{B)  =  a;  . 

Pr{A  and^)  =  A- 
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Now  we  check^^s  ilfeult  Q] 
ability  of  the  event  '^i  or  B 


^  6-by-6  chart  (fe.ttice)  of  dots.  The  prob- 
•the;*probability  oi^etting  cr2  or  a  J  or  of 
getting  an  11  or  a  7  which  is  thei^ptpie.as  the  probaJbifity  oi  getting  xl  2 
OX',  a  7  or  an  i/a  By.^^oimting  dots  in*%fi-by-&  chart  we  see  that  this 
probability  is       and  wehaye  confirra1^|in  example  of  Principle  II. 
^   A  goQd  problem  for  ySu  tO'  investigate^yourself  and  also  to  give  to 
-bright  high^hool.  Students  is  to  sho^^'  tJiat^he  following  generalizat^Qn 
*for  fiiree  sets  is  correct: 

*^    •■;  «.  ^ 

(Ill)  For  events  4      ^d  £j^Pr{A  or  J5.^r  GO  =  PrU)  +  Pr{B)  + 
.      Pr(0  -  Pr{A  and  A)  -  Pr{A  tiAc)  -  -^r(B,and  C) 
:  *+  Pr(A  said  B^nic)  ' 

Verify  it-for  some  tiiree  events  il,  J5,  and  (i.'befcrre  trying  to  establish^ 
th^t  (III)  hold^.fei  general.*^ 


First  Die 


Suppos<i  thj^  ^?^t  A'*"i>f  dots  on  a  6-h^-6  laittice  is  made  up 
of'icfots  belonging  to  another  set  of  dotsJ5  '(Fig.  20).  Each  of  the 


S&nl3^ 
the  dots 


*  Many  of  the  ^ggestions  for  high  school  studentg  i^J^his  chapter  and  some 
of  the  more  elementary  ideas  (taken  at  a  rapid  paceThave  b^|^.tried  with 
sideralile  'success  by  the  High  School  Mathematics  Projecil^ICSM)  at  the 
UnivQ^ity  of  Illinois. 
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•  inside  the  dashed  oval  is  also  a  dot  inside  the  solid  oval.  What  does  this 
mean  as  far  as  the  physical  events  A  and  B  are  concerned?  If  you  throw 
the  dice  and  get  a  dot  in  the  dashed  oyal,  you^know  it  also  mu3t  be  a 
dot  in  the  solid  oval.  When  you  get  a  dot  in  ^4,  it  also  must  be  a  dot 
ifi  J5.  In  other  Words,  whenever  event  A  occurs,  eveRt  B  must  also  occur.. 
In  this  case  ^ye  know  .that  there  are  more  dots  in  \&  thSn  in  A  (or  pos-? 
sibly  tTie  same  number  if  A  and  B  are  the  same  event).  Thus  PriA)  < 
Pr{B).  We  can  summarize  tHis  rule  as: 

(IV)  If  the  occurrence  of  an  event  A  implies. that  an  event  B  has  also 
•      '  occurred,  than  Pr(/1).  <  Pr(5).  ^ 

Teachers  who  are  at  all  acquainted  with  the  ideas  of  set  theory  may 
suspect  that  it  is  apj^licable  to.  this  work  in  j^obability.  If  ycfu  plan 
to  present  the  elements  of  set  theoiy  to  your  students,  ^thqn  work  on 
probability  is  a  nice  applici^tion  of  it.  ;  » 

Briefly,  if  .4  and  J5  are  two  sets  of  points,  then  the  union  oi  A  and  5' 
(/l^  U  B)  'is  the  set,  of  all  points  each  of  which  belongs  either  to  A  or 
fi.  The  intersection  oi  A  and  J5  (.4  D  B)  is  the  set  consisting  of  all  points 
each  of  which  belongs  to  both 'c A  and  B.  If  every  point"  which  belongs" 
to  A  also  belong^,  to  B  we  say  that  A  is  a  subset  of  B. 
"  As  examples  of  these  terms  of  set  theory  suppose  that  thinking  of  a 
6-by-6  lattice  of  dots'we  define  sets  A  and  J5  as  follows: 

.   '        .'I-    {(^J)    0,5)    (4,4)    (5,2)  (6,2)} 
JC6,^.3)  .0,5)    (4*,. 4)    (1,6)  (5,6)}. 
.Then  the.intei-sectiofi  of  fl^  and  B  (A  0  J5)  is:  •  . 

.  .        .4  nS;  ((1,5)  (4,4)} 

aijid  the  u«iiuii  of  .1.  and  B  (A  \J  B)  is      *  '       .  . 

.rU  B;:Kl,3)    (1,  5)    (#,^4)    (5,  ^)    (6,,^)   \2,;^3)    (f,  6)  (5,6)} 

and  tlfe  rntor.secfloii  of  .4  ctnd  B  is  a  subset  of  the  union  of  A  and  B 
(as  is  true  for  any  two  sets  .4  and  J5).  *  ■  . 

Yoji  will  mrtice  thi'if^if  A  aiic^J5  are  tfie  sets  of.  points  eorrpsponding''' 
to  ty^'6  events  theit- 1}^2  event  one  event  and  the  other  event  corresponds  < 
to^  the  intersection  of  .4  an^  5, while  the  event  one  event  or  the  other  evcnt^ 
corresponds  to  the  uiyon  tjf  /Ivand  B.  If  a  first  event  correspojids  to  a 
set  -4  and  a  second  event  corfespor^s  to  a  set  B  and  if  the  occurrence 
of  the  first  eveet  always  iheans  that  tftc  cecond  event  has  occurred,  then 
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A  is  a.  subset  of  B.  It  will  be  left  for  teachers  who  are  working  with;  set 
theory  to  translate  the  rest  of  the  chapter  into  set  theoretic  terminology.* 

PROBABILITY  DIAGRAMS  IN  MORE 
THAN  TWO  DIlNlENSIONS 

Next,,  we  want  to  extend  our  treatment  of  probability  to  situations 
where  more  than  two  dice  or  other  things  are  used.  As  a  first  step  in 
this  extension,  students  should  recognize  that  the  array  of  36  dots  in. 
"the  previous  discussion  was  a  square  array  only  as  a  convenience.  For 
example,  we  would  cut  the  square  array  into  strips  of  six 'dots  each,  sqch 
as  illustrated  in.  Figure  21.  Then,  the  set  of  six  encircled  points  above 


First  die  3 
6  • 


First  die  2  First  die  1 

6  •  •  •  «  •  •  0  w 

^50  1  2  3  4  5  6 

'S  ^  *  Second  die  3  •  1 


•     !•      '  1  • 

First  die  4  First  die  0  First  die  5 

..    ..    ..  0  .  .  1    2    3   4   5  6  g  , 

^       6    5    4  3   2  1         0  ....  .  I  5  , 

Second  die  .'  Second  die  .       ^  *  - 

'  J  20 

•  Fia.  21  ^.y 

corresponds  to  the  event  gelling  a  , sum  of  7.  It  is  more  difficult  to  work 
with  such  a  scattered  diagram  than  it  is  with  a  6-by-6  square  but  there 
is  no  fundamental  difference.  With  patience  we  could  do  anything  with 
the  scattered  diagram  that  we  can  do  with  the  square  array.  In  fact, 
we  could  take  apart  each  row  of  dots  until  we -merely  had  36  separate 
dots  splattered  miscellaneously.  As  long  as  we  know  which  dots  cor- 
respond to  which  outcomes  with  the  dice,  we  could  work  with  any  such 
diagram...  You  Wjjill  see  that  when  more  than  two  objects  are  being  con- 
sidered, it  is  helpful  to  work  with  diagrams  which  have  been  partially 
cut  apart. 

Suppose  you  have  three  pointers  which  you  spin  and  dach  pointer 

*  For  a  more  thorough  treatment  of  the  ^theory  of  seta. see  Chapter  3  of  this 
Yearbook  and  Chapter  III  of  the  Twenty-Third  Yearbook. 
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gives  you  one  of  the  numbers  1,  2,  3,  or  4  with  equal  probability  (Fig. 
22),  When  you  spin  all  three  pointers,  they  give  you  a  first  number,  a 


First  Pointer 


^econd  Pointer 
Fig.  22 


Third  Pointer 


second  number,  and  a  third  number.  That  is,  they  give  you  an  ordered 
triple  of  numbers.  A  convenient  way  to  record,, for  example,  that  the 
first  pointer  gave  a  4  and  the  secon^ointer  gave  a  1. while  the  third 
pointer  gave  a  3  (as  shown  in  th^gure)  is  to  write,  similarly  to  the 
previous  convention: 


.No^  what  is  the  probability  that  when  you  spin  the  three  pointers,  the 
result  will  be  (1,  4,  2)?  By  now,  your  students  should  see  that  there  are 
4X4  X  4,  or  64  possible  ordered  triples  as  outcomes.  If  some  of  them 
have  difficulty  seeing, that  there  are  64  possibilities,  have  them  siart  to 
list  all  possibilities,  Most  students  will  see  a  system  before  they  finish 
the  list  of  64  ordered  triples.  As  before,  if  we  assume  that  the  pointers 
have  good  bearings  and  if  the  field  behind  each  of  them  is  symmetrically 
divided  into  four  regions,  then  these  64  ordered  triples  are  equally  likely 
outcomes.  Therefore,  the  probability  a  particular  outcome,  that  is, 
of  a  particular  ordered  triple  such  as  (1,  4,^)  is  1^4,  The  probability  of 
any  other  ordered  triple  is.  also  ^44,  What  kind  of  a  diagrani  of  dots  shall 
we  make  to  illustrate  this  situation?  Judging  from  the  previous  examples, 
it  ought  to  have  64  dots.  (Students  will  easily  see  tfeat  if  there  were  only 
two  pointers  instead  of  three,  a  square  array  of  4-by-4  pflftints  woul^  do 
the  job.)  It  should  not  be  difficult  for  your  students  to  see  that  iri.this 
case  what  we  need  is  a  "square  array'*  of  4-by-4-by-4  dots;  in  other  words, 
we  need  a  cubical  array  which  is  4'by-4-by-4.  Drawn  with  onl^  the 
outside  dots  showing,  such  an  array  is  pictured  in  Figure  23.  It^s  ciifS"^ 
quit  to  work  with  such  a  picture  because  inside  dots  are  hard  to  locate. 
Elementary  school  children  should  build  a  3-dimensional  model  out  of  '' 
balsa  wood  or  Tinker  Toys .  and  .  devise  *some  way  of  marking  which 
dot  is  under  discussion.  For  e-tample,  they  could  tally  by  hanging  a  small 
piece  of  wire  over  the  spot  corrfjsponding  to  a  particular  spin  oi  the 
three  pointers.  After  establishing  sucli  an  arrangement  you  can  repeat  the 
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•  •    •     1       2.3.       4,,  \       >  ;':  -  ..'  , 

First  Pointer      .V  "  ' 

FiQ.  23       /'  ■  '  .    '  ■' 

same  kind  of  exercises  that  you  did  with  a array  of  dots/ For  - 
example;  ,  ■  .■«!•• 

Wliere  are  all  the  points  corresponding  to  second  -pointer  gets  a  I  ?  / 
Where  are  all  the  points  where  the  sum  of  the  three. numbers  is  4?  • 
What  is  the  probability  of  getting  a  sum  4?  '  .     ■•  '  .  . 
What  is  the  probability,  that  the  sum  of  the  throe  toifibers  will' be  less,' 
than  6?*  ;   ,   .  .  ■  -  ' 

Notice  the.  training  in  space  perception  and  preparation  for  harder  solid, ' 
geometry  problems  here.  By  doiiig  more  work  of  thiS.  ^ind  you  increase* 
the  students'  intuitive  background  in  work  with  3  dimen^ori$»  . 

For  older  students  and  aftef  youngfer  students  have  warliGd  with  a 
3-dimensional  model  until  they  are  familiar  Vith  it,,it  is^ifnpoj^lant  that 
they  cope  with  the  problem  of  dealing  with  sticfrva  ■  tto^P-dime^isional 
figure  on  two-dimensional  paper.  To  dp  this  they  cau  cutjtHe;3 
sional  figure  into  -sKc^S;  In  order  thatlhese^slices  re;^mt)fe?.  the  p^yigus 
array  6f  6Tby-6  dots,  let  the  first  slice  be  the  plano^of  16.  dqts'.feai^est 
to  the  paper  (as  you  see  the  pictur^  assuming  that*  the  othcir  dots  are 
6e/iind  the  paper).  The  first  slice  we  take  off:of  the  c^bi^* looks  IjkQ  Figure 
24.  As  we  cut  off  successive  slices,  w'c  get.iigure_s.li^ce.the  one  tiboi'e  tut.. 
.  with  different  third  pointer  numbers.  Since.;titefc  are:,  four -such  slioes,  * 
the  three-dimensional  figure  eari- be.  i)icturcd'as  in  pigiixe  .25.  Studefits 
shoiild  see  easily  that  the^-.are  64^p;o^ts,  and  that  to  ;eacK.  spin  of-  the 
three  pointers  there  corresp>onds!loxactIy;On^^^Liii^  to 

*  This.  Id  a  fairly  toiighvquestiory  aii^'^filudenta  hiSj^-het^  to;Iocate  'Oiie  by  one  i 
"all  of  the  points  for  wMch  the  sum  .Ipf  .tiie  three  nun^bers  is  (either  .3,  4vQr  6\  that  is.  • 
.leKs'  thah  6.  Noticjjej^g^t^student^^  are- Rraphing  an  ineqiialily  in  3  dimengjon?  as 
they  answer  this  ^MCfttiori.A  -  ^iV^^-^  ^   ^       ^  ' '\"  '  ■    ■  '  ' 
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First  Pointer 
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of  the  64  points,  tlJ^re  .,cpiT.e?J^^      exifetly^i^e  ajnn  pf  the  three 
>gm^t^i^/  Pre^         Vfe  iw^/li^^  into  ' 

S8i3p  jjLijs.ce^^  we  have  sliced  wp:  a  3- 

;  tiirriehsid^V  1^^^  2sdimensionaI  4-by-4  figures 

:\  p^ced  so  marthe^fr^re^^^^  use  ih  order  to  *keep  track  of.  spins, 

l^lSToiw^yOT  ore  p^.a  pii^tl^'i^  to  ask  ffife -following  kinds  of  questions :  ■  ^ , 
,  i;  ^Wh^j0^  p^^^hsih^t^^  of  getiiiig'  a  3,  bri  first  ^nter,^  a  on 
;7  ^^^^.t^^^  sfi^  a  4"  on  the,tTurdi)ointer?  (Answer: 

ih^64  '|^int^^  to  fs,  3,  4).): 

..Jf:-  -2^^^^^^  any  one ^  the  ppiii;^^, 

;  ppihter,  ^nd  a  3  ofr  the  other  pointer?  (Answer: 

y  %4^^  noil  8i)ecif^  which  pointer  gives 

V^^^^  outcomes  will:do:  (!',  2, '3), 

y-  W^l^^ 

/. :  ^3.:.;'5^&t  &  numbers  jgive^  b^*" 

;j  ■'.   ;  t^^^^  following  -  ordered 

.  :  =.  4.  iWTxit-iiithi^^^^^^^  th^  surVof  tile  three  numbers'' is  12? 

(Ati^re^^  su^^;can  be  12  is  for  each 

V        pbiriter  tp  'giV6"  4';:  Thei^  ia;  One  pKHntcori^ponding  to  (4,  4,  4).) 
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5.  What  is  the  probability  that  the  sum  pf  the  numbers  given  by 
the  three  pointers  is  15?  (Answer:  0.)  - 

6.  What  is  the  probability  that  the  sum  of  the  three  numbers  given 
by  the  pointers  is  6?  (Answer:  The  possible  ordered  triples  are 

(1,1,  4)    (2,1,3)    (3,  1,  2)    (4,  l,.l)  . 

(1,2,3)    (2,2,2)    (3,. 2,  1) 

a,  3,  2)    (2,3,  1)  f 

so  the  probability  is  The  students  should  be  encouraged  to 
notice  that  these  points  are  located  in  a  regular  fashion  (Fig.  26).) 

3rd  at  '1'  3rd  at  *2  3rd  at  *3'  3rd  at  *4' 

4  ®     •     •     •      Q  4  •     •     •  '  •         4  .  •     •    *•     •      .  4  •     •     •  • 
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c  ^        c  ■       .  c 
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!•     •     •     ®         !•     "     (S)     •.         !•     ®     •     •  1®     •     •  • 

1     2    3    4  1     2     3    4  1     2     3    4  1     2     3  4 

First  No.  First  No.  First  No.  First  No. 

Fig.  26 

>:    Jn  the  3-dimensional  cujbe  these  points  are  a  diciganal  slice,  (Teach- 
ers should  notice  the  preparation  for  graphi^  the  equation 
'a;  +  2/.+  2  =  6'  in  3-dimensionaI  coordinate  geothetry.)  More  ele- 
V  ^entary  students  who  have  constructed  a  cube  of  64  points. can 
locate  these  10  points  and  see  directly  that  they  coniprise  a  diag- 
onal slice\  ,  ° 
Whatsis  the  probability  that  the  sum  of  the  three  jiumbers  given 
t)y  tl^-pointers  is  7?  (Answer:  1^4.  By  now  students  should  be 
'i^devisrng  systematic  ways  to  determine  how.  many  ordered  triples 
give"  ?  ag  a  sum.  For  example,  there  are  6  triples  involving  the 
numbers  1,  2,  and  4.  There  are  3  triples  involving  the  numbers 
1,^3,  and  3  and  there  are  3  triples  using  the  numbers  2,  2,  and  3. 
These  12  are  all  the  .  triples  that  give  a  sum  7.  How  do  you  know?) 
8.  What  is  the  probability  that  the  sum  given  by  the  three  pointers 
is  9?  (Answer:  1%4.) 
.  9.  What  sum  has  ^he  highest  probability?  (Answer:  The  sums  7 -and 
8  each  have  probability  1%4  which  is  the  maximum,  probability. 
Notice  that  if  you  consider  all  the  possible  sums, 

.       3,  4,  5,  6,  7,  8,  9,  10,  11,  12    .  '  . 
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there  is  no  one  center  number  but  7  and  8  are  on  either  side  of 
the  center.)  i  ^ 

10.  What  sum  ha.s  the  lowest^robability?  (Answer:  The  sums  3  and 
12  each  have  probability       which  is  thp  minimum  probability.) 

11.  What  is  the  probability  that  the  number  given  by. the  first  pointer 
minus  the  ^number  given  by  the  second  pointer  plus  the  number 
given  by  the  third  pointer  is  zero?  (Answer:  If  (x,  y,  z)  is  an 
ordered  triple,  then  we  are  looking  for  points  where  x  y  z 
is  0.  For  the  points  we  want,  it  must  be  that  x  +  z  =  y.  (Ele- 
mentary school  students  or  others  who  are  not  familiar  with 
algebra  cai^ust  look  for  the  ordered  triples  which  work) : 

.      .  ^    (1,3,2)  <1,4,3) 

(1,2,1)  (2,4,2)  - 

(2,3,1)    (3,4,  1).       ■  . 

The  probability  is  ^4.)     '  .       :  ' 
-12.  What  is  the  probability  that the  number^  given  by  the  sum  of 
the  numbers  indicated  by  the  first  two  pointers  minus  the  number 
indicated  by  the  third  pomter  is  twg?  (Answer:  The  triples  which 
work  are : 

(1,2,  1)    (2,  1,1)    (3,  1,2)    (4,  1,3)  ^ 
-  (1,3,  2); ,  (2,  2,  2) .  (3,  2,  3)    (4,  2,  4)  ^ 

.     (1,4,3)    (2,3,  3);  (3,3,4).    '    ^     =  -  / 

(2,4,4)  ■ 

The  desired  probability  is  ^%40 
13.  What  is^ttje  probability  that  on  one  spin  the  three  pointers  will 
not  give  a  sum  of  12?  (Answer:  We  know  there  are  64  ordered 
triples  in  all.  Ohly  one  of  these  gives  a  sum  of  12.  Therefore  63 
of  them  give  a  sum"|ttiat  is  noi  12.  The  desired  probability  is  6^4.) 
Th^last  question  above  suggests  another  general  principle  of  prob- 
ability. K  you  have  selected  a  set  of  dots  corresponding  to  an  event  ^, 
there  is  another  event  B  corresponding  to  a^^  the  rest  of .  the  points-  If 
there  are  K  points  in  set      then  there  are  64-/f  points  in  i^et  B.^The 
probability  of  A  is  K/64:  and  the  probability  of  B  is  (64-iO/fe4.  That  is, 
Pr(A)^  Pr{B)  =  1.  Since  B  contains  all  the  points  not  in  /I,  the  event 
B  is  the  event  .4  does  not  occur.  We  can  abbreviate  by  saying  that  event 
B  is  the  event  no/-.4.  Then  Pr(/1)  +  Pr(not-^)  =  1.  Event  A  and 
event  not- .4.  are 'called  complementary  events.  The  results  we  have  ob- 
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tained  here  are  not  peculiar  to  a  situation  in  wiiich  there  are  el^^tly, 
.64  possible,  oiitcomes.  Since  any-  event  either  occurs  or  does  not  occur/ 
.   it  must  be  that: : 

.  ;'  (V)  For  any  event      Pr{E)  +  Pr(not-£)  ==1 

For  teachers  who  are  intrpdiicimg  some  of  the  notions  of  set  theory, 
we  are  dealing  here  with  the  concept  of  the  complemmt  oi  a  set;  Jf 
you  have  a  wmVerae  of  points  with  which  you  are  dealing  (he^e  .tjhe  64  ^ 
points  in  the  cube)  and  a  given  set  ^4  in  this  universe,  the  set  called 
the  complement  of  A  consists  of  all  the  points  in  the  universe  which  aSSl^i 
not  m  A,  Principle  V  above  is  a  statement  in  probability  language  that 
for  9,ny  set  A,  the  Union  , of  A  and  the  complement  of  A  is  the  entire 
■  '  universe.  •  ■ 

Teachers  who  are  using,  work  in  probability  to  support  more  difficult 
work  in  arithmetic  than  is  exemplified  in  the  previous  13L  questions  can 
construct  questions  which  entail  much  more*  arithmetic  such  as : 
ilig|^^4.  What  is  the  probability , that  on  one  spiii.'the  three  pointers  will 
land  so  that  if  the  number  oh  the  first  pointer  is,  multipliecl  by 
'    itself  and  the  result  :is  then  multiplied  by  the  number  from  the 
^  second  pointer  ,  and  from  this  result  is  subtracted  the  number  . 
.  '       given  by  the  third  pointer,  the  result  will  be  14? 

INDEPENDENT  EVENTS 

Thus  far  we  have  dealt  with  probabilities  where  two  dice  or  three 
.  pointers  were  concerned.  Suppose,  as  a  change,  we.  throw  one  die  and 
^   one  coin.  Jf  you  want  to  avoid  dice  p-nd  coins,  you  could  use  one  two 
'feided  checker  and  one  pointer,  or  atiyf other  two  convenient  devices. 
When  you  throw  one  die  and  one  cbin,  using       for  heads  and  'T'  for 
tofis,  the  following  ordered  pairs  are  possible 

^        \.         y    (H,l)    (ff,4):  (7,1)   .(r,4)  _ 

(ff,2)    (ff,5)    (^,2),  (T,5):\  ^ 
;      ;  (H,3j   (ff,6)    (T,3)    (^,6).  _ 

If  the  coin  and  die  are  symmetric,  these  12  possible  outcomes  are  equally 
likely  and  each  has  probability  As  in  the  preceding  examples  you 
can  now  ask  for  the  probabilities  of  many  eyents.  For  example,^  what  is. 
•  the  probability  6f  getting  Heads  and  getting'  an  even  number?  There  are 
three  ordered  pairs  that  work:  (H,  2),  (H,  4>,  (H,  6),  and  the  probability 

Now  consider  th^  following  examples.  If  you  throw  just  one  coin, 
•       ■    Pr(tails)  =  ^ 
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If  you  throw  just  one  ^die,  ' 

.  ;  /'^     '     PrifgettingS).-  . 

If  you  throw  one  com /and  one  die,  . 

■  ^.        ^.  Pr(tailsW5)  =  tV- 

Consider  another  example.  If  you  throw  one  die, 

,Pr(getting  an  even  number)  =  J. 

If  you  throw  one  eain/  .  . 

'    .  .     Pr(heads)  =  i;  ' 

If  you  throw  one  coin- and  one  die,  > 

Pr(getting  an  6ven  number  and  hieads)  =  i. 

Again  ask  students,  does  it  ahvays  work  this  way?  Can  we  say  that  for 
any  two  events  A  and  if  Pr(>l)  =  x  and  Pr{B).  =  7/,  then  Pr{A 
and  B)  =f  x-y?  For  prealgebra  students  you  might  ask,  "Can  you  aiway? 
find  the  probability  of  both  events  happening  by  multiplying  the  sejparate 
probabilities?"  Many  times  it  works  but  it  doesn't  always  work.  Fof 
an  extreme  example,  suppose  you  are^. throwing  one  die  one  iime.'Let  A 
be  getting  a  5  (in  one  throw)  Sind  B  be  getting'  a  6  {in  one  throw).  Then 
Pr(A)  ^  3^  and  Pr(B)  =  f-^,  but  what  is  the  probability  of '.4  an^/ 5? 
The  event  A  and* B  is  the  event  getting  a  5  and  a  6  in  one  throw.  The 
Pr{A  and  B)  is  0  because  one^  throw  gives  you  only  one  number.  Here 
is  another  co.unterexample:      ■  '    ^  ■ 

Consider  one  throw  of  one  die.  ^ 

Pr{getting  an         numben'iarwZ  getting  a  number  less  than  4}  is  the 
same  as  Prjgetting  2}  .=  J. 

Prj  getting  an  wen  number}  =  A      ;  ^ 
and  ■       -  ,        •    .  '  ■  ' 

•  Pr {getting  less  than  4 i  =z  |.       *  . 
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So  the  Ttiidtiplicattan  rule  for  finding  the  probability  of  the  combination 
of  two  events  does  not  wort  here  either!      '   ,   •  ^  ' 

You  hfive  seen  that  for  soiiie'kihds  of  events  A  and  B  the  rule  Pr(A 
and"%5)  =  Pr(i4)-Pr(B);  works  and  for  other,  kinds  it  does  not.  This, 
distinction  leads  to  an  important  definition. 

An  event  A  and  an  event  B  are  said  to  he  independent  events  il 

Pr(A  Olid  B)  =  Pr{Ay  Pr(B). 

We  can  turn  our  definition  of  'independent  eVents!;around  into" another  . 
important  principle:  ^.  -        .  ^ 

(VI)  U  A  and  B  are  independent  events, .  ' 
.  .      '        ^     then  Pr(A  and  B)  ^  PriiA)-Pr(B)./ 

^  The  definition  of  independent  events  above  does  not  help  you  directly 
to  decide  when  events  involving -dice,  pointers,  or  coins  can  be  treated 
as  independent.  It  tells  you  how  to  handle  the  probabilities  provided 
that  you  know  two" events  are  independent.  The  6rby-6  chart  that  you 
made  for  a  throw  of  twa  dice  assumed  that, events  involving  one  of  the 
dice  are  independent  of  events  involving  the  other.  For  example  the 
event  A  =  getting  a  4  on  the  first  die  and  tHe  event  B  ^  getting  d  1  on 
the  second  die  are  independent  events  because  Pr(A  and^)  =  Pr(A)  ' 
:Pr(B)  that  is,  ^^^g  H'H-  Siinilarly  the  event  C  =  no/  getUng  a  5  on 
the  first  die  and  the  event  D  =  getting  a  number  larger  than  on  2  the  second 
die  are  independent  events.  If  you  look  af  the  36  possible  outcomes  from 
a  pair  of  dice,  yoii  will  see  that  20"  of  them  lja,ve  first  die  not  a  5  and 
second  die  larger  than  2.  Thus  >jrou  know  that  Pr{G  and  D)  = 
But  Pr(C)  =  %  and  Pr(p)  =  Consequently  events  C  and  Z)  are 
independent  events.  * 

Deciding  in  advance  when  two  e^yents  are  independent:  resembles 
somewhat  the  problem-of.  deciding  what  things  in  the  physical  world  are 
straight  enough  that  you  can  .think  of'j^jn  as  straight  lines,  and  apply 
Euclidean  geometry  to  them.  It.is  ii  pn^em>.of  judgment  and  common 
sense  to  decide  when  a  mathematical  system  can  be  applied  profitably 
to  a  physical  situation.  -       ,  v  ; 

Physical  eVents  which  do  not  have  anything  to  do  with  each  other, 
.  which  do  not  affect  or  influence  each  ot^er,  are  the  kind  to  which  we 
apply  the  mathematical  idea' of  independent  events.  . 

If«  you  throw  two  dice  in  the  usual  \^ay,  'y6u;  are  confident  that  the 
-outcome  from  one  die  does  not  influence  the  outcome  from  the' other 
die.  If  you  glue  a  fed  die  and  a  white  together  and  i/irou7.  them,  you  know 
the  outcome  on  one  . die  greatly  influences,  in  fact  it  determines,  the  . 
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Red  Die 


outcome  of  the  other  die  (Ffg.  27).  Getting  a  fori  white  and  getting  a  2 
'  ori  red  are  no  longer  independent  evetits.  If  you  throw  this  pair  of  dice, 
•say,  37  times  and  make  a  chart  of  your  results,  it  might  look  like,  that 
shown  in  Figure  28  (neglecting  the  possibility  that  the  two  dice  might 


6 

5 

2 


tm. 

•mi 
ft/ 

// 

2     3    ,4  :  5 

White  Die 
Fio.  28 


land  on  erkf).  Suppose  you  had  only  this  chart  to  go  by  and  kix^^^d^l^ig^ 
about  the  dice  that  were  thrown!  you  would  have  reaspn 
strongly .  that  somelfow  what  liappened  to  one  die  detennih^cT  what 
happened  to  the  other  one.  But  you  could  not  be  completely %ure  from 
the  chart  alone.  For  if  you  threw  an  ordinary  pair  of  dice  37  times,  it  is 
possible  but  it  is  very  imlikely  that  you  would  obtain  the^  results  given 
in  the  ehart  above.,  If  you  threw  ordinary  dice  37  times  and  then'another 
37  times  over  and  over,  ypu  would  obtain  the  chart  above  extremely 
infrequently.  Thus  if  ^ou  were  given  this  chart  and  no  other  information 
and  told  to  predict  whether  the  two  dice  w^ere  fastened' together  or  were 
not  fastened  together,  you  would  be  very  much  safer,  but  not  compjeteiy 

:  safe,  in  predicting^ that  the  two  dice  were  fastened  together.  Making  such 
predictions  and  deciding- how  :sa/e  tiiey  are  is  one  of  the  important  appli- 

^cations  of  statistics." 

Suppose  that  yQu  fasten  a  limp  spring  between  two  dice  in  the  fashion 


2?3 
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ERIC 


illustrated  in  Figure  29.  ^In  .Figures  29  to  33.thq  wliite  die  is  alwaJiTon  . 
the  right.)  The  sprihgris  m  a  newirai  positi6n':w      b6th  faces  .show:any 
of  the  arrangements  i^l unrated  in  Figure  30,  I^the.spring  winds  a  quarter-.  ' 
turn  as  thq  dice  land,  the  arrangements  in  Figure  31  show,  if  the  spring 


to 


•  'Fia,  31 


FiQ.  32 


1^ 


^^^^^ 


;'.    •       ■  ;  ■  FiQ.  33-  -  ; 

ttrimnds  a  quarter  of  ^5^^^tirn  as  the  dice  .laLnd,  the  arrangements  in  Fi^e  • 
.32  show.  Let  us  assufhe  thgit  the  spring  very  ro,rely  turns'-more.'than  a 
quarter-turn  in  either  direction  an(f  very  rarely  lands  the  way  illustrffted 
.in  Figure  33.  If  such  a  device  were  constructed  and  throjm  62  tirhes,  a  •  •  , 
chart  of  the  results  might  look  like  the  ona  illu.strated  in  Figure  34. 
The- general  (Uagdhal  nature  of  the  chart,  indicates  that  the  separate  ■ 
events  on  the  red -die  and  on  the  white-die  are  noViiidependent.y\gdin 
(ft^om  thg  chart  alone)  we  say  that  VecJ-dife  ev^ents  and  white-die  '^venjs 
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^ar|.,probably  not^^m^  since  such  a  chart  is  possible  hut  highly 

tujflikely  if  two  or(Enary,dice  are  thrown:  If  we  thrOw  an  ordini^L^ir^ 

^ -  dice  62  times  and  then  throw  it  again  62  times  and  again  and  again  . . .  , 
the  chart  above  will  occur  in  extremely  few  of  tiie  trials..  From  our 
knowledge  ^f  the  mechanical  connection  between  the  two  dice,  we  are 
sure  that  events  on  the  two  dice  are  not'independent.  A  measure  of  the 
dependence  of  occurrent^es  such  as  these  is  called  their  correlation.  When 

.,the  two  dice  are  rigidly  fastened  together,  the  correlation  between  them 
is  1;  when  two  dice -are  thrown  in  the  ordinary  fashioh,  the  correlation 
is  0.  (For,  a  treatment  of  .correlation^  see  the  refer(^ces  at  the  end  of 
this  chapter.^'  3. 4, 6. 8.  t)  ^         ^  . 

PREDICTING  INDEPENDENT  EVENTS' 

Suppose  you  haye  a  box  the  inner  wbrkings  of  which  are  unknown  to 
you.  From  the  outside  of  the  box  there  are  visible- two  dials  and  one 
handle  (Fig,  35).  When  you  push  down  ^ij^  the  handle,  the  two  dials 


first  dial 


second  dial 


Fid.  35 


spin  and  eventually  each  dial  stops  at  a  position  cori'espo^'ding  ta  one  . 
.of  the  whole  numbers  1  through  6.;  You  cannot  examSife  the  mechanism  t^-; 
inside  biit.  must  predict  whether^  occurrences  frojn''M'e  first  dial, are 
independent  of  occurrences  from. tihe 'second  dial.  All  you  can  do  is  push 
th^'handJe  and  recoj^  what  happens!  Siipp^  30 ,  trie^.  give  ygu  the, 
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results  illustrated  in  Figure  36.  You  would  be  quite  sure  that  the  two 
dials  were  tied  together  somehow  and  (you  would  predict  with  consider- 
able safety  that,  first  dial  events  aqd  second  dial  events  were  not  inde- 
pendent. There  is  a  slim- cbarice  that  you  could  be  wrong  and  that  oc- 

pii^jrences  on  the  two  dials  are  indepenaent.  Whatiare  your  chances  of 
being  wi;ong?  Suppose,  that  readings  from  the  dials  are  independent  and 
thAt  eacK  huinl?er  has  1i  prbbability  of  What  are  the  chances  that 
one  push  of  the  pointer  will  land  you  In.  the  diagonal  of  doubles?  This  is 
a  problem  just  like'^dice.  Yofir  chance*  of  landing  iii  any  one  square  of 
the  chart  ia-^^^'so  the  chance  of  landing  in  one  of  the  six  squares  along 
this  diagonal  is  %6,  Wkat  are  the  6hances  that  in  two  spins  each  result 
will,  land  in  the<» diagonal?  Under  the  assumption  that  spins  are  inde- 
pendent events,  tfie  proliability  is  )^  *  J^,  What  are  the  chances  thateach 
of*30  thrpws  will  land  in  this  diagonal?  •  •  •      with  BO  factors,* . 

or  (J^)^  which  is  about  10"^^.  So,  when  you  predict,  that  resul^  on  the 
two  dials  are  hot  dependent  you  are  rather  safe.  You  are  saying  .that 
either  an  event  of  pirobability  10^^?  has  occurred  or  your  prediction  is 
correcti    -    »  \  .      ^         -    *  . 

,;.:.U8ually  you  do  .not  "v^ork  with*  overwhielming  ^robabiliti^  such  as 

".^"".  wheh  making  decisions  and  predictions^  A  much  moreldiffipult  ^ 
probfeni^ than  the  diagonal  chart  for  the.black^bo^i^is  to  conside]\^  chart 
iit which  the  occurrences  tend  to  fall  all  over  the  chart j^Tp  predict,  then, 
whether  the  two  dials  are  interconnected  so  tha,^t  they  influence  each  other 
requires  more  machinery  than  we  have  yet  developed.  Such  problems 
are  one  type  dealt  with  in  statistics/-  / 

The  black  box  wi{h  two  dials is  a  simplification  oTman^  of  the  problems 
men  actually  deal  with.  For  exaiftple,  there  are  nien  on  both  sides  of  the 
argument  as  to  whether  the  occurrence  of  ^unspots  is  linkfid  up  to  the  , 
bu^hess  cycle  on  earth, 'The  argument  is  really  g^er  whe^er  these  two^^ 
kinds  of  events  are  independent. 
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OTHER  STUDENT  ACTIYITIES 

Go  back  to  the  idea  of  six  sided  lettered  cube  which  lands  on  each 
V  of  its  six  sides  with  equal  probability.  Suppose  also  that  the  sides  of  this^ 
\cube  are  labelled  respectively  with  the  letters  »^ 

^  T   F   E   I   0  N. 

If  you  toss  this  cube  t^ee  tiines,  you  will  get  three  letters  in  order,  first 
letter,  second  letter,  and  third  letter.  What  is  the  probability  that,  in  that 
-order,  you  will  get  the  letters  AT,  T,  that  is,  that  you- will  spell  tjie 
word  net.  Assuming  (justifiaBly)  thatt^se  are  ind^ndent  events  and 
knowing  that  the  pr6bab|ility  of  eao^mter  separately  is  the  prob- 
ability of  spelling:nei  in  order  is  3^ - 3^  •  i^,^  =  (It  would  be  the 
siime  problem, iif^eithrce  letters  were  obtained tossing  three  cubes 
'  once.)  ,    "  -        ^i^;-^                  '        '  •-^^ 

Now.  supposi^tTijat  you  are  allowed  to  rearrange  the  three^tters.  in 
order  to  spell  nSt.  \^I^^e^utcomes  which  will  lead  to  success  upon  rear- 
rangement are    '     ■  '  ' *  V  ^ 


N   E  .T    ■  .  ^ 
N    T^'-^E    .    ■  -  .  ■ 
T    N   E.      ,  /  ■      r  ...  ■ 
TE  N. 
E    N  T 

■  :  ,     E    T,  N  '  -  .. 

and  since  each  one  of  them  has  probability  the  probability,  of  net 

allowing  rearrangement  is  the  sum  of  the  separate  probabilities  (the 
"  events  are  mutually  exclusive)  >^ 5.  Kor  older  students  problems  |uch 
as  this  can  be  as  involved  as  y^^u  choose  to  make  them:       V  * 

What  is  the  prohapilitij,  'allotvin^  rearramiementy  of  getting 
''finite''  with  six-^eubehT  ' 

The  probability  withqut  a^iflnvirig  rearrangement,  is  (3^)*^.  A  student 
who  lists  all  of  the  waya  that  the  cubes' may  fall  in  order  so  they  can  be 
rearranged  to  finite  will  vbc  ready  to  study,  permutations  and  combina- 
tions* to  learn  fast  methods  of  finding  the  number  of  successes.  One 
warning:  in  miilking  suAb^a.^list  of  successes-,  one  and  the  other  '1' 
need  to.  be.  thougftt\x>f;;as^  letters— think  of  a  red  'i'  and  a  4hite 

Then  here  ar^  two '(tiffejperit.^uccessful  tosses  , 

'        I,   Fn  /u;   N   T  E  • 

F   Ir  .  N    T   E.  .  '  y 

*  See  b1  most  any  tejf^ij^oHege  algebra.  .  , 
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There  are.6-5'4-3-2-.l  successful  sequences  so  the  probability  of  getting. 
finite,  allowing  rearrangement,  is 

'  ^  6-5-4>3-2  1  -        ;  ■• 

•     ..       ■         6V   .   .  \  \ 

which  is  approximately  .015.  Students  who  are  specialists 'in  worBlgarnes 
can  find  the  probability  that,  say,  five  cubes  tossed  will  give  sonicfV.Srd, 
either  with  or  without  allowing  rearrangement  (depending  on  how*h^jjf}''a 
problem  is  desired).  ■>  ■ 

.EQUATIONS  WITH  RANDOM  COEFFICIENTS  : 

One  of  the  teaching  jjroblems  connected  with  solving  equations,  as 
with  many  other  topics  in  mathematics,  is  to  give  students  acj^cjuate 
practice  while  at  the  same  time  keeping  their  interest.  A  list  of  lOO^i&qua- 
tions  to  solve  can  be  so  dull  that  the  student  works  through  \tijipm 
almost  without  thinking  about  them  and  therefore  with  small  benejSl. 
Here  is  one  suggestion  for  interesting  drill  via  probability.    .    ^  .  * 

Suppose  you.  have  an  equation  pattern  sufeh  as  "V 

□x  +  2  =  14;  {■ 

If  you  put  a  numeral,  say  '3',  ir;  the  box,  then  you  hav-e  an*^  ordinary 
equation  in  one  variat^  :  .         *         ®  '       "  * 

fsTow  instead  of  choosini  a  3,  think  of  thriiwing  a  die  io  find  wjjat  n^^- 
*eral  to  put  in  the  box.  Tnbre  ar^six  possible  et^uations'S-nd  each  T&jjs 
°its  root.  The  root  depends  on  what  hi^pensnvhen  the  die  is  thrown. 
WhcHct  is  the  probability  that  the  root  is  3?.  The  six  pc^sible  equatiofts 
and  their  coVrefJponding  rc^ts  ,  ;  i>6  ^ 

^     *  /  X  +  2^=  14      'root:  12  ' 

V  .    ■■  -2x  +  2  =  14^  root:   6  ■■'^  - 

3x.+  ^  =  U    '  root:  4         .     "   .  . 
Ax  +  2  =14       root:  3  ^ 
-   ■        i  ■  5r +.  2  ==  1^.    .rgoi:^  ' 

-  *  2  =14       toot:   2  ^ 

each  have  probability  3^  (because  the;  die  is  symmetric).,  and  ^o  the 
probability  oi  .getting- S  as  a  root  is  J^,  .  y  p 

Now  coQsider  the  pattern       ^  ' 

Now  throw  two  dice,  one  to  give  tKS  rtumeral  for  the  box  and  the  other' 


0 


,  PROBABILITY  .  .?  269- 

to  give  the  numeral  for  the  triangle,  and  ask  for  the  probability  of  getting  :. 
2  as  a  root.  .  ;  !^ 

^    In  order  to  find  this  probab'iiity  the  student  ^ust  find  tKe  roots- of  . 
36  equations I'Moreover,  these  equations  are  cpnveiiiently  constructed  to 
help  students  develop  accurate  intuition  for  what  happens  to  t^he  roots  of 
an  equation  as  the  coefficients  are  changed.  The  36  equations  have  the 
following  as  r'oots:  -  . 

~7~  .    .13    12    11    10     9' -  8 

7J-^  7   6i     6   51  5 


.      3   Y  |,Ll] 


Each  equation  has  probability  "^^q  and  since  2  occurs  as  a  rooj^ 
times,  tjie  proj^abiilty  of  getting  2  is  %q  or  ^2-  Other  questions 
on  this'same  equation  with  two  random  coefficients'mi^ht  be:-. 

What  is  the  probability  of  getting  more  than  2?  (27:^g  or^).  .  ^^yp 
.  Wliat  is  the  probability  of  an  Wen  whole  n^imber  as  a  root?        or  ^)..^ 

What  is  the  probability. of  getting  1  as  u  root?  (0). 
Although. equation  s6lving  is  usually  a  high  school  activity  it  can  (aif' 
should)  be  taught  in  elementary;  school  as  soon  as  the  child  Icnows  tKet 
corresponding  arithmetiq.^  Thcrf  work  with  ranqjpm  coefficients  can  hdj^ . 
developed  as  understanding  of* probability  develops.  ,  i 

.    After  a  high  school  student'  has  done  some  work  with  simple  dquatfOn^.  I* 
in  one  varia-ble,  he  can  cc)fisi'der  systems  of  equations  w^'tli"  random ' 
cof^ffidents.  For  example,  consider  the  pattern  »  >  ^r'  ' 

"0^.  +  Ay     =  100         *     .  . 
Assume  that  the  random  coefficients  have  proM^fliti^  a.8 .  f^lloW 


(students  have  outgrown  the  dice) 


□  takes  on  the  value     '  With  probaBiltt^^ ''-^^^  y; 


2-  I 


(Notice  the  chances?  for  □  are  just  the  Siifrie  as  for  dice.)  • '    *     •      '  * 
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O  takes  on  tte  value      With  probability  - 


5 

.0 


A  takes  on  the-  value.      With  probability; 


0 

-1 


0  takes  on. the  value  \  ,With  probability.. 


■i 


1 


-.    In  ^ord^r  toanswi^r  questions;  co)icermng,'t^^  ' 
'  .  ^^'.^  paira'^(iCj  "^^z)  it's  roots;  for.  this  system. , of  .equations,  a  -student  mtist"  solve 
36- -separate  systefeS,' of .;45C^         Typical. -questions  tb  be  'answered 


'  tj*    ;  y5fh$t  is  thg  probability  thaVti  a^pair  iS  posi-  .  . 

.  .  /  .  What  L^he  prohability  tlb^^t;'^^^^^  is  mtierpretecl'  a$. giving 

^        ith€f.'COordiriat^&  of -  ^  point,;  thfit  Pf^jnt  will  fall  -outside  qf  f hie  unit 
/  ■     square  (I^'ig.'^^^  ' 


.(1,0) 


■  \  1 
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.  Only  a  few  of  the  elementary  ideas  of  probabilit^have  been  touched 
^^n.  Here/ It  would  .  takeVj^  chapter  just  to  list  all  the  inipdffllnt. 

topiq§  not  coviered  here:  However,  a  student  who  has  worked  with  some  • 
o^jJiCL  suggestions  given  here  will  have  a  conceptual^  advantage  when  ; 
he  dp^s^^dre  work  with. probability  later,  either  in"formal  cours4& 
or  in  seff-studyv  iViore  im  preliminary  work  with  pcobability  as 

described  here  may  ad^  a  bit  more  zest  to  the  student's  study  of  muthe- 
,^ma tics  in  the  first  twelve  grades.  .     *  *  , 
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.^gestio^^'^or  the  further  study 

.    1.  (^^heW^  .jo^i^^^  I^otabUity."  '  TA^  Scientific  America^  mi. 

2.  'CRAiiEB,'"  JI.  'fHihJS&^Tits'^f^Ptobabdily  Theory  and  its  'Apvlicalums.  New 

Yorlf  •:  JohU/  WiJfir?^  1955. 

3.  FEiXERf.;:.^^^^^^^  fheonj  and  its  AppUcaiion, 

V  4.  CoMMissii^,;,  .0^^^^^^^^^  Introductory  Probability  and  .Statistical 

;  ^      ^^f^^^W^f^p^  .An  Experiinental  .Course  Preliiiinikiy" 

V:.  ,  ^ditid^^  College  Entrance  ExamiiiMion 

'.'^ilj^f'^^;"^^^  Thompson,  G.  Introduction  to  Einite- Maihe- 

•  -iff^^.NHjYSi^  in  Probability  and  Statistics. ^New .York:  Henry 

.a;/.;.^;^Holt^  ^ 
^^:7/^'K*>^B^2*§i■  Hej^^  Theory  of  Probability."  /rm^^^te  Into •  Modern 

;-yr'^:\^mthmatics:  Yearbook.  Washington;  D.C.;  The  National 

'\  .-V  .p'^tin'cil  o^^qhers  of  Mathematics,  1957. 

f  /S.^iUlCSM^STJ©®^  with  Frames."  The  Arithmetic  Teacher  4:11^ 

••'   '  "'i'  ■  ■  -  '     ■■  , 

-    «  ^         .  •  ■  ,  '         ■".    ■  '. 

•     -^:  y  ■  .    .         ■         .     .  ,  .  y'- 

ipr  :  '        "  ' .         '  "  /' 
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"It     truth  very  certain  that,  when  it  is  not  in  our  power   .  ^  ' 
to  determine  what  is  true,  we  ought  to  follow  what  is  most 
probable."— JRen6  Descaktes^  .-  . 

WOULD  probably  fail^if  we  searcRed  courses  of  study  and  text- 
books of  the  first  six.  grades  in.  the  hope  of  finding  any  specific  reference 
to  statistics.  Even  in  ju^nior  and  senior  high  schools  little  if  anything 
is  done  in  this  field  at  this  time.  Since  statistics  has  never  been  an  essen- 
tial, part  of  the  traditional  course  in  mathematics  in  either  the  general 
curriculum  or  the  college  preparatory  curriculum,  why  should  a  chapter 
on  it  be  included  in  this  book?  After  all,  even  adults  have  difiiculty 
comprehending  data  expressed  in  statistical  form'.  Why"  should  we 
expect  youngsters  of  school  age  to  possess  the  readiness. for  such  mate- 
-  rial?  '  , 

Before  we  can  give  even  partial  answers  to  these  questions  about  the 
:  place  of  statistic^s  in  schools  and  the  ability  of  students  to  comprehend. 

.  '  it^  \Ve -should  say  what  modern  statistics  really  is.  Essentially  it  is  a 
method  for  solving^  problems  which  involve  making  decisions  in  the 
face  of  uncertainties  due  to  incomplete  information.  This  invoJ\^,  of 
ccii^r.se,  deciding  what  cSta  are -pertinent  to  the  problem,  collecting  a^ 

♦  many  jdata  as  are  feasir)le,  organizing  and  presenting  them,  interpreting 
thorn,  and  finally,  using  them  to  make  the  decision- which  is  most  likely 
to  be  correct.  " 

However,  this  analysis  might  be  applied  to  almost  any  kind  of  prob-- 
ifem.  The  special  feature  of  statistical  problem  j^solving  is  the.use|^)Lthe . 

'  theory  of  'probability  in  choosing  the  method  of  snmpling  i^ie  data  and^n 
drawing  conclusions  about  the  population  measures  fi^m  the  sailing 
statistics.  ThiS^pecial  characteristic  of  modern  statistics,  has  been 
clearly  stilted  by  many  writers.  "In  tlie.tljeory  o*"  probability  wfe  deduce 
the  probable  composijiion  of  a  sample  from  the  corhposition  ofsthe^&ig-  ' 
jnaf  population^  But  statistics^uilds  on  the,  theory  of,/probu^^y, 
making  it  possible  for  us  to  reverse  the  reasoning — that  i.s,  we  infer  the 
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composition  of  the  original  population  from  the  composition  of  a  properly 
;  chosen  sample.''^  When  'a  nationaf  magazine  asked  a  sample  of  citizens 
.  a  series  of  questions  about  their  reactions"to^he'success  of  the  Uniteil' 

States  in  getting  its  first  artificial  satellite  into  outer  space,  it  was  try- 
.    ing  to  find  out  what  the  reactions  of  all  of  us  (the*  population)  were  to"^ 

the  important  event. 

'  ■ '  ^  '   

THE  IMPQRTANCE  OF  STATISTICS 

Our  first  question  wgis  whether  statistics  should  be  given  more  at- 
tentionjn  our 'schools.- 'The  answer  is  more  likely  to  be   yes"  if  it  is  ap- 
..paj'ent  that, a  knowledge  of  statistics  is  rapidly  becoming  more  and  more 
essential  to  both  tfte  general' education  of  all  citizens  and  to  the  Voca- 
tional preparation  of  an  increasing  number  of  future  specialists.  From  a 
man  who  hks  ^iade  outstanding  scholariy  contribuiions  to  the  theory  of 
statistics,  worked  assiduously  to  make  ite  applications  known  to  men  of 
practical  affairs,  and,  as  a  teacher,  4:hought  seriously  about  the  problems 
6f  statistical  education,  we  have  this  judgment:  "I  do  not  think  it  is 
•an  overstatement  to  say  that  praba;bility  and  statistical  concepts  are  in- 
volved in  the  problems  and  thinking  of  modern  scientific  and  technologi- 
cal society  as  much  as -or  more  thaji  any  other  body  of  ■  mathematical 
ideas.  At  one  end  of  the  spectniiinf:  w6*fijid  the  average  citizen  confronted 
with' the  intelligence  scores  of  hrs:cfc^dren,  insurance  problems,  advertis- 
ing and  sales  claims,  public  opinion 'jpolls,  etc.  He  should  be  introduced 
to  at  least  the  rudiments  of  probability  and  statistics  at. the  high  school 
level.  At  the  other  end  of  the  spectrum  there  is  the  scientist  in  almost 
every  field  who  designs  his  experiments  and  analyzes  and'  interprets  the 
results  by  probability  and  statistical  methods.'"*  Modern  statistics  is- 
used  in  the  desigg  of  agricultural  experiments  to  help  us  find  ways  of  ob- 
taining more  food  and  better  food  at  less  cost.^  Medical  research  uses 
statistics  to  find  out  whether  certain  treatments,  like  polio  shots,  reduce 
or  prevenf  the  incidence^of  certain  diseases.^  Business  and  industry  use 
statistical  methods  to  check  the  quality  of  their  products  and  to  deaidfe 
on  the  most  economical  ways  to  organize  .their  operations  and  prAc^scs.* 
Engineers  and  production  managers  of  the  future  must  know  tjietroba- 
bility  and  statistics  basic  to  operations  research' of  which  qualiiy  tantrol 
is^an  example.'  The  future  psychologist  must  >iave  a  backgrcAind  in 
probability  and  statistics  both  for  ri^search  desigri  and  for  understanding 
learning  models  based  on  probability.^  ^he  "biologist  who  wants  to  be 
coippetent  in  the  field  of.^petics  had  better  be  acquainted  with  Markov 
chains,  which  in  turn  ldal^%h  probability,  concepts:'  The  future  develop- 
ment of  the  Jheory  of  games,  sdso  dependent  on  probability  ideas,  is, 
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likely  to^yield  more  applications  in  devising  strategies  in  military  affairs 
and  in  business  competition.^  Statistical  mechanics  is  already  a  standard 
course  in  the  preparation  of  engineers  and  physicists.  The  astronomer 
is  applying  the  theory  of  probability  to.  the  .statistical  study  of  the  dis- 
tribution of  star  galaxies.^  The  CarZo  method,  an  offspring  of 
probability,  has  been  Successfully  used  in  the  study  of  the  neutron.^' 
Such  diverse  subjects  as  heat  and  information  theory  seem  to  be  governed 
by  similar  laws  of  probability.  It  is  welLknown  that  the  insurance  com- 
panies depend_on  laws  6f  probability^in  dealing  with  the  duration  of 
human  life. 

The  question  about  the  ability  of  precollege  students  to  understand 
certain  statistical  ideas,  not  given  much  attention  at  present,  can  only 
be»answered  by  classroorp  experimentation.  In, our  opinion  many  of 
these  concepts  are  simpler  than  some  mathematical'topics  already  in 
the  curriculum.  The  strangeness  of  some  of  the  new  ideas  can  be  re- 
moved by  the  abundant  use  of  familiar  illustration^.  It  is  a  primary  pur- 
pose of  this  chapter  to  make-these  educational  hypotheses  of  ours  more 
plausible,  and  to  encourage  classroom  experimentation  with  the  sta- 
tistical ideas  wq^g^esent. 

HOW  iVltfCH  STATISTICS  IS  NOW  TAUGHT 

If  we  ask  whether  the  development  of  problem-solving  ability  is-one 
of  the  principal  concjerns  of  the  elementary  school,  we  would  almost 
certainly  be  answered  in.  the  affirmative.  If  we  inquire  whether  the  col- 
lection* of  data  is  part  of  the  process  of  solving  problems,  we  would  prob- 
ably be  granted  another  "yef."  If  we  follow  up  our  two  successes  by  inno- 
cently asking  whether  any  of  the  data  gathered  are  in  numerical  form, 
it  is  quite  likely  that  we  would  receive  an  **of  course"  reply.  Since  the  col- 
lection  of  numerical  data  to  solve  problems  is  part  of  so-called  descriptive 
statistics y  we  would  almost  have  to  conclude  that  .stiitistics  in  a  crude 
form  had  already  infiltrated  the  elementary  school. 

Et  se(?iitiis  to  us,  however,  that  nuire  attention  ctmld  profitably  be  de- 
v(ited  in  the  first  six  grades  to  the  organization  of  data  into  tables  and 
graphs.  Attendattce  rectj«ls,  heights  of  children,  and  so  on  might  be 
appropriate  data  for  collection  and  organization.  The  median  as  a  mid- 
fi(;ore  and  the  mode  could  be  introduced  quite  early  in  the^'g?5Bterto  ob- 
tain single,  representative  scores  for  a  group  of  scores.  After  division 
hdd  been  learned,  the  average  known  as  the  mean  (arithmetic  mean) 
could  be  applied  to  data  to  obtain  another  kind  of.measune  of  central 
tendency.  Even  the  effect  of  hirg^  and  small  scores  on  the  ni^an  could 
be  studied,  as  well  as  the  stability  of  the  n^edian  and  mode  under  similar^ 
treatment.  - 
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As  Ls  pointed  out  in  Chapter  6,  (page  247)  the  relsJiive  frequency  con- 
cept of  probability  as  the  ratio  of  tha-vhumber  of  cases  favorable  to  the 
occurrence  of  an  evenU/to  the  total  nurriber.  of  possible  happenings,  could 
be  used  after  fractions  had  been  presented.  Numerous  familiar  illustra- 
tions, such  as 'the  probability  of  a  girl's  name  being  dra\vn  from  a  class 
list  by  chance,  could  be.  used  to  develop  the  concepit.  Questions  of  the 

^  form  "What  are  the.  cha^ififis  that  . ,  applied  to' a  variety  of  such 
examples  would  preced^p  iW»:eduction  'of  thg  word  probabilitij. 
Weather  information  about  the  iiunvber  of  «^ormy,  cloudy,  and  -fair 
days  in  a  giveh  month  ^ould  als'o  be  used  in  illustrating  the  concept; 

If  we  next  turn  our  attention  to  the  junior  high  school,  we  note  that 
the  ability  to  inbrpret  data  in  tables  fthd  graphs  is  frequently  a  ^erious 
objective  of-  instruction.  However,  not  much  attention  is  given  to  /re- 
quencTj  graphs,  such  as  the  histogram,  the  frequency  polygon,  the  cumula' 
live  frequency  graph,  and  the  graph  of  cumulative  per  cents.  These  would 
nc|t  be  difficult  .to  teach.  These iire  the  kinds  of  graphs  which  are  CQncrete 
and  basic  to  developing  more  ^sophisticated  statistical  notions.  With 
them  is  initiated  the  concept  of  didribution  and  the  idea  that  the  area 
under  certain  curves  may  be  used  to  represent  eitheV  the^otal  frequ^cy 
or  a  per  cent  f>f  the  total  frequency.  ^  " 

Unfortunately,  we  would  find  that  these  junior/high  school  students 
are.  rarely  given  experiences  in  starting  with  a  question  or  problem,  de- 
ciding  which  data  need  to  be  collected,  planning,  how  fe  organize  the 

■data,  and  antiially  collecting  them.  All  that  we  would  usually  see  would 
he  canned  data  in  tabular  or  graphic  form.  The  only  tasks  left  for  the 
students  are  to  read  and -interpret  them.  We  think  that  it  would  be 

^  possible  and  desirable  to  give  these  students' c^xpierience  with  the  whole 
problem-solving  process  instead  of  just  its  jterminal  operation. 

It  seems  to  us  tliat  histograms  shoTiki  be  introduced  notiatef  than  the 
7th  or  8th  grades  of  the  ju;uor  high  school..  The  histogram  is  merely  a 
vertical  bar  graph  in  which  the  areas  Of  thej)ars  of  constant  width  are 
proportional  t.A)  the^frequenoies.  Along  the  horizontal  axis  are*placed  the 
measurenuMits  f)r  categories Of.the  variable  whose  frequencies  are  being 
studi(xK  The  frefiuency  of  measurements  based  on  the  body,  lil^  thespan^ 
oC  a  stiitkint's  hand  or  the  length  of  his  stride,  might  be  used  to  study  tihea 
distribution  of  ditTerent  sizes  in  the  class,  dr,  in  the  case  of  categories, 
the  frequency  of  cliff erent  eye  colors  in  the  group  might  be  surveyed. 
Qucstif)iis  about  the  most  frequent  or  least  frequent  value  of  the  variable 
could  be  framed.  The  probability  notion  (Chapter  G,  page  265) 'could  be 
fdveu  attention  hy  askiiig;the  students  what  the  chances  are  that  the. 
name  of  a  student  with  blue  eyes,  ff)r  example^  might  be  drawn  from  a 
well-shiiffied  pack  of  class  cards.  The  probal^Iity  idea  could  be  extended 
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-     by  asking  what  the  chances  are  that  the  name  of  a  blue-eyed  or  a  brown-' 
^^^__^y^d  student  be  drawn.  Questions  of 'this  type  lead  to  the.  summing  of 
^rrpbabilities  to  anMver  "or"  questionsj'and,  under  proper  guidance,  to^he 
l^bvious  fact  that  the  sum 'of  the  probabilities  of  an  entire  set  of  mutually 
exclusive  events  equals  1.  Incidentally,  the  students  can  be  provided 
with  furth|jr  experience  in  choosing  appropriate  scales  to  represent'data, 
•  .aiid,  in  the  case  of  the  histogram,  learn  the  importance  of  always  speci- 
fying the  location  of  zero  On  the  verti^'al  axis.  Finally,  the  tables  which 
provide  the  raw  data  for  the  graphs  can  be  extended  to  show  in  decimal 
form  whjft  proportion  each  frequency  is  of  the  total  frequency  (seeoTable 
1,  p.  297).  A  partial  check  on  these  computations'is  that  their  sum  should 
equal  1.  There  is  also  an  opportunity  here  to  get  the  students  used  to 
seeing  probabilitjjes  expressed  in  decimal  fomi. 

From  the  histbgram  it  is  easy  to  obtain  the.  frequency  polygon  for  the 
same  data  by  drawing  a  broken  line  graph*  through  the  niidpoints  of 
the  top  bases  of  the  vertical  bars,  and  connecting  the  endpoints  to  points 
on  the  horizontal  axis  one-half .  unit  to  the  left  and  right  of  the  limits  of 
.  the  histogram.  (Fig.  1.)  K  is  not  diflBcuIt  to  get  students  to  see  that  the 
total  area  of  the  bars  equals  the  area  under  the  frequency  polygon.  Only; 
.  some  intuitive  notions  of  congruent  right  triangles  are  needed. 
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It  is  a  common  practice  in  p,robability  and  statistics  to  assign  the  area 
under  a  graph  the  value  1  and  use  this  geometric  picture  to  represent 
probability  measure,  just  as  it  is  common  in4}ie  calculus  to  picture  the 
derivative  as  the  tangent  of  the  angle  of  iuc^iation  that  a  line  tangent 
to  a  curve  makes  with  the  x,  ax«..By  selecting  various  areas  uiider  tlje 
polygon  the  teacher  can  giVie\»ie  students;  "experience  in  interpreting' 
;tliis  area-fproba'bility  analogi^e^^ 

{  '  By  choosing  data,  lik^  hei|hts\f  students;;the  graphs  t^f  cumulative 
frequency  and  cumulajbive  pencent  c&nj^e  taugIit,j?Questions  U'bout  hdV 
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many  and  what  per  cent  of-  the  students  are  taller  or  shorter  than  a 
given  hieight  can;  be*  posed  and  answered  from  the  graph.  .Furthermore, 
the  use  of  cumulative  per  cents  gives  a  natural  introduction  to  "the  per- 

,  centiles,  deciles,  and  quartiles,  including  the  median.  • 

This  also  gives  an  excellent  opportunity  to  point  out  that  the  average  - 
height  or  weight  of  a  jc^oup  of  normal  student3  is  not  necessarily  the 
height  or  weight  of  a  normal  student.  In  fact,  variability  from  the  aver- 
age is  much  more  likely  to  dcciir^than  identity  with  it.  Not  only  should' 
we  be  acquaintin|r  children  with  the  uses  ctf  statistics  but  also  we  should 
be  pointing  out  to  them  spme  Of  the  misuses  and  misconceptions  of  sta- 
tistics which  are  all  too  common. ;  .   -      *  * 

H ow  To  Lie  wilh  Statistics  is  the  title'of  a  1954  IdooIc  by  Darrell  Huff^o 
which  brings  out  very  cleverly  some  of  these  misuse?.  In^  their  StaiisUcs, 
a  Ncv^  Approach,  W^rillis  and  Roberts  deyote  a  whole  chapter,  to  misuses' 
of  statistics.!^  They  classify  some  of  "these- misuses  cfis  due  to-  (1)  shif  ting 
defiriitio,ns,  (2)  inaccurate  measurement  or.  classification  of  cases,  (a) 
methods  of  selecting  cases,  (4)  inapproprlTite  comparisons,  (5)  shifftitg 
eoniposition  of  groups,  (6)  misinterpretation  of  association  or  correlaf  ' 
Uon,  (7)  disretj;ard  of  dispersion,  (8)"tcchnical  errors,  (9)  misleaclingWtat^f 
nientsv  anc^^  Beginning  not.  later'nhaii^^'^^^^^ 

■  grad(iJ.eri1^ersT^  inathematic  seek  to  makctheir  studeffts  more 

critical  of  s'c)inc  if  J:h(^^•e  distoHions  o,f  the  truth.  Qne  of  the  best  pro-' 
cedures  is  for  the/teacher  and  the\^iiss  to  clip  from  iiewspapors  and  maga- 
zines tn!iterial  ^hose  C()ncIu?ions  Vniethods  of  luriving  at  conclusions 
.^oem  doubtful.. \(>t  all. of  these  will  he  ii.soable,  for  frequently  the  ma- 
terial beitig  diseuWl  requires  spec/al  knowledgp  or  a  degree  o/ sophisti- 
nati()n  nf)t  yet  attam<;d -by  the  s^^idcjits.     ^         '        ,  .  •  : 

Under  misleading  c/ia>#«J^^         Roberts  yhow  how  a  bijokeii  line 
grapb  might  be  used  to  cxap;geratc  an  increase  in  the  rost  of  living.  This  / 
was  done  by'clioOsing  a  few  years  during  whiclrthe'nncrease.  occurred 
and  igrioriug  earli(jr  and.later  years,  and  by  niaguifying  the  vertical 
scale..  Tn  another  example  tj^e  purchase  and  redemption  of,  U.  S.1)()ndH 

•was  com.pjired  by  using  a  .scale  for  tlie  redemption  data  three  times  as^ 
hirjre  as  that  for^the  sales,  flther  misleading  devices  are  to  omit  the  zero  - 
p<)iht  on'tiie  horizontal  or  vertical  scales,  and  to  use  tHe  same  inter\-als 

•on  the  horiz(>ntal  scale  f()r  units  ()f'dffi'eneiit  size.    "  ' 

In  the  elementary  algebra  course  of  the  ninth  gracle  we  find  'that  in' 

.some/schools  a  liiiit  of  descriptive  statistics 'has  hvAin  inserted;  probably 
jiLst  hcforo  the  graphing-ofjinear  (filiations.  This  miit  usually  involveii 

^tal>lcs,  histograms,  ft'equem'',y  polygons,  the  auitUuictic^  uiean,' the  moV 

(lian,  the  mode,  and  the  range.  But  this  material  is  oftcii  an  island  unit 
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in  that  its  concepts  da  not  appear  later  in  any  of  the  other  units/of 

,ihstruction.  ■ 

Ninth.grade  students  may;  be  asked  to  write  a  formula  f^thc  mean. 
There  may  be  stopj  prqUeim  about  finding  the  score  or  grade  needed  to 
bbtain  a. des)r€A)le  scholastic  average,  but  the  rapid  method  of  findinjg'a 

.  rijean  by  taking  deviations  from' an  arjbitrary  score  is  rarely  mentioned.. 

Let  us  ^top  a  rnoment  to  illustrate  this  useful  method  by  an  example. 
Suppose  that  the  amount' of  change  in.  thg  pockets  of  five' bovs  is  23j5, 
36j^,  19ff,  STff,-  an(r2i^,*respectively.  The  problem  is  to  find,the\nean  of, 
the 'five  ajTiounts.."^{i|!|)ose  we  guess  the  mean  to^be  25jS.  Subtcacting'25  ' 
from,eacli^o1*the  ;fii^e  ^  —2/ +11,  —6,  +'6  ajid  —4. 

The  ^m  of  these  five  deViatfons  is  +5.  Their  mean  is  +%  =  +1.  Add- 
ing thi^  mear^  of  the 'deviations  to  the  .guessed  mean,  we.^et  (+f)^+ 
25  =  26.  This Js  the  mean  of  Jthe  five*  ajnounts,  for 

:  /  (23'^H-  36  +'^9^31  4^1)  .130 

•     /   V-     .\\       -      5     '      -  .    '  ■  ^  -  v.. 

Get'ting  class  averages  this/way  gives  useful  drill  in  "gun pie.  operations 
with  signed  numbers.  •        ,  ,  ^  .  ^. 

It  seems  that  the  mean  equals. the;guessed  me^an.addfed-to  the  mean  of 
the'deviatjpns^lf  we  want  to  prove  this  for  better  student%it  may  be" 
•  done  as  follows:  Symbolizing  the  ^lean  by  .x,  the  jessed  mean  by' 
and  the  mean  of  the 'deviations  by  5,  we  want  to  prove  that  x  ==  ^  +  ^. 
To  show  this  for  any  five*  scores,  represent  them  by  'xi ,     ,  xi ,  3*4  ,.and 
Xfi.Then    ■       ^    ..'■"*  -      :  ■ 

^  ^j.       -:  9)  +       -  g)  +  Us  -  g)  +  (x4  -  g)  +  (xt  -  g)    '  . 

/    -      i.  "     '        ■■  .  .       ■.      ;  .    -  . 

:       jxx '+  xa  +  x^  4-  Xi,  +  xsX  — '-Sg  ,  •     •  1-  •  ■     J       *     X  * 
 ^— =  ' — -  by  the  associative  and  commuta- 

~  ^    .  jftj^'^^  — - — .  —•'^  by.tae  distnbutive  law  for  division 

-  X  ^  g  by  s^||titution  -6f  jeq^       .         >  .        .     \     ^  ' 
Hence,  X  =  g      3  By»the  a^ition  axiotn  for  equations.  The  safne  argu--^ 
ment  can  be  used  with'  any  number  of  scores'.. Ajfurthejr  important  ob- 
^servatiqn  Is  thjit  if  the' real  mean  is  equal  to  the  giiessed  inean,  .x 
then.  5  =  X      g  =  0  by'^substitution  of  equiUs.  This  means,  writing  rfi. 

■for  X.  -  g  etc.;  that      "+  ^»  +     +■  d,  +  d.)  ^  ^p'by  i?(^stitutitfh  x)f- 
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oqiiaLs,  and  th;it  r/j  +  \U  +  c/3  +^/r  +  c/g  -  0  by  the  multiplication^ 
axiom  ff)r  equations.  We  now  have  proved  that  the  sum  of  the'devia- 
tion.s  from  the  mean  f)f  five  .scores  is  zero.  *A<j;aiii,  th^^  result  can  be* 
proved  for  any  number  of  scores  hy  the  same  kind  of  argument.. 

FUiCTHER  CONCEPTS  OF  STATISTICS  IN  THE  SCHOOLS  V 

%m6o/z5w  is  an  important  concept  in  the  "study  of  statistics  as  in 
many  fields  of  mathematics.  But  even  amonji;  college  students  inability 
to  interpret  .symbols  is  a  .serious  block  to  their  progress  in  mathematics. 
.S(;rno  of  the  Cii.sualtics  might  be  prevented  if  experience  with  a  variety  * 
'of  .symbf)ls  was  gtveii  during  the  secondary  school  years.  The  symbols 
usod  tf>,3-cpresent  variables '^md  constants  in  elem'entary  algebra  are 
pretty  vvcll.confniccl  to  lower  case  letters  and  capitals  of  the  Roman  type. 
There  is  pntijtically  ivf^use  of  subscripts,  primes,  and  Greek  letters  which 
are  used  sfy:^reqheritly  ill  statistical  formulas. 

A  'pprorimdi^^]^  al.^.o  an  important  idea  jn  statistics.  Not  only  is  this 
reflected  in  the '^a^  probability  deals  with-  uncertainty  but  also  in  the 
fact  that  the  data^)f  statistics  are  frequently  measurements,  kno\y 
that  all  mea.surements  are  approximate.  Tf  tHc.  heights  of  ninth  grade 
boys  are  being  examined,  a  score  of  60  inches  could  not  be  repre.'^ent'ed 
by  a  point.  Instead,  a  line  segment  extending  from  G4.5  to  65.5  would  be 
necessary.  U  a  mean  height  is  to  be  determined  from  such  data,  the 
principles  of  comVitrng  with  rnrrfibers  which  represent  approximations 
must  be  known.  Evahiation  of  mensurational  formulas,  involving'  the 
nflditi(m,  subtraction,  multiplication,  division,  and  square  root  of  such. 
^UHobers.  and  other  genm(»( i'iral  and  trigonometrical  problems  in  which 
.  attention  must  be  given  to  the  concept  of  approximation  should  be  rtn- 
phasizcd.   

Discreteness  and  c^>n^m?^l7v  are  e.=^sential  ideas  in  stati.stics:  Dots,'and 
unbroken  lines  and  cur^•es  are  the  respective  graphic  pictures  of  these. 
Fn  the  past,  we  have  in  ninth  grade  algebra  either  restricted  ourselves 
to  the  continuous  kind  of  variation,  or  have  .blithely  assumed  continuity 
for  varial)les  wliieh.are  discrete.  We  should  use  more' relations  which 
"recjuire  dot  diagrams  f()r  tluMr  study.  Wc  should  have  the  students  clearly  ■ 
^jLLeliiH;  the  <V)rnains  and  ramies  of  variables  by  means  of  sets. 

■  In  the  tenth  iirade  we  concentrate  on  (f^fhwtion  as  the  method  of  math'e- 
inati(Ml  pp>nf.  *rhe  conrlusi<>ns  are  certainjl^chm^ct  logic  is  applied  t^) 
the  aec(^ptcd  (h^finitions,  postub^,  undcfWd  terms,  and*  previously 
proved  theorems.  I'rulvciion  i.^  used  spa^iwgly  to  arrive  at  hypotheses  to 
be  tested  by  deduction,  and^he  danger  of  })asing  ('r)nchisions  on  it  is 
emphasize(}.  -  , 
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Among  the  ton  misuses  of  statistics  listed  by  Wallis  anV  Roberts>.jve)re 
shifting  drfinilimsj  methods  of  selecting  ca.s-cs  J  and  misleaaing  statements. 
Th^ tenth  year  with  its  emphasis  on  logical  thinking  iri  ii<)i\mathematical 
as  well  as  mathematical  situation's  is  a  good  time  to  spiKe!  these jriwd^es 

•  of  statistics.  For  example,  when  unfriendly  nations  critijpize  the  amount 
of  UTiem^?rjy«i£iit  in  the  United  States,  it  i.?  to  their  advantage  tdi5?hift 
the  definition  of  iiujnber  of  unemployed  to  mean  all  of  those  workers  who 
ic)  not 'Work  full  time.  *  '  ' 

In  the  eleventh  (5r.twelfthgrade-i^  unit  onpermutations  and  combinations 
s  followed  h^*^ on^  on  probability .  The  latter  is  (defined  in  terms  of  relative 
''requenci/.  Problems  r)f  the  a  priori  type,  in  which  the  probahijity  of  an 
3 vent  is  assumed  in  advance  o'f  an  experiment*,  engjige  the  attention  of 
^he  students.  Examples  such  as^c(jin  tcjssing,  dice  tlinAving,  cardNirawing, 
ind  lifting  bitlls  fnnn  aii  urn  arc  used.  Trio  many  of  these  problems  in- 
volve the  equal  prol^ability  (jf  ey^nts.  Lifc/irisurance  tables  are  used  to 
illustrate  the^necessity  ojf^  po6*/morz  probabil^y.  ^ 
^  The  modenu  contft?pt>t^prol)ability  as  a  measure  of  a  subset  of  the 
set  of  all  possible  events  of  a  certain  kind  does  not  appear.  The  postula- 
bionaf  approach  to  probability  is  avctided.  Iji(Jependent  events und  mu- 
tiially  exclusive  events  receive  consideral)le  attention  but  conditional 
probability^  is  usually  concealed  behind  dependent  events.  The  Ijinomial  . 
^expansion  is  seldom  related  to  mutually  oxchisi\*e  e\'^nts.  Du'e  in  large 
rneasure  tf)  the  la/ik  of  sv-^teniatic  treatmen^t,  the  students  find  the  text- 
b()f)k  pn>blcms  very  frustriating.  ^  . 

FUNDAMENTAL  IDKAS  AND  TERMS   ^ 

We  are  all  aware  of  the  increase  in  the  birth  rate  of  the  Ut/ited  States 

*  since  l042.  In  certain  sections  of  our  country^  this  population  growth  was 
*much  more  rapi^l  than  i;i  others.  As  this  phenomenon  xontimied,  thtf" 
future  need  for  rnr)re  classnM)ms  and  school  buildings  became  ^evident. 
In  many  cuninnniit'ies  the  local  school  boards  reported  the  dnta  to  citi- 
zens throujrh  the  medium  of  tables  and  graphs.  .  ' 

The  collection,  organization,  presentation,  and  interpretation  of  these 
rnnnerienl  (l:Ua  are  drscriptive  statistics. The  term  statistics  Jias  alst)  . 
been  applied  to  the  data  themselves 

.  '  The  process  of  counting  was  the  es^ntial  one  in  collecting  birth  data. 
Ilrjwever,  wo  cfm  see  that  in  planning  for  the.  location  of  a  school  a  J  id 
U)V  the  eost  of  transportation  of  sti.idents  to  it,  the  distances  from  the 
homos  to  the  prospective /chool  had  to  be  taken  into  account.  K«nce, 
mcasnrvmrnt  scores  as  well  as  frequencies  were  involved  in  the  statistical 
treatment.         .»  - 
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If  we  were  concerned  4)Lb()Ut  this  problem  in  out  own  community  we 

■  would  probfibly  try  to  collect  info^-mation  al5Cut  all  births  over  ri  perwd 
of  ycar-i.  In  other  words,  we,  44'ould  collect  populdtidn  (j.ata;  .we  would  . 

-hardly  be  satisfied  with^a  partial  census.  On  the  other  handj  if  wc  wanted 
to  estimate  the  na/jona^  need  foj^new  scHoo]^»f\ve  almost  surely  would 
have  to  deal  witii  a  part  of  th^popula^iof^s^n, this  case  we  would  select 
a  sample,  Frorn  such  limited  data  we  would  hope  to  predict  with  an  iip- 

■  propria te  degree  of  accuracy  the  national  need  for  additional  classrooms. 

Thii=i  is 'a  problem  hi  ^induction.  From  the  information  given  by  th^~ 
sample  we  wcjulci^want  to  obtain  certain  tentati\ib  generalizations  ab(jut 
the  i)opiilatioXL.of  Avhicli  the  sample  is  a  part.  A  mr^or  ppfjblern  is ^ow  to  ' 
sfdcct  such  a  sample  so  that  our  estimate  of  the  population  characteristics 
possesses  adequate  accuracy.  * 

In  ..^electhig  the  sample  we  would  certainly  want  t(j  cliininate  bias. 
In  otlfer  words,  we  would  warn  to  be  .sure  .that  wc  did  not  draw  our  • 
sample  from  a  very  .^pccial  part  of  a  population,  and  then  attempt  to  - 
draw  con clusi(jns  about  a  whole  popuIatif)n.  For ^ example,  in'dr«^ving  a 
sai.iiple  on  a  national  ba^is  we  would  hardly  limit  our  santpljng  to.  states 
east  of  the  Mississippi,  or  to  cities,  or  to  the  weaTtliiest  states,  or  the 
colistal  states.         1^  ^  •      .  « 

Wc  would  also  be  cc;<ncerned  about  the  .szcc  of  our  sample.  What  per 
cent  of  the  population' should  constitute  our  sami)Ie?^^vc  chose  a  ver\' 
small  per  cent,  wc  niiglfr*\vorry  al)out  the  reliability  of\)ur  prediction, 
for  small  saniples  are  likely  ttl  ^'iny  much  more  than  larle  ojics.  If  wc 
selected  a  very  large  sample,  the  cost  of  collecting  the  dltta'  might  ex- 
haust our  financial  resoui'ces.      .     .    -     .  ^  *^ 

10 von'  if  wc  were  satisfied  with  the  size  of  ojir  sampkj,  we  w(ju1x1  still 
have  the  problem  f)f  determining  the  best  way  to  use  the  informatifJji - 
to  arri\*e  at  .^)UJid  estimates  of  tlic  population's  characteristics.  Unless 
we  had  used  ra?7(/o/«//.r.s',s  snnic>vhere  in  the  process  of  selecting  the  sample, 
we  would  be  iri(\:ke(l^F()r  ex:iinfile,  we  might  divide  each  st;Lteint(j  geo- 
graphical areas  ami  in  some  random  ni;limc^.  select  coTnmunitics  fnnn 
^viUiin'eacli^ of  those  areas.  If  we  had  used  the '  random  procps.s^  in  tbe 
upipi'opriatc  way,-  we  would  ha\'e  satisfied  onc'cf)nditjoji  for  using  proha- 
hili til  theory  ti)  help  us  niake  oui(^ estimates.  -  r  .  .       .  * 

'  .A  se<'"n(l  condition  is  that  wc*  nmst  Jcnow  the  (listribvtion  of  cerknTi 
measiu'cs  calculated  from  the  sample  data.  For  example,  \\'&^oii\d  prob- 
able* want  to  kiif)w  how  the  birth  rate  varied  from  one  sample  of  the, 
population  toanf)thcr.'In  some  samples  tjiis  rate  would  be  relativelysnuill, 
and  in  others  fairly  Ij^ge.  The  'essential  information^e.edcd  is  liOw  fre- 
quently, birth  rates^of  .difTere^t  sizes  would^oecur  if  all  possible  samples 
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.  hud  been  drawn  from  the  population.  If.  tlig.' 

*  si/^  of  the  birth  rates  and  tb.Qir  frequency  is  or 
known  mutherpatical  function,  like  the  bell-sha^^^ 
pi|)blem  of .  rnaking  the  popuIation,>iestimates ,  can'^^..,^ 

^    When  a  known  distribution  does  not  appear,  othor  /nprFcompIicated 
statistical  mctht^i may  be  found  applicab^         '^^^  C 

THE  RELAfTON  BETWEEISJPIliD«ABIL       '^D  STATiaTlCS 

*  -    Under  eoiiditious^  Jike  these  probability  teams  wi't^ij.eserip'tive  sta- 

tistics when  infc^iijcfe.5:.are  tp  be  made  f roi6  .-^  ?am:pj^t&|the  population 
^  of  which  it  is  a.  part/r\yiicreas  the  statistics  of '30  to  40  y^irs  ^igo  used 
Uy  be  limited  prctt^i^  much  to  descriptive  statistics,  modern  statistics  i? 
a  combination  of .  descriptk^nd  inferential  statistics  in  which  proba- 
biliiy>  aa  intcgn^lhg^  probability  can  no  longer  be\^ 

separated.  '  *          ■*  *  * 

We  iiave  beerf  talking  ^bout  tlie  application  o(  probability  to  .sta- 
tistical data.  Certainly'^probability  as  a  branch  trf^athematics  has  ai) 
y  existence  independent  of  its  applications.^^  This  aspect  of  probatiUty  is^ 
'ttxeated ^^he  preceding  chapter. 

ProbifKlity  and  statistics,  as  pure  and  applied  mathematics  rcspac-  . 
vtivcly,  exhibit  all  of  the  themes  or' ail-pervading  concepts  discus.^ed  in 
other  chaptcrsiof  this  book.  Both  real  -^ind  complex  numbers,  and  of 
cour^j^rhc  operations  on  them,- are  involved  in  the  theory-and  applic'a- 
■    trions  of  {)i:obabiIity  and  .statistics.  We  havc  already  illus.trat:ed  th^e  ways'  ' 
measurement  and  approxirnat.ion.  permeate  the  nnion  of  the  two  .sub- 
jects. Induction  aiid  deduction  arc  both  involved.  Ilehttiew  and  function 
a're"onstage'^vhetherweare  using  tahlcsand  n:rapIj[^,.or Considering  func- 
tions likp  the  nbrmal  curve,  the  /-curve,  chi  square,  or  regression  lines. 
Symbolism,  the  banc,  ofitio  vitiates  in  the  field,  involves  sigmas,  large  and 
'  smaiy^etters-  Arabic'  ami'  GreckM^ttcrs,  snbscript^,  and  integral  signs,  • 
among  others*     ■   ^-r — • 


TWO  ILLUSTRATI 

Many  children  are  intWested' in 
average  mean?. . We  niay'^y  >hafbe 
Sam's  .253,  John  is  a  bcttf  * 


cai 


I)attcr  than^ 


"R&BLEMS 

/.  What  docs  a  maw's  batting 
\se  John's  average  is  ."^To  and 
)ocs  this  mean  that  if 


hotli  John  and  Sam  bat  four  times  m  a  certain  gahie  John  is  si|.i^  to  get 
one  anda-half  hits  arui  Sani  one?.X)bviou.sIy  not.Vlaybc.  Sam -will  be 
luclcy  ihn^hat  g;q^ie  and  got  three  hits  while  John\v^l'l  have  a  bad  day 
and  <i;o.fiitIes^.  \ 
Suppose,  as  a 


Si 


e(U)!Hi  illustr:iti{)n^  someone  is  intciiested 
ny  loft^IiinKlod  sludent 


s(jiiicoiic  IS  nucjiestea  in  knowing 
tiiere  are  in  your  clnr^s  of  j^lO  students. 
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How  would  you  find  out,  and  how'would  you  convey  the  infonpationv 
to  %he  inquirer?  The  answer  to  this  question  is  easy  and  obvious,  but  if  " 
the  question  were  asked  in  a  sbhool  of  1000  students,  how  woujd  the 
problem  l?e  tackled?  And  what  if  it  were^asked  in  a  school  system  like" 

.  New  York  City's  with  nearly  a.million  students?  /  . 

Now  the  question  nught  not  only  con-cem  the  totaf  number  of  left- 
handfed  students  in  th^ystem,  but  also  how  many  c,9ji§  be  expected 
on  the  average  in  each- class  of  40  stu'Sents.  ,You  may  ask  why  anyone 
•sjj^yld  be  interested  in  such  probleliisJ  Well,  in  the  first  case,  it  might  be 
a  manufacturer  of  sporting  goods  trying  to  decide  how  many  baseball 
gloves  to^make  fbr  left-handed  bdys  or  how  many  sets  of  left-handed 
golf  clubs  are  needed;  or  in  the'second  ca^e,  it  might  be  an  jtfeEiteStiiiy- 

.  ing.  to  decide  a  question  of  equipping  the  classroQms  in  a  new  school 
with  the  proper  number <)fteft-Kanded  wilting  chairs.  Then  the  fact  that 

.  oiiDgiven  class  happened  to  hav^  t^ee  left-handed  students  might  be 

^^tS-esting  but  would  hardly  be  helpful  to  the  architect,  particularly  if 
in  other  classes  in  the  same  school  he  foiind  that  five  had  no  left-handed 
pupils,  thr^  hadf  one  eara,  and  one  hjid  twelve^TKe  study  of  a  problem 
like"  this  should  be  based  on  statistical  considerations.  No  amount  of 
algebra  or  geometry,  arithmetic  or  trigonometry  by  itself  is  going  to 
help.  '      a  ' 

.  Suppose  the  architect  determines  that  in  order  to  build  the  school  to 
best  acJ^antage  he  needs  to  solve  this  .problem.  HcJw  does  he  go  about  it? 
Are  the  methods  he  uses  those,  which  youngsters  can  understand,  ap- 
preciate, and  perhaps  learn  to  apply  to  similar  situations^ 

■  '  V  '  '        .  ^  /  ■     *  \    ..  ^ 

STATISTICiS  AND  UNCERTAINTIES  \(^  ^ 

It  is  easy  to  see  that  there  are  uncertainties  involved  here.  Suppose 
in  the  school  of  1000,-^50  left-handed  children  are  found.  Do<te  this 
mean  that  in  each  room  of  40  sea'ts  exactly  two  left-handed  chairs  will 
]Sk  needed?  Of  course  riot  I  Maybe  one  xoopi  will  need  jnone  one  year  and 
ten  the  next.  Is  impossible  that  one  room  might  need  forty  left-handed 

'  chairs  somfe  ^ear?  It  certainty  is  pojlsible,  but  is  it  probable?  Far  from  it. 
After  some  thought,  the  suggestion  is  made  that  it^would  be  wise  to  put 
in  30  right-h[^ded  chairs,  2  left-handed  ones,  and  8  ratKer  inconvenient 

,  ones  which  can^e  changed  from  right-  to  left-handed,  and  back  as  needed. 

•  Now,  what  M-e  the  chances  that  things  wil]  workout? Maybe,  it  would- 
be  better  to  hrSW  35  right-handed,  no  left-handed,  and  5  interchangeable 
chairs.  But  all  of  this  seems  so  uncertain  and  so  "up  in  the  air."  Is  there 
any  wjur  we  can  reach  some  decision  whicja  is.fiot  bas^d  on^pure  guessing? 
The^answer  is  "yes".a'nd  the  mfethods  are  those  of  statistics.  ^  * 

•  Even  though  some  well-formulated  problen^s  involve  so  much  un- 
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certainty  that  there  is  no  umgiie  answer  to  them,  decisions  must  be  made 
every  day  as  best  we  can,  orders  placed,  and  money  spent.  Thus,  it  is 
of  the  utmost  importance  that  youngsters  learn  as  early  as  possible 
that  mathematics  can  be  used  to  study  problems  involving  uncertaiTiltes. 
Particularly,  they  shcfUld  see  that  when  6ne  answer  is  chosen  from  several 
possible  ones  by  statistical- reasoning  there  is  a  reasonable  assurance 
that  it  is  better  than  the  others.. 

All  of  this  has  been  said  many  times  and  ifi  many  places.  One  state- 
ment that  summarizes  our  discussion  especially  well  is  the  following: 
"The  notions  of  probability,  correlation,  and  sampling  are  among  the 
fundamentals  of  modern  social  measurement.  .  .  .  Moreover,  there  is  in 
all  statistics  a  salutary  concern  for  the  uncertain  and  the  incomplete — 
for  the  gray  that  is  real  more^han  for.  the  black  and  white  that  is  ab- 
straction. Ikis  well  for  the  student  to  learn  both  that  mathematics  has 
uncertainty,  and  that  uncertainty  can  be  mathematicallv  treated.  This 
knowledge  is  important  in  many  fields;  teachprs  of  scien<^and  teachers/ 
of  history  alike  have  their  troubles  with  students  who  are  persuaded. 
ihiit  all  reasoning  is  geometrical  and  all  evidence  conclusn^e.'*^* 

CIIARAqrERISTICS  OF  STATISTICAL^mALYSIS 

What  then  are  tlip  characteristics'  (if  the  stateinent  and  solution  of  a 
problem  by  stiitistical  methods?  It  seems  to  us  that  niost  problems  sub- 
jected to  statistical  analyses  involve  decision  making  in  the  face  of  un- 
certainty, with  the  concomitant  problem  of  what  the  chances  are  that 
the  decision  is  right.  That  kind  of  problem  is  faced  by  the  architect  in 
choosing  the  kinds  of  seats  for  classrooms  in  a  new  school.  The  sanie  sort 
of  problem  confronts  the  purchasing  agent  for  a  flour  company  when  he 
has  to  make  up  his  mind  whether  qr  not  to  buy  a  certain  carload  of  wheat. 

^The  manager  of  a  baseball  team  in  the  World  Series,  trying  to  decide 
whether  to  use  aSvinning  pitcher  after  only  two  days  rest,  is  in  a  similar 
"forked  road"  situation.  In  the  same  *'fix"  is  the  buyer  of  mens'  shirts  in  a 
large  department  store.  Wiatjiombinations  of  neck  sizes  and  slee^^e 

"  lengths  should  be  stocked,  and  in  what  proportion?  In  the  same  quandary  ' 
is  the  superintendent  of  a  light  bulb  factory.  What  percentage  of  defec- 
tive light  bulbs  can  he  allow  before  ordering  the  machine  shut  down  for 
repairs,  and.how  does  he  find  out  the  percentage  of  defective  bulbs  it  is 
making'^an^v'ay?  Even  ,the  schoolboy  who  claims  h^  can  tell  bottled 
coke  from  tap  coke  will  not  be  acknowledged  as  comjjetent  in  that'skill 
unless  he  makes  correct  choices  a  certain  per  certtof  "the  time.  How  nv\ny 
times  must  he  be  right  to  demolish  the  charge  tluit  he  is  just  lucky? 
These  are  all  pnlhlems  which  catl  for  a  decision.  Furthermore,  all  of 
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them  have  a  certain  practicality  in  modern  life.  They  are  problems  which 
are  susceptible  tj/ attack  by  statistical  methods,  except  that  of  the  base- 
ball manager,  and  yet  what  ^udent  of  elementary  secondary  school 
mathematics  would  have  any  idea  of  how  to  attack  them?  ^  . 

We  shall  now  attempt  to  indicate  how  certain  statistical  ideas  and 
processes,  basic  to  the 'solution  of  such  problems,  might  be  given  more 
attention  in  the  schools.  - 

OUTLINE  pF  A  STATISTICAL  ANALYSIS  OF  A  iPROBLEiM 

The  first  and  rnost  important  idea  is  the  one  we  have  been  emphasizing 
continually  till  now,  namely,  that  problems  of  decision  in  the  face  of- 
uncertainty  arb  really  susceptible  to  nuithematical  study.  We  state  again 
the  idea  whicly may  be  unfamiliar  to  many,  i.e.,  mathematics  is  not  ex- 
clusively a  matter  of  techniques  of  numerical  calculation^  algebraic 
manipulation,  geometrical  proofs  and\  constructions,  or  even  of  analysis 
and. deductive  thinking.  It  may  also  serve  as  a. basis  for  inductive  in- 
ferences from  partial  data  and  incomplete  information.  v  » 

Too  often  we  run  across  the  idea  that  mathematics  must: be  exact, 
idealistic,  and"  certain.  That  a,  mathematical  model  of  a  physical  situa- 
tion may  not  produce  conclusions  that  We  exact  and  certain  should  re-^ 
ceive  more  attention.  \ 

After  we  have  agreed  that  a  mathematical  approach  to  the  solution  of 
a  probj^m  is  possible,  the  first  step  is  to  formulate  the  problem  carefully. 
It  is  frequently  true,  that  a  careful  statement  of  the  problem  yields  ideas 
about  the  best  method  of  attempting  alsplutlon,  and  one  of  the  first 
would  probably  bo^that  the  situation  isrtoo  large  or  too  complex  to 
l;iandle  in  toto.  We  find  therefore  that  \ve  liave  to  draw  a  sample  from  the 
population  we  are-^tudying  and  we  mustldecide  how  large  a  sample  is 
needed  and  how  best  to  draw  it.  1  . 

The  next  step  would-be  th:^  gathering  oT  the  relevant  data  from  the 
sample,  recording  and  tabulating  them,  and  organizing  them  in  such 
forms  as  graphs  and  .tables  for  the  purpose  of  presentation.  > 

Following  this  we  wpuld  havo  to  interpret  the  data  in  the  light  of  the 
formulated  problem.  '\  - 

Finally,  we  would  want  to  infer  from  the  samplepwith  a  desirable  de- 
gree of  probability,  conclusions  about  the  population  relevant  to  the 
solution  of  the  probleni.  .    /  . 

TTow  many  of  the  techniques  and  ideas  involjvxd  in  these  procedures 
are  in  our  present  clffTiculum?  Many  of  them  arcS4pw  there  and  all-that 
is  necessary  is  merely  to  point  them  out  and  emphasize  that  these 'al- 
ready familiar  ideas  arid  techniques  are  useful  in  statistical  problems  as 
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well  as  in  others.  There  are  also  some  relatively  simple  new  techniques 
which  we  hope  may  become  part  of  the  regular  work  in  elementary  and 
secondary  mathematics.  We  recognize,  of.  course,  that  many  of  the  ideas 
and  mathematical  methods  of  statistics  are  too  complex  and  too  subtle 
for  any  but  specialists  in  the  field,  and  these  we  shall  either  no^  mention^ 
at  all  or  merely. note  briefly  in  passing.  >   ■  . 

FORMULATING  THE  PROBLEM 

Often  the  original  statement  of  a  problem  is  quite  vague.  The  first 
requisite  in  an  attempt  at  a  solution  should- be  an  effort  to  state  the 
problem  carefully,  to  define  the  key  words  accurately,  to  recognize  the 
assumptions  being  made,  to  disregard  irrelevant  facts,  and  so  on..  For 
example,  in  the  problem^]ri?out  the  architect  and  the  left-handed  chairs, 
the  word  leff>handed  setjms  to  be  the  l?:ey  word.  What  is  meant  by  left- 
-handed? Well,  in  this  problem  we  obviously  do  not  care  if  an  individual 
bats  left-handed  at  a. baseball  game  or  eats  left-handed  at  dinner,  but 
only  whether,  fo£^  one  reason  or  ijnother,  heWites  with  his  left  hand. 
Even  this  stipulation  is  not  enough,  for  there  are  left-handed  individuals 
who  write  u\  such  a  position  that  they  prefer  right-handed  chairs.  Hence, 
in  this  instance,  Icji-hajidcd  will  be  taken  to  m^m  writes  left-handed  and 
prefers  a  Irfl-handed  chair.  With  the  aid  of  this  definition  we  Are  in  a 
hotter  position  to. select  the  data  for  answering  the  question,.  *'How  . 
many  right-haiided,  left-handed,  and  interchangeable  chairs  are  needed 
ill  each  elassrqom  planned,  for  40  pupils?"  *      ^  ; 

A  mueh  more  complieated  situation*  Confronts  -the  superintendent  of 
the.ljght  bulb  faetoryJHe  really  has  several  ques£ions  to  answer  before 
he  decides  whether  to'%hut  dowi^the  machine  for  repairs  or  to  leave  it 
running.  Some  might  bfe:  '*Wliat  is  a  defeetive  light  bulb?",  '*How  do  I 
know  how  many  defective  ones  I'm  making  a'day?",  ''How  high  can  I 
let  the  defective  proportion  rise  before  I  act?",  '*Do  I  make  this  deci- 
sion on  the  basis  of  profit  and  loss  ok  on  the  K^putation  of  our  factory 
for  producing  only  the  best  liglit  bulbs  in  the  industry?",  and  inciden- 
tiilly,  "What  doeS' mean  in  this  situation?"*. 

Of  course,  we  can  overemphasize,  ^he  semantic  aspeets.  However, 
the  danger  of  being  too  slipshod  in  formulation  is  the  greater  one.  Sup; 
pose  the  sales  manager  says  that  all  bulbs  to  be  satisfaetory  must  have  a 
guaranteed  continuous  life  of  at  least  1000  hours.  Now  \ve  haye  a  defi- 
nition of  a  defective  bulb,  namely,  one  that  does  not  yield  1000  hours  of 
continuous  serviee.  But  hrnv  is  the  superintendent  to  Icnow  whether  de- 
fective bulbs  arc  being  made?  Most  high  school  students  will  recognifc 
that  it  would  be  foolish  to  burn  each  bulb  for  1000  hours  to  find  out 
whether  it  was  defective.  By  the  end  of  that  time' the  useful  life  of  the  , 
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bulb  would  be  nearly  exhausted.  One  result  would  be  that  the  consumer 
would  not  get  his  money's  worth. 

The  careful  formuiation  and  discussion  of  this  problem  by  a  class  of 
students'would  almost  certainly  lead  to  the  idea  of  testing  a  single  bulb 
now  and.  then  from  a  given  run.  That  i3,  we  would  select  a  sarrvple^  test 
the  sample,  observe  the  results  of  the  testy  and  infer  from  the  observation  a 
conclusion  about  the  quality  of  the  bulbs  being  produced.  Finally, /rom 
this  conclv^on  we  would  make  our  decision  to  stop'^rpduction  for  repairs 
or  to  continue  production,  even  though  we  know,  the  machine  is  making 
a  certain,  numtei*  of  defective  bulbs  which  will  have  to  be  replaced  dt 
the  consumer  level.  This  is  an  example  of  industrial  quality  control  which 
is  playing  an  increasingly  important  role  in  many  manufacturing  prog- 
'  esses.'-  •  - 

.  While  the  importance  of  carefully  defining  words  like  defective  is 
usually  stressed  during  the  teaching  of  geometry  in  the  10th  or  11th 
years,  we  should  remember  that  the  teacher  of  mathematics  can  make 
a  contribution  to  the  general  edu(i!ltion  of  students  by  using  illustrations 
and  problems  outside  of  the  field  of  geometry  to  indicate  the  equal  im- 
portance of  careful  definition  in  many  other  jfields  of  mathematics  as 

.  well  as  in  a  variety  of  life  situations. 

^  ■     -  , 

THE  IMPORTANCE  OF  SAMPLES 

Usually  a.  problem  which  can  be  attacked  by  statistical  methods  will 
involve  properties  of  a  certain  set  of  objects.  It  may  be  that  the  set  is  so 
numerous. that  it  is  impractical  to  examine  every  one  or  it  may  be  that . 
the  property  is  of  such  a  nature  that  its  determination  destroys  either 
the  object  or  the  property..In  either  case  we  ^re  forced  to  consider  only  a 
sample  of  the  population  we  are  interested  in.  This  concept  of  a  sample 
is  one  of  the  most  important  in  statistics.  We  shall, .therefore,  spend 
some  .time  discussing  some  of  the  so^lient  properties  we  want  in  our  sa!hi- 
ples  and  the  ways  samples  can  be  selected  so  as  to  insure  these  properties. 

The  size  of  the  sample  must  be  sufficiently  large.  When  samples  are 
drawn  by  a  random  process,  both  experience  and  theory  reveal  that  the 
smaller'the  sample,  the  greater  is  the  variation  from  sample  to  sample  in. 
whatever  measures  are  taken.  This  means,  for,  example,  that  the  error 
in  the  prediction  of  the  mean  height  of  all  American  men  from;the  mean 
height  of  a  small  sample  of  men  is  much  more  likely  to  be  serious  than 
the  corresponding  error  associated  with  a  larger  sample.  We  have  to  der 
cide,  in  advance  of  sampling y  the  size  of  error  we  are.  willing  to  tolerate. 

.Then  we  have  some  basis  for  decjjSifig  the  size  of  the  sample  we  should 

^take. 

Usually  it  is  important  that  the  method  of  selecting  the  sample  should 
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contain  in  it  some  kind  of  randqrriness.  The  reason  for  this  is  that  ran- 
domness must  be  present  if  we  are  going  to  be  able  to  use  probability 
theory  to  infer  characteristics  of  the  population  from  the  sample. 

This  is  the  second  time  that  the  idea  of  randomness  has  appeared  in 
this  chapter.  Perhaps  it  would  be  well  to  point  out  w^hat  is  meant  by 
randomness  when  l-eferring  to^the  selection  of  a  sample.  Intuitively  it 
means  that  there  has  been  no  special  selecting  going  on,  that  no  favorites 
are  being  played.  More  technically,  it  means  that  every  element  in  the 
population  has  the  Same  chance  as  every  other  element  to  be  selected  as 
a  member  of  the  sample  being  chosen.  Later  we  shall  illustrate  a  few  of 
the  many  metho<Js  of  incorporating  randomness  into  the  sampling 
process. 

SAMPLES  IN"  THE  CLASSROOM 

In  the  next  few  paragraphs  we  shall  offer  some  examples  of  sampling 
which  might  be  appropriate  at  different  school  levels.  Consider  a  class 
of  29  children  about  whom  we  want  some  information.  We  will  try  to 
get  it  by  considering  samples  drawn  in  the  following  manner.  Assign  to 
each  child  a  number  from  1  to  29.  In  one  box  place  three  disks  numbered. 
0,  1,  and  2,  in  another  box  place  ten  disks  numbered  0  to  9.  By  drawing  a 
disk  from  each  box  any  number  from  0  to  29  may  appear.  After  each 
drawing  replace  the  disks,  shake  up  each  box  and  draw  again.  By  drawing 
five  numbers,  ignoring  the  00  and  any  number  which  has  been  drawn 
before,  we  get  a  sample  of  the  class  of  size  five.  Similarly  samples  of  other 
sizes  could  be  drawn. 

How  might  such  a  device  be  used?  What  kinds  of  questions  might  be 
asked?  The  key  idea  would  be. to  see  to  what  extent  certkin  information 
about  all  the  children  could  be  obtained  by  taking  only  sample  of  the 
class.  For  instance,  what  is  the  average  time  it  takes  to/ get  to  school? 
How  close  would  we  get  to  the  truth  if  we  took  samples  of  5?  10?  15?  20? 
The  answers  here  would  show  what  happened  as  sample  size  increased. 
How  manyrhours  of  sleep  does  the  class  get?  How  long  does  the  homework 
take?  These  two  questions  provide  an  opportunity  to  point  out  the  im- 
portance of  getting  accurate  data.  What  is  the  average  height  of  the 
class?  Would  our  answers  be  just  as  good  if  we  took  the  measurements 
of  only  the  first  five  children  who  entered  the  classroom?  If  we  took  only 
one  row?  Would  such  sampling  give  each  possible  sample  an  equal 
chance  of  appearing?  In  a  like  vein  would  it  make  any  difference  if,  our 
sample  contained  only  boys  or  girls?     ^  '  * 

In  the  upper  igrades  of  the  elementary  school  the  mean  of  a  collection 
of  numbers  is  commonly  obtained.  What  we  feel  is  needed  here  is  only 
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an  extension  of  thi.s  experience  to' answer  questions  like  those  above. 
By  such  procedures  it  should  be  possible  to  develop  inductively  some 
understanding  of  the  concept  of  a  random  sample,  the  ii^ortance  of  • 
lessening  the  bias  in  samples,  and  the  effect  of  the  size  of  the  sample  on 
the  accuracy  of  predicting  t"he  characteristics  of  the  total  group.  As  a 
less  important  by-product,  there  would  be  considerable  practice  in  adcT 
ing  and  dividing  numbers.  There  certainly  would  be  wo  difficulty  in'' 
providing  enough  practice.  For  example,  there  are  over  140,000  different 
samples  of  5  students  that  can  be  drawn  from  a  class  of  30.  This  is  merely 
the  number  of  combinations  of  5  things  that  can  be  selected  from  30 
things;  each  sample  selcotcd  will  differ  in  one  or  nioi;e  of  its  meihbers 
from-every  other  sample.  '  . 

At  \^atever  level  the  study  of  functional  graphs  begins  it  could  be 
emphasized  that  the  points  which  are  plotted  are  only  a  sample  sa^  of 
the  set  of  all  points  which  lie  on  the  graph.  In^a  linear  graph  a  sample  of 
size  two  is  sufficient  to  determine  the  whole  set.  Is  this  also  true  for 
graphs  of  quadratic  functions?  Obviously  not.,l^e  set  of  sample  {joints 
must  not  only  be  greater  than  two  in  number  but  must  be  carefully 
selected  if  the  sample  is  to  be.  significant  foi*  the  whole  set.  Discussion 
could  follow  as  to  the  size  of  samples  and  how<thcir  selection  should  be 
made. 

In  geometry  the  study  of  locus  problems  leads  very  naturally  to  ques- 
tions of  sample 'points.  How  does  one  usually  determine  the  locus  of  the 
center  of  a  circle  of  radius  r  passing  through  a  given  point  P?  Certainly, 
one  very^  effective  way  to  begin  the  study  of  the^  problem  is  to  take  a 
sample  of  half  a  dozen  cases  out  of  the  infinitely  many  pos.sible  ones  to 
see  what  common  property  they  possess.  This  is  not'a  statistical  problem 
but  it  will  provide  an  alert  teacher  with  an  opportunity  to  discuss  the' 
notion  of  a  sample. 

A  basketball  coach  determining  the  makeup  of  his  team  by  watching 
his  boys  practice  is  using  the  id6a  of  sample.  The  coach  assumes  that  the 
reactions  of  his  boys  in  practice  are  a  good\ainple  of  their  reactions  in 
the  game.  Sometimes  he  is  right  but  not  alway^.  Tn  order  to  improve  his 
sample  he  makes  practice  sessions  as  close  to  the  real* game  situation  as 
possible.  A  baseball  player's  brftting 'average  for  the  first,  month  of  the 
seastjn  is  determined  from  this  sample  of  his  playing  /or  the  season. 
Whether  the  whole  season  will  be  consistent  with  the  sample  is  always 
the  questioit  the  coach  faces.  Th'-  is  also  the  question  the  statistician 
must  always  qj^)nsider,  i.e.,  "Is  this  saihple  a  true  sample  of  the  popula- 
tion I  want  to  study?"  ^ 

The  trouble  with  these  samples  is  that  they  are  not  really  reprcsenta- 
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^    .      ^tive  of  the  population  the  coach  is  interested  in.  Out  of  all  possible  re-: 
actions  of  a{]^  on  a  basketball  floor  the  fcoach  is  interested  in  those  par- 
'      '      ticuki-reactions  which  occur  in  a  game.  But  Ihe  sample  he  considers  V 
^    /  '  ^   made  up  of  the  reactions  he  observes  in  practice  which  is  not  in  fact  a 
sample  of  game  reactions,  but  only  of  the  total  reactions  and  not  ev^a 
very  good  sample  of  that  because  game  reactions  have  been  excluded, 

^  BIAS  IN  SAMPLES  \^ 

^  In  order  that  t|e  theory  of  probability  can  be  applied  to  statistical 
data  it  is  necessary  that  every  possible  sample  that  can  be  drawn  has  an 
equal  ch^ce  of  being  selected.  When  the  method  of  selecting  samples 
does  not  satisfy  this  condition,  'we  say  that  the  sampling  process  is 
biaaed.'  Sometimes  it  is  obvious  that  a  given  sample  is  biased.  One  ex- 
ample is  the  one  in  the  last  paragraph.  As  another,  we  note  that  it 4s 
usually  true  that  a  rookie's  batting  average  during  his  first  swin^  around 
the  major  Je^gue  circuits  has  little  relation  to  his  average  at  the  end  of 

-    y     ;     the  season.  By  restricting  the  measure  of  batting  success  to  the  'first* ^ 
1^     V    month  of  play  we  prevent  other  samples  of  the  rookie's  batting  prot^s 
during  later  months  from  being  selected/ Hence,  biased'  sampling  is" 
present.  *     '      .  /  . 

A  television  rating  service  wants  to  find  out  whaft  fraction. of  the  tele-" 
vision  audience  in  a  certain  ci£y  are  watching  a  particular  program  on 
Channel^X'  at  6  p,m.  of.a  certain  day.  Starting  with  a  name  selected  at 

\        "      randbm  in  the  phone  book,  the  raters  call  every  hundredth  name  and 
ask  which  station  is  being  watched  .  Since  the  sample  selected  is  limited  to . 
those  who  have  both  telephones  and  television  sets,  who  have  their  tele- 
vision sets  turned ';on,  and  who  answer  the  telephone  call,  rt  is  rather 
.  ^    obvious  that  the  sampling  process  is  biased^     '  '  . 

RANDOMNESS  AND  REPRESENTATIVENESS 

Randomness  refers  to  a  method  of  selection  in  which  each  possible  sample  - 
in  a  population  has  an  equal  chance' of  being  drawn.  It  is  certainly  pos- 
—  sible  in  findii^g  the  mean  height  of  9th  grade  students,  for  example,  that 
the  sample  selected  will  contain  only  those  who  are  below  the  mean  in 
heig&t.  In  this  case  the  sample. is  certainly  not  represent^ative  of  the 
whole  population  of  dth  'grade-  students.  However,  the  theory  of  proba- " 
•  bility  still. applies  as  long  as  the  method,  of  selection  gives  each  possible 
sample  an  equal  chance  of  being  selected. 

Representativen^^  refers  to  agreement  between  tfte^characteristics  of  a  , 
sample  and  the  pophlation  from  which  it  was  drawn.  Assuming  a  knowlr'  " 
edge  of  the  distribution  of  heights  iii^a  given  population*  for  example,  it  is  / 
,    '     •   certainly  possible  to  purposely  select  a  sample , whose  frequei^cy  polygon  / 
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is  similar  to  the  frequency  polygon  of  the  population.  In  this  case  the 
sample  could  be  representative  of  the  population  but  probability  t^ory 
could  not  ebe  applied  to  the  sample  data,,  for  the  method  of  selection  9\d 
not  permit  each  possible  sample  an  equal  chance  of  appearing.  ' 

Let  us  examine  some  ways  by  which  we  might  try  to  assure  random- 
ness in  selecting  a  sample. 

1.  Suppose  a  door  prize'is  to  be  given  to  one  of  the  fifty  couples  who 
are  attending  a  dance.  the  couples  enter  each  is  given  a  ticket  bearing 
a  certain  numbe^Toward  the.jpnd  |)f  the  evening  one  of  the  numbers  is 
drawn  from  a  container  holding'disks  numbered  from  1  to  50.  If -tfiere 
has  J)een  a  thorough  mi.xing  of  the  disks  in  the  container,  only  chance 
should  dictate  th^  winner.  This  is  simple  random  sampling.  Each  cmiple 
in  the  population  had  an  equal  and  independent  chance  of  wirming.  The 
same  procedure  could  be  used  tp  draw  samples  of  2.or  3  or  any  number 
less  than  .  50.  Howei((g]<n:he  physical  act  of  thoroughly  shuffling' large 
numbers  of  disks  or  cards  or  other  objects  and  then  drawing  from  them 
is'much  more  difficult  to  do  than  is  generally' recognized.  This,  of  course, 
is  one  reason  some  card  players  can  seemingly  read  the  cards.  They  re- 
member the  order,  of  the  cards  which  resulted  from  the  play  oi^Jij^  pre- 
vious game  and  realize  that,  with  the  usual  poor  shuffling  of  the  deCk, 
the  probability  of  approximately  the  same  order  is  better  than  that  of  an 
arbitrarily  'different  order. 

2.  You  may  think  that  by  writing  down  a  series  of  numbers  which  you 
so\ect  just  hij  chance  you  would  really  get  a  random  set.  Unfortunately, 
this  is  not  so,  as  most  people- will  automatically  tend  to  select  numbers 
from  the  middle  of  the  given  group  rather  than  at  the  end.  An  interesting 
experiment  in  a  class  might  be  to  have  each  student  write  down  ten 
numbers  at  random,  these  numbers  to  be  chosen  from  the  digits  1  to  10. 
\^ou  might  expect  that  each  number  would  appear  about  the  same 
number  of  times.  However,  the  results  will  surprise  you.  The  chances 
are  extremely  high  that  the  middle  numbers  4,  5,  6,  .7  will  occur  much 
more  frequently  than  the  extreme  digits  I  and  10.  For  these  reasons 
better,  ways  of  assuring  randomness  have  feeen  developed. 

.  One  such  way  is  to  use  a  table  of  random  numbers.^'  Such  a  table  of, 
random  numbers  usually  consists  of  rectangular  arrays  of  5-digi,t  num- 
bers which  have  been  prepared  by  using  mechanical  and  electronic  meth- 
ods which  people  accept  as  really  producing  random  series.  Each  num- 
ber is  located  in  a  specific  row  and  column  of  a  specific  page.  The  other 
numbers  which  are  in  the  same  row  or  column  occur  in  such  a  sequence 
that  there  is  practically  no  cliance  of  predicting  what  these  other  num- 
bers will  be.  By  selecting  a  pa^e  at  random,  stabbing  with  a  pencil  at  the 
selected  page  while  the  eyes  are  closed,  to.  obtain  an  initial  number. 
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flipping  a  coin  ,  to  decide  whether  to  proceed  up  or  down  the  column  or  .to 
the  left  or  right  in  a  row,  one  can.  be"  fairly  certain  that  any  bias  in  tfie 
chosen  sequence  of  numbers  is  quite  thoroughly  eliminated.  ; 
*  Unfortunately,  tables  of  random  n^mbers\ire  rather  rare  in  school 
libraries  and  since  they  are  fairly  expensive;  wt  look  for  a  substitute.  A« 

■  a  fair  approximation  to  such  a  table  of  random  number*  one  may  for 
classroom  purposes  use  the  columns  of  the  fo/irth  and  fifth"  digits  in  a 
five. place  logarithm  table.  Suppose  you  warn  a  sample'of  10  cjaildren 
from  a  freshman  class  of  100.  List  the  children  alphabetically  and  num- 
ber them  in  order.^Then  refer  to  the  table  of  random  numbers,  and  pick 
an  arbitrary  starting  point.  One  might  open  the  book  casually  and  stab 
at  the  ojben  page  with  a  shar0  pencil  without  looking.  Starting  wjith  the 
number  nearest  to  the  pencil  point  take  the  next  ten  numbers  in  the 
cohnr^is,  ignoring  duplications  and  calling  01,  02,  1,  and  "2,  and  so  on 
with  00  to  be  100.  The  children  whose  numbers  come  up  in  this  way  then 
constitute  the  sample.  When  we  tried  this  method  we  obtained  the  ten 
numbers.  11,  73,  34,  95,  56,  17,  78,  39,  00,  and  61.  Such  a' sampling  pro- 
cedure will  be  much  more  truly  random  thari  putting  all  the  nanje's  in  a 
hat,  shuffling  them  and  drawing  ten  names.* 

Instead  of  taking  a  simple  random  sample  of  the  whole  population  we 
may  use  other  methods .  known  as  stratified^  sanipling  or.  clusier  sampling 
or  systematic  sampling. .  ? 

Stratified  sampling  is  the  process  of  dividing  a  population  into  sub- 
groups and  selecting  a  simple  random  sample  from  each  of  the  subgroups. 
The  total  Siimple  is  the  composite. of  the  subgroup  samples.  The  size  of 
the  subgroups  in  the  sample  is  usually  proportional  to  the  frjiGtTon  that 
the  subgroups  are  of  the  total  population.  Sometimes  this'^i^ction  is 
known;  sometimes  it  has  to  be  estimated.  For  example,  suppose  that  in 
order  to  determine  the  college  preferences  of  high  school  seniors  we  want 
to  draw  a  sample  but  we  feel  that  the  sample  should  contain  a  number 
of  seniors  from  each  state  which  is  proportional  to  the  population  of  that 
state.  Then  from  each  state  a  simple  random  sample  of  {^jjpdetermined 
size  would  be  d^a^vn.  This  would  give  a  sample  stratified  according  to 
area.  The  sample  could  have  been  stratified  according  to  income  tax 
brackets  of  parents  or  guardians.  To  do  this  we  would  draw  from  each 

-^^TTCtlJme  tax  bracket  a  sample  of  size  proportional  to  the  number  of  people 
in  «that  bracket.  This  kind  of  sample  illustrates  best  what  is  known  as  a 
representative  sample.  Of  course,  what  is  a  representative  sample  de- 
pends on  the  factors  which  are  chosen  to  determine  the  representative- 

*  On  closer  inspection  we  note  that  this  really  gives  a  systematic  sample, 
since  the  alteftplate  numbers  differ  by  a  constant. 
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ness.  It  has,  been  found  very  often  that  a  stratified, sample  predicts  the 
popijj^tioii  characteristics  hotter  than  a  simple  random  sample. 

An  illustration  of  cluster  sampling — any  population  can.be  considered 
*as  made  up  nf  groups  of  difTerent  sizes/For  instance,  suppose  a  public 
afTairs  organization,  wanted  to  get  the  reactions  of  high  school  students  ^ 
as  to  the  questifui  of  going  to  college.  Within  a  certain  state  a  sampling 
of  ten  counties  out  of  fifty  might  be  taken  by  .simple  random  sampling^ 
Withi^  each  county  five  high  schools  might  be  selected  by  the  sam».proc- 
ess.  Neither  the  counties  nor  the  schools  might  be  of  the  same  size. 
Thf.s  would  be  an  example  of  cluster  sampling.  .  ^  ' 

Systematic  sampling.  Suppose  a  surve>^  is  being  made  of  telephone 
scff)scribers  to  find  out  which  television  program  they  are  watching  at  a 
given  day  and  hour.  By  simple «*ft«dom  sampling  a  given  page  arid  line 
\oi  the  phone  book  is  picked.  Whether  the  left  or  right  column  would  be 
use might  be  determined  by  flipping  a  coin.  Then  the' corresponding 
telephone  number  would  be  called.  Depending  on  the  sizie  of  the  listing^ 
every  5Qth  or  100th  or  nth  number  after  the  first  would  be  called  until  a 
certiiin  number  had  been  reached.  The  sample  obtained  would  be  called 
a  systematic  san^le.  ^  ^ 

In  our  left-handed  chair^jjproblem  suppose  we  decide  that  from  a  popu-  ' 
lation  (jf  500,000  we  want  to  5raw  a  sample  of  1000.  We  might  8o  it  by 
simple  random  sampling.  Or  we  might  decide  on  a  stratified  sample  by 
.selecting  at  random^  two  students  from  each  of  the  500  schools  in  the 
system.  A  systematic  sample  might  be  taken  by  selecting  ten  schools  at 
random  and  then  taking  every  tenth" name  on  the  roster  of  those  schools. 
Another  way  of  getting  a  sample  would'be  to  select  at  random  25  schools 
and  then  again  select^n  a  random  riianner  one  room  of  forty  students  in 
each  school. 

Since  in  all  the  foregoing  cases  random  sampling  had  been  used  some- 
where in  the  process,  the  principles  of  probability  could  be  applied. 
Henco,  statistical  inference  of  some  sort  would  be  possible  in  each  of 
these  casen.  Of  course,  the  conclusions  that  might  be  drawn  would  be 
limited  by  the  nature  of  the  population. sampled  in  each  instance. 

SAMPLE  SIZE  /  - 

The  size  of  the  sample  tf)  . select,  as  well  as  the  method  of  sampling,  is  a 
problem  id  grent  importance  in  statistical  inference.  Consider  tbe  case 
of  the  boy  who  claimed  that  ho  could  taste  the  difference  between  coke 
from  a  bottle  and  coke  from  {\  tap.  We  give  him  two  glasses,  one  of  each 
kind,  and  ask  him  to  identify  the  two  sources.  By  sheer  luck  he  mighty 
makd  the  correct  selections.  Is  one  sample  of  size  2  sufficient  to^ifiher 
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confirm  or  deny  his  ability?  If  not,  how  large  a  sample  should' be  used? 

Suppose  you  are  willing  to  admit  the  tester^  has  the  ability  he  claims 
if  he  succeeds  in  judging  the  contents  of  a  number  of  glasses  correctly 
80  per  cent  (4  out  of  5)'of^he  time  in  the  l^g  run.  Suppose  you  demand 
that  he  must  not  score  below  75  per'^nt  correct  on  any  trial  involving  a 
certain  number  of  glasses.  How  many  glasses  must  be  used  at  each  tasting 
trial?'     ^     /     '  \  . 

.  There  are  two  kinds  of  errors  of  decision  that  rrjAght  be  made.  OneJs 
that  the  taster  may  actually  ,  possess  the  ability  but  on  the  trial  scores 
below  75  per  cent;  another  is  that  he  may'not  possess  the  abttity  but 
scores  above  75  per  q^t,  What  can  be  done  to  minimize  the  risk  of  these 
errors? 

\yhat  the  statistician  does  is  to  select  a  level  of  confidence,  A  common 
•    one  is  the  95  per  cent  level  of  confidence.  This  means  that  if  you  (Son-  - 
ducted  many  trials  of  a  t;pecifie(J  sampte  size  and  made  a  decision  ab^ut 
his  ^  per  cent  ability  each  time,  you  would  be  correct,  in  the  long  rra, 
:.  95  per  cent  of  the  time.  If  we  tell  the  statistician  that  we  are  testing 
•  ability  of  an  80^^r  cent  ordbi;,  that  we  will  accept  on  a  single  trial  a 
score  aw  low  as  75  per  cent,  that  we  want  to'make  d.ecisions^th  a  95 
per  cent  level  of  confidence,  he  will,  in  this  kind  of  problerri,  be  able  to 
tell  us  the  number  of  glasses  we  should  use  for  our  sample  trial.  The 
explanation  of  how  he  can  arrive. at^that  number  is,  in  our  opinion,  be-. 
.        ybnd  the  ability  of  most  hrg]^  school  mathematics^classes.^^  .  ^ 

ACCUMULATION  OF  DATA 

J        Once  a  problem  and  the  population  with  which  the  problem  is  (^ory- 
J     cerned  have  been  well  defined,  and  a  sample  is  carefully  selected  iir  as 
unbiased  a  manner  as  possible,  the  chriTirctcristic  data  we  want  can  be 
*  '  accumulated.  This,  taking  of  data  and  recording  it  is  something  with 
which  we  are  familiar  to  a  greater  or  less  extent.  For  example,  co^jsider 
'    our  saihple  of  1000  obftiined  by  selecting  all  40  pupils  ifrom  one  room  in 
each  .of  25  schools.  Now  the  number  of  left-handed  pupils  per  room  is 
obtained  n\erely  by  counting..  Remember  we  courit  asHeft-handed  for^ 
our  purposes  only  those  who  actually  write  with  their  left  hand  and  pre-^ 
fer  left-handed  chairs  for  writing.  What  shall  we  do  with  these  numbers 
when  we  get  them?/Well,  we  have  .to  record  J^hem  somehow,  and-one 
obvious  way  would  simply  be  to  list  the  25  numbers,  each  of  which  is 
sompwhcre  between  0  and  40  inclusive.  Such  a  simple  listing  is,  howeVer, 
fairly  hard  to  analyze.  Since  one  of  the  problems  of  statistics  is  to  so 
order  the  primary  data  of  the  sample  as  to  get  as  much  informatlllri  out 
/V^of'them  as  possible,  we  kunt  for  something  better  than  a  simple  listing.. 
The  nu-mbers  through  which  we  record  the  data  from  our  sample  may 
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be  rtbtainef^in  two  ways,  dep^ding  on  ,thenC5T>^j>rpfj)b^  /nav^ 
obtain  them  by  counting,  e.g.,  the  nun;ibe'r  of  left-handed  students  in*"^ 
class,  or  by  measjiring,  e'Jj;.,' the  length  of  life  of  an  dectric  ligfit  bulb. 
Th()ugh  wc  nijghfc^want  to  check'"the  accuracy  •{jf.the  count  I5y  having  it 

-  repeated^  tliere  is.  not  inuch  di#;agreement  as  to  fta\t  tb  make  tr  couriti. 
About  measurcn"'\^t,  howe^p.r,  there  i,s  much  to  be  said  (Chapter  §). 
fn  the  ^hools  there  \^  ample  opportunity  to  discuss  such  ideas'^^s  the 
units  of, measurement,:  the  accuracy,  and  the^j^ariability  of  the  saH^d' 
measurement  t-ajkeu  Vy  different-people,  or  by  the  s^me  pel^on  at. differ- 
on  t  .time?^.- However,  in  s"5me  case.^  even  a  single *measur^nent  mjjst  be 
considered  as  a  sample  of  one  of  the  many  nxeasarehients^hat  might  be 
^^made.  Such  would  be  the  case  if  an  inspector^werc  measuring,  the  cTiame- 
ter  of  a;piston  in  an  airplane 'engine,  or*a  physiciil  educatfbn  instructoK 

.  were  determining  the^veight(!>ra  boy  in  a  ^ym'class.    .     ■  •  ' 

ORGANIZATION  aAd  PRESENTATION  OF  .DATA 

We  ct)me  now  to  Xhe  question  of  the  organization  of  our  data. '.'Vs* 
stated  abyye,  a  mcrelisting  of  liumbers  is  almost  of  no  value.  We  must 
order  them  in  some  fashion  before  we  can  get  much  understandhig  of 
the  information  which  is  contained  in;them.  This  is  ^usually  done  b}^ 
making  tables  of  the  figure^;,  which  are  oftffii  accompanied  by  graphs -and 
diagrams.  If  there  are  large  amounts  of  data,  the^e  must  be  summarized 
in  convenient  form.  This  is  the  sort  of  task  which  many  junior  high  school 
classes  would  find  fairly  easy.  ,  ■  ■  ~^  ■ 

For  example,  suppose  we  have  the  following  count  of  left-hancled  stu- 
dents in  25  classes  of  40  pupils  each: 

■   5,3,4,3,2  :    '  ' 

.         ..  2,0,2,  1,2  ■  ^ 

3,5,2,0,6*    o  . 

'  4,3,6,0,  1  .  ; 

■i-^  2,  1,3,4,2.  ^ 

A  useful 'summary*of  these  data  might  be  obtained  by  making  a  table 
of  the  number  of  classes  having  a  certain  number  of  left-handed  pupils. 

lumber  of  left-handed  pupils  in  class  ^1  2o  3  4  5  6  7  •  • «  Aof 
Number  of  classes  '  [       3    3    7    5    3    2    2    0  •  •  •  0 

Fro.m  this  table  what  is  called  a  dot  frequency  diagram  can  be  prepiired 
which  gives  the  data  additional  clarity  (Fig.  2). 
A  still  more  useful  method  of  presenting  these  data  graphica 
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.Fio.  3.         number  of  classes  having  X  6r  fewer  left-handed  pupils  percl 
cX"  »  number  of  left-hande^  pupils  per  class. 

thJ-ough-  the  use  of  the  cumulative  step  graph  illustrated  in  Figure  3. 
This  graph  is  obtained  by.  letting  the  ordinate  F,  for  aqy  given  abscissa 
X,  be  th^  number 'of  .classes  which  ha/e  in  them  X  or  fewer  Ijeft-handed 
^pupils.  Step  graphs  like  this  one  may  not  be  as  familiar  as  bar  graphs  . 
.or  st^ight  line  grcf{>hs,  but  there  is  no  reason  why  children  cannot 
Mcarn  to  make  them.  There  is  a  surprising  ahiount  of  information  which 
can  Kb  obtained  from  them. 

For  example,  questions  lijce  the  following  could  be  asked :  Which  class 
coniributed  the  greatest  increase  'in  the  number  of  left-handed  pupils? 
the  least?  In  which  X-intervals  was  ther^-Hn  increase  of  2?  of  3?  Why  is 
tiie  largest  frequency  25?  What  do  the  dots  mean?  What  set  of  numbers  is 
repre^wted'by  X?  by  F?  Where  would  you  estimate  the  m'edian  to  be? 
the  20th  percentile?  the  80th  percentile?  Which  percentile  is  3?  5?  What 
is  the  probability  that  the  number  of  left-handed  pupils  is  less  than  2  or 
.  greater  than  4  in  any  one  class? 

Sometimes  it  case,  especially  when  measurement  data  are  in- 

volved, that  we  haveJ^arge  number  of  scores  each  of  which  may  occur  > 
only  once  or,  as  a  statistician  says,  has  a  frequency  equal  to  1'.  In  sum- 
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lore  cfBcfeAt  to  group  the  scoresiSa;ito 

Fot  instpnci^,  the  j^ife  in  hou^e,  to  the  nearest  hou*,  of  a  sain  pie  of  40 
•  Njight/bulbs  might  be*  *   ^/  ^  y     .  ' 


1053  :  891 
94l->,985 
1312  1114 
1211-  til  13 


1122 
1^17 


1236. 
1212, 


1 


lb31  jll72 
121^  10G3 


In  order  to  simplify  t' 
jDetween  875  and  9! 


1012    1311   4422;  1342.  f 

array  we  can  ask  how  many  of  t^^e\umbers  lie 
how  many  between  -925  and -975,  and  so  pri.  In* 
doing  thi^  if  anjjj^ore  occurs'which  JP  exactly  .at  a  class  ^ndpoint,  we 
must  a^ee  in  advance  to /which  class  it  should  he  assigned.  In  ttlis  in- 
stance we  agree  to'^lace  such  a^ore  in  the  lower  cl/^s.  For  example, 
1425his^  assigned  to  tte. class  with  the  fiflapoint  1400-mt.her^thari  to, the 
class' with  midpoint  j[450;  To  dq  the  ^SQj^ing  easily,  a  tally  sheet  may 
be  set  up  as  shown  in  Tiible  1.  What /we  have  done,  for  examjile,  ie.tO' 
replace  eiich  of  the  three  values  943,  972,  and  973  in  our  original  array 
by  the  midpoint  of  the  class  (950),  do  this  for  each  class,  and  proceed 
to  preseuPfhis'condensed  picture  of  the  original  data. 

A  baf  grqtph  may  be  used  to  represent  these  data,  as  shown  in  Figure4. 
This  kiAd  of  bar  graph  is  called  s.  frequency  histogram,  a  forbidding;  name 
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for  a  faijiliar  graph.  The  frequencies  for  each  class  are  proportional  to 
the  areas  of  their  respective  rectiingles.     ^  .   -  . 

When  data  are  grouped  in  this  wsL^^t  4s  customary  to  use  a  cumula-T ' 
tive  polygon  grap^i,  instead  of  the  cumulative  step  graph,  for  further  ' 
analysis  otthe  data.  This  is  done  as  follows:  Take  as  abscissa  the  right 

•  hand  endpoint  ot  any  class  and  determine  the  corresponding  ordinate 
as  the  total  number  of  members  of  all  preceding  classes.  This  is^the  num- 
ber in  the  6th  column  of  Table  1.  Thus,  corresponding  to  .925,  the  end- 

'  point  of  the  first  class,  we  plot  2,  and  corresponding  to  1125  we  locate  18, 
and  so  on.  "A  starting  point  of  875  and  0  gives  us  the  complete  polygon 
when  the  plotted^^^Qinte*  a^e  joined  by  straight  line  segments  (Fig.  5) 

40-rlOO 
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"     INFORiMATION  OBTAINED  FROM  THE  GRAPHS 

From  theVsimple  graphical  presentation  of  data  wHich  we  have  given, 
much  interesting  4nformatioij  can  be  obtained.  Most  bf  it  is  simple 
enough  to  bo, grasped  by  ninth  grade  children.  For  example,  one  of  the 
coluraus  in  Tab^e  1  is  headed  relative  frequmcyrEij^h  dass  entry  in  this 
column:  is  simply  a  decimal  fraction  obtained  by  dividing  the  class  fre- 
quency by  the  total  number  of  observation's.  Usually,  the  quotient  iff 
expressed,  as  a  decimal  fraction  to  the  nearest  hundredth.  In  another 
column  iathe  cumuUitive  relative  frequency  which  for  anyclass  is  simply 
the  sum  6f  all  the  relative  frequencies  of  that  class  and  the  preceding 
^  classes.     *         r   .  '  .    •        ■  , 

There  is  a  good  opportunity  here  to  use  a  knowledge  of  per  cents  and 
fractions.  One  interestiA^  problem  may  be  to  determine  what  per  cent 
of  the  observations  lie  below  or  above  a  cerUiin  point.  The  reverse  prob- 
lem is  to  determine  the  observation  below  which  a  given  per  cent,  say  50. 
of  all  of  the  observations  lie.  These  both  can  be  done  easily  by  labeling 
the  ordinate  axis  with  the  per  cents  which  identify  cumulative  relative 
frequencies.  Then  we  read  the  ordinate  associated  with  a  given  abscissa, 
or,. in  tjie  second  case,  read  the  abscissa  associated  with  a  given  ordinate. 
•  Suppose,  for  example,  we  want  to  know  what  per  cent  of  light  bulbs 
have  lives  less  than  1200  hours.  We  draw  a  vertical  line  from  the  1200 
point  on  the  hoi*izontal  axis  until  it  intersects  the  graph.  Then  w-e  draw 
a  horizontal  line  from  this  point  of  intersection  to  the  left  until  it  inter- 
sects thar vertical  axis.  This  latter  point  of  interseption  is  about  o^r  57  n 
per  cent.  If,  on  the  other  hand,  we  want  to  know  how  long  Vi)  per  cent 
^or  more  of  the  bulbs' will  burnj  we  ask  what  is  the  number  of  hours  within 
which  25  per  cent  of  thQ  bulbs  will  burn  out.  We  draw  a  horizontal  line 
from  the  25  per  cent  point  on  the  vertical  axis  to  inters6cythe  graph. 
From  this  point  of  intersection  we  draw  a  vertical  line  meetmg  the  hori- 
^zontal  axis  at  1025.  Incidentally,  this  point  is  called  the  lower  quartile, 
or  first  quartile.  The  50' per  cent  point  is  the  median  (second  quartile) 
while  the  75  per  cent  poi^it  is  called  the  upper  quartile  or  third  quartile. 
For  our  light  bulb  data  the  median  is  1100  and  the  upper  quartile  is 
1300.  \  % 

These  per  cent  points  are  also  called  percentilesj^the  nth  percentile  is 
>^he  point  below  which  lies  n  per  cent  of  all  of  the  scores  when  they  have 
bfeen  arranged  in  order  of  size.  Thus,  the  90th  percentile  is  the  point  be- 
Jow  which  36  of  the  scores  lie  (90  pfer  cent  of  40  is  36).  In  this  case  the 
point  corresponds  to  1400  hours.  _  ^ 

Other  possible  sources  of  ^data  for  such  analyses  are  heights  and 
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wg|gh'ts  -il.  class  rfte^le^^  the  batting  averages  of  the  best  50  batters 
iji  the  American  or  l^liiohal  Leagues  at  the  end  of  the  season,  the  total 
number  of  d6ts  shT^.-yiing  on  each  'throw  of  three  dice  when  they  are  throwji 
many  limes,  the  number  of  letter^  in  each  word  of  a  page  of  a^book,  the 
distance  students  live  from  the  school,' the  frequency  of  0,  1,  2,  •  •  •  9 
in  the  last  digit  of  street  numbers,  the  number  of  calories  in  the  food 
consumed  by  the  class  during  a  meal  at  home^  and  the  number"  of  chil- 
dren in  each  family  of  the  class.  The  study  of  such  frequency  distribu- 
tions will  provide  the  students  with  procedures  which  are  of  considerable 
value  in  later  work  in  statistics.          '  \  ■ 

MEASURES  OF  CENTRAL  tendency' 

In  addition  to  using  the  cumulative  polygon  to  determine  the  median 
and  the  various  percentiles  of  the  set  of  observations,  there  are  other 
ways  of  looking  at  the  set  to.  get  more  information.  These  are  primarily 
concerned  with  two  questions:  What  single  score  best  represents  the  set 
of  data  as  a  whole?  To  what  extent  do  the  scores  bunch  together  or 
scatter  out? 

There  are  at  least  three  common  answers  to  the  first  question;  each 
of  these  has  ifis  advantages  and  disadvantages.  The  first  is  the  median 
discussed  above.  This  measure  is  easy  to  understand.  It  is  easy  to  com- 
pute once  the  scores  have  beeji  arranged  in  order  of  size.  It  is  not  usually  ^ 
influenced  by  a  few  scores  which  arp  much  larger  or  much  smaller  than 
the  other  scores  in  the  set  of  data.  • 

To  illustrate  this  last  point,  suppose  you  were  considering^  the  salaries 
paid  in  a  certain  factory.  There  were  two  janitors  at  $2000  each,  JO 
workmen  at  $4000,  2  foremen  at  $5000,  and  tie  owner  who  received 
$25,000.  Obviously,  the  median  of  $4000  gives  a  more  representative 
measure  of  the  salaries  of  the  group  than  does  the  average  salary  which 
is  $5367.  , 

The  ordinary  average  whps^^  value  in  the  last  example  was  $5367 
is  called  the  mean.  A  more  technical  name  for  it  is  arithmetic  mean  to 
distinguish  it  from  two  other  rarely  used  measures  called  the  geometric 
mean  and  the  harmonic  mean.  This  arithmetic  mean  is  influenced  by 
extreme  scores  but  it  has  some  advantages  which  outweigh  this  fact. 
We  list  a  couple. 

»The  mean  can  be  computed  without  arranging  the  scores  in  order  of 
size.  However,  it  does  require  more  Use  of  multiplication,  addition,  and 
division  than  does  the  median..  Most  important,  if  the  population  is 
separated  into  subgroups  of  known-sizes  and  known  means,  the  mean  of 
the  whole  population  can  be  determined  from  this  information  without 
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going  back  to  the  original  data.  The  proof  of  this  we  will  introduce  later. 
Meanwhile  we  consider  an  example.  Suppose  in  a  schoo^  of  25  rooms  of 
40  children  each  the  mean  height  of  each  room  of  children  were  Iglown. 
Multiply  each  mean  by  the  number  of  children  in  each  room.  Add  these 
products.  Divide  by  lOQO.  The  result  is  the  mean  of  the  total  group. 
This  could  not  be  done  with  the  median  because  it  does  not  involve  the 
size  oi  each  score  as  does  the  mean.  If  we  knew  the  median  height  of  the 
children  in  each  of  the  25  rooms,  there  is  no  way  we  could  handle  the  25 
medians  to  obtain  the  median  height  of  the  whole  1000  children.  Since 
the  mean  involves  three  of  the  arithmetic  operations,,  it  can  be  subjected 
to  considerable  mathematical •  treatment  and  development;  the  median 
wliich  is  based:  primarily  on  the  order  of  scores  in  terms  of  size,  is  not 
amenable  to  as  much  mathematical  treatment.  Hence,  since  statistics 
is  a  kind  of  applied  mathematics,  we  will  see  that  the  mean  will  appear 
again  and  again  in  future  developments  while  the  median  will  "drop  in" 
just  now  and  then. 

The  third  common  measure  of  central  tendency  or  score  representative- 
tths  is  the  mode.  This  is  the  score  that  occurs  most  often  in  a  given  fre- 
quency distribution.  For  our  light  experiment,  for  instance,  the  mode 
was  1200  hours  since  the  class  with  this  midpoint  contains  7  observa- 
tions while  no  other  contains  more  than  5.  ' 

The  mode  is  easy  to  understand  and  easy  to  determine.  It  is  not  even 
necessary  to  arrange  the  scores  in  order.  It  is  not  influenced  by  extremely 
large  and  extremely  small  scores.  In  the  illustration  of  the  factory  salaries 
the  mode, -like  the  median,  would  also  be  S4000.  On  the  other  hand,  the 
mode  involves  no  mathematical  operation  beyond  counting  the  number 
of  observations  of  each  score  or  class  of  scores.  Hence,  like  the  median 
its  use  in  later  statistical  developments  is  extremely  rare. 

SOME  STATISTICAL  SYMBOLISM 

Mental  confusion  and  fear  are  often  the  by-products  of  many  students' 
first  contacts  with  the  symbolism  of  mathematics.  In  particular,  while 
the  symbolism  of  statistics. resembles  the  symbolism  of  the  algebra 
learned  eariier,  it  is  enough  different  to  be  troublesome.  Sigmas,  primes, 
and  subscripts  seem  to  conspire  to  frustrate  the  unhappy  reader.  We 
think  that  if' a  greater  variety  of  symbolism  were  used  throughout  the 
secondary  school,  especially  in  algebra,  there  would  be  less  fear  and  trem- 
bling later  \yhen,  as  the  necessity  for  conciseness  and  preciseness  in- 
creases, more  symbolism  is  introduced. 

Like  all  mathematical  sjonbolism,  statistical  symbolism  has  been 
created,  not  to  conceal  meanings  but  to  make  them  more  precise,  more 
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adaptable  to  the  expression  of  generalizations,  and  more  tractable  for 
the  production  of  new  relationships  not  previously  perceived.  In  mathe- 
matics we  must  say*  exactly  what  we  mean  and  only  what  we  mean;  we 
must  be  precise  and  concise.  Jf  we  say  too  much,  we  are  likely  to  mis- 
lead by  causing  the-student  to  read  into  the  excess  language  meanings 
we  did  not  intend.  If.  the  kindNof  communication  we  use  permits  a  sym- 
bol to  have  more  than  one  meaning,  then  we  are  transmitting  a  message 
that  is  ambiguous.  ^v^- 

As  an  illustration  of  the  symbolism  of  statistics,  consider  the  formal 
definition  of  the  mean  of  :i  set  of  grouped  measurements,  such  as  the.Hfe 
of  light  bulbs  we  have  used  so  often;  This  is 


n 


Certainly  the  first  sight  of  this  formula  is  enough  to  terrify  anyone  who 
does  not  know  the  meaning  of  its  symbolic  components.  A  very  important 
contribution  that  teachers  could  make  to  an  alleviation  of  this  situation 
would  be  to  introduce  gradually  some  of  the  notations  and  symbolism 
which  are  really  very  useful  even  at  early  le\'els.  We  illustrate  with  a 
particular  example. 

SIMPLE  MEAN 

Suppose  we  want  to  compute  average  grades  for  individuals  in  a  class 
and  for  a  class  as  a  whole.  For  illy(ftration  let  us  take.a  class  of  ten  pupils 
each  of  whom  tiikes  English,  ^lathematics,  History,  French,  and  Art. 
We  tabulatd  their  grades  as  shown  in  Table  2.  Allen's  average  is  easily 
obtained  as  ■  ^' 

C9  +  68  +  85  +  73  +  80     375  „. 

—  -5  -=-5-  =  '^'-  . 

TABLE  2 


Allen 

Bob 

Charles 

Dick 

Ed 

Fred 

George 

Henry 

Ike 

Jack 

Art  ^ 

69 

70 

65 

.  82  ■ 

91 

66 

73. 

.  90 

73 

80 

English 

68 

70 

78 

60 

70 

82 

81 

65 

.  83 

French 

85 

.  73 

75 

1  68 

65 

70 

80 

83 

82 

90 

History 

73 

62 

73 

85  ■ 

55 

65 

'  73 

9%> 

76 

70 

Math. 

.80 

86 

92 

71 

63 

50 

«0 

75 

77 

81 
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Bob's  average,  is  • 

70  +  70  +  73  +  62  +  86  '  361  ^ 
5  5"  ~  • 

and  so  forth  for  each  boy.  On  the  other  hand,  if  the  average  grade  in  the 
mathematics  class  is  wanted,  we  find -that^it'  is 

80  +  86  ,+  92  +  71  +  63  +  50  +  80  +  75  +  77  +  81  _  755  _  ■ 

~     10  ~  ~lo  ~  ■  -  ^  • 

What  we  did  .to  obtain  the  average  or  mean  of  these  mathematics 
grades  was  to  divide  the  sum  of  them  by  the  number  of  boys  in  the  class. 
Suppose  now  we  let  n  represent  the  number  qf  boys  in  the  class,  and  a, 
6,  c,  and  so  on  stand  for  the  mathematics  grades  of  All^,  Bob,  Charles, 
and  so  on.  The  class  average  in  mathematics  could  then  be  symbolized  as  • 

mean  =  — ■  —  -1-^  .  n 

The     •  indicate  the  same  ideas  as  the  and  so  on  written  a^bove,  i.e., 
the  grades  of  the^other  boys  in  the  mathematics  class.  .  *^ 

We  would  want  to  use  some  other  letters  to  represent  ^des  in  French 
or  English.  Would  it  not  be  simple  to  use  the  letter  M  to  stand  for  a 
mathematics  grade  with  an  identifying  subscript  to  indicate  the  boy  in- 
volved? For  example.  Ma  is  Allen's  mathematics  grade,  Ah  Bob's,"  and 
so  on.  Even-more  simple  is  the  idea  of  numbering  the  boys  in  some  order: 
Thus,  Let  Ml  stand  for  Allen's  grade,  M^  for  Bob's;  and  so  on.  Then  the 
mean  could  be  written  \     .  .  '\   ,    '  ^   -  .       '  '^^ 

.       _  ^^1  +  ^2  +  Mz  +       4:Mn  :        \/  ■ 

^In  this  formula  M  represents  the  mejin  of  the  mathematics  grades.  The 
mean  of  the  grades  in  French  would  similarly  be  ^  .  - 

p  -   ^1  +  F,  +  +  Fn:  '  * 

.  ft 

However,  the  mathematician's  passion  for  conciseness  goes  even  fur-  ' 
ther.  In  the  case  of  the  mathematics  ^ades  we  observe  that  we  added  a 
group  of  terms  of  the  form  Mi  ,  in -which  M  indicates  a  mathem^-tips 
grade'and  the  subscript  i  refers  to  the  boy  whose  grade  was  added.  To 
Kive  the  command  mm  all  maihemaiics  grades  for. all  hoys  we  couH  more 
briefly  say  sum  all  Mi .  As  an  abbreviation  for  thcv words  sum  all  we  will 
use  the  Greek  capital  S  which  is  written       and  read  as  sigma.  Hence, 
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lum  nil  Mi  will  be  written,  as*  2^*  '  To/show  exa'ctly  whic^^^boyJS' 
^grades  are 'being  added,  wer.;?^rill  specify  which  values' of  :7i  are  involved 

]  .  .  ^  .  ■    '  ^, ^  .    .  ^ 

by  wjiting  X)  Af/.  Th^s  means, thatz  takefe' all- integral  values  from  tto  n 

^    '       .    "■  '     i       ^  ^    ■'  ,  '       ,  ^ 

inclusive.  Again  2      means  X,  +      +  .  Also,  2       -  A",) 

means  Xo)  +  {X  ~  (X  -Ic,)  +  (X  --Xjiss/^  ^         .  ■ 

By  using  this  kind  of  symbolism  many  sums  can  be  writt^very  con- 
cisely. Thus,  the  mean  of  the  mathematics'  grades  is  given  by 

In  like  manner  the  mean  of  the  I^'rench  grades  is  f 

In  this  illustration  we  have  omitted  the  brackets  since  they  add  nothing 
to  the  clarity  of  the  formula.  This  last  formula  Would  be  readi  "Ftar 
(or  mean  French  grade)  equals  one  over  n  times  the  sum  of  all  F  sub  i 
where  2  goes  from  1  to  n;"  In  like  fashion  we  could  express  Allen.'s  mean  as 


a  = 


Ol  +  02  +  03  +  Oi  +'05 


-=  ,  or  as  d  =  -r  2^ 

^  .         5  <-i 


1  ^ 


and  Bob's  as^—  --Ik      ,   -  \ 

Slippqse  we  want  to  find^the  class  average  for  all  grades.  We  can  get 
it  byWding^the  50  grades  and  dividing  the  5um  by  50:  On  the  other 
0  Hand  \\e\vo_uld  obtain  exactly  the  same  result  if  we  added  the  five  subject 
rieans  A,  E,  F]      and  M\  and  divided  by  5,  or.the  10  means  qf  the 
^  bbys  a,  5,  c,  •  •  •  7,  and  divided  by  10.  It  is  just  this  property  of  the-mean 
which,  when  proved  in  the  general  case,  makes  the  mean  very  .^seful 
the  statistician  in  further  mathematical  developments.  We  note'that 
if  there  were  a  difTerent  number  of  boys  in  the  different  classes.w^e  would  < 
nebd  to  use  the  idea  of  a  weighted  mean  in  order  to  get  the  grand  average. 
This  we  develop  in  the  next  section.  "  \ 

WEIGHTED  MEAN 

We  havanot  yet  arrived  at  the  general  formula  for  the  mean  given  at 
then2eginning  of  our  discnssion  of  statistical  symbolprii.  We  will-ap- 
proach it  through  a  simple  example.        y   ^ , 
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Suppose  the  different  courses  taken  by  the  boys  in  our  class  above  met 
for  a  different  number  of  hours  per  week,  e:g.,  Art  for  2  hours,  JSnglish 
and  History  for  4,  and  French  and  Mathematics  for  5:  Would  an  average, 
computed  by  the  method  we  have  been  using  be  a  fair  average?  Most 
people  would  prefer  a  weighted  average.  This  would  be  obtained  by  multi- 
plying each  grade  by  the  number  of  hours  the  class  meets,  adding  these 
products,  and  dividing  by  the  total  hours  a  boy  has 'in  class.  Under  this 
system  Allen -s  mean  would  be  determined  by 


a 


69  X  2  +  68  X  4  +  85  X  5  +  73  X  4  +  80  X  0 
2  +  4.+  5  +  4  +  5  / 

138  +  272  +  425  .4-;2p2  +^400 
20  . 

-w^=  ^^^^  ^ 


If,  as  before,  we  let  Ox  stand  for  Allen's  Art  grade,  aj  for  the  English 
".grade,  and  /i  and  fj  /or  the  number  of  hours  per  week  these  courses 
meet,_we ,  may.  write  .  .  © 

/i  + /a  +  jr*  + /5 
^Using  the  Sigma  notation  this  formula  can  be  shortened  to 


This  is  the  frightening  kind  of  formula  we  displayed  originally.  Perhiaps 
our  gradual,  approach  to'  it  has  made  it  less  fearsome. 

MEA?^  OF  A  SET  OF  MEANS 

The  idea  of  an  average  of  a  set  of  averages  is  somiething  which  is  vital 
in  any  statistical  analysis.  We  could  obtain  the  general  class  average, 
say  G,  in  either  of  two  ways.  We  cOuld  find/ each  boy's  average  a,  6,  a, 
•  • '  j  from  which  we  could  obtain  the  grand,  averages, 

■       :  ^      ^-        ^  _  a  +  6  +  >  >  >  +3\  \ 
^   10 

\Ve 'cnu'hl,  also  obtain  G  as  the  weighed  uverage  of  the  class  average: 

■;'  ■  /,     2A  +       +  4/7  +  5i¥  +  5P 

 20      ..  • 
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The  interesting  thing  about  this  is  that  we.  obtain  the  same  result  for 
the  grand  average  no  matter  which  way  we  compute  it.  Another  simple 
example  of  a  grand  average  would  be  the  batting  or  fielding  averages  of 
a  team  from  the  averages  of  the  individual,  members  of  the  team. 

A  more  complicated  situation  of  the  same  general  pattern  might  arise 
if  a  statistician 'were  interested  in  a  problem  like  the  following:  What  is 
the  average  height  of  adult  (over  20)  males  in  the  United  States?  He 
might  take  a  sample  of  100  men  in  New  York  City  and  find  that  their 
mean  height  is  68.3  inches.  Another  sample  of  100  men  in  Philadelphia 
might  yield  a  mean  of  65.9  inches.  He  may  proceed  thus  with  25  sajnples 
in  25  different  cities,  obtaining  25  sample  means.  Suppose  he  fields  the 
mean  of  all  of  these  sample  means.  Does  he  now  have  the  true  value  of 
the  mean  height  of  all  adult  males  in.  the  United  States?  Obviously  not. 
The  problem  confronting  him  is  how  close  is  he  likely  to  be  to  this  true 
value.  Will  it  pay  him  in  time  and  effort  to  seek  to  obtain  a  value' closer 
to  the  true  mean  by  taking  more  samples,  or  larger  samples/or  samples 
in  a  variety  of  places  such  as  suburbs,  rural  commimities,  and  other 
cities?  / 

These  problems  are  not  at  all  simple  and  are  bound  up  intimately  with 
theories  of  probability,  as  the  use  of  the  word  likely  in  the  previous  para- 
graph suggests.  We^will  discuss  these  problems  later.  Actually  we  are 
suggesting  agfirin  a  fundamental  problem  of  statistics,. that  of  predicting 
the  properties  ojP^  population  from  those  of  a  sample.  This  prediction, 
however,  will  be  valueless  imless  we.'can  accompany  it  with  some,  indica- 
tion of  the  probability  of  the  accuracy  of  the  prediction.  This  reminds  us 
of  the  confidence  level  we  mentioned  when  discussing  the  trials  of  coke 
tasting  ability. 

-  „  VARIABILITY 

A  second  question  we  promised  to  discuss  was  the  bunching  or  scatter- 
ing of  scores.  For  example,  every  teacher  knows  that  the  means  of  two 
classes  on  a  t^st  may  be  the  same  but  that  the  scores  in  one  of  tKe  classes 
may  be  rather  close  together  while  in  the  bther  class  there' is  a  wide 
scattering.  What  we  will  seek  now  is  a  good  method  for  measuring  the 
average  amount  of  scattering  from  the  mean.  As  our  intuitive  notion 
of  the^ scattering  increases  or  decreases,  so  should  our  measure  of  this 
variation.  . 

Consider,  for  example,  the  follo^ving  three  sets  of  observations: 

.1,3,5,7,9  r 
;    .  4,4,5,6,6  . 
>  1,1,5,9,9. 
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Each  of  the  three  rows  of  numbers  has  the  same  mean  (5).  However,  the 
second  row  of  numbers  is  grouped  more  closely  about  the  mean  than  the 
other  two  rows.  The  numbers  in  the  thii'd  row  are  more  widely  dispersed 
about  5  than  those  in  the  other  two  rows.  ' 

A.  first  suggestion  for  finding  a  measure  for  the  variability  of  scores 
about  the  mean  might  be  to  subtract  each  score,  Xi  ;'from  the  mean,  X, 
and  sum  these  differences  fbr  each  row  of  scores.  In  symbols  what%ve  will 
■  do  is  represented  by 

i^l       ■    .  ■  ■ 

For  the  first  row  we  obtain  (+'4)  +  (-J-2)  +  0  +  (-2)  +  (—4)  =  0. 
For  the  second  fow  we  get  1,  1,  0,  —1,  and  —  I.  This  sum.  is  also  0. 
For  the  third  we  have  (+4)  +  (+4)  +  0  +  (-4).  +  .(-4)  =  0.  Evi- 
dently, our  first  suggestion  for  a  measure  of  scatter  is  useless,  since  it 
seems  to  always  give  us  the  same  result,  namely  zero. 

The  students  may  think  that 'the  result  is  just  an  accident.  They  can 
obtain  some  interesting  practice  in  dealing  with  signed  numbers  as  they 
sum  the  deviations  of  scores  from  the  means  of  such  sets  of  scores.  More 
important,  the  teacher  has  a  goodppportunity  to  discuss  inductive  think- 
ing. (See  Chapter  4.)  How  many  sets  of  numbers  must  be  studied  in 
this  way  before  some  student  will  conclude  that,  the  sum  of  the  devia- 
tions from  their  mean  is  always  zero?  What  would  constitute  a  satis- 
factory proof  of  such  a  theorem?  As  a  matter  of  fact  a  proof  of  this 
statement,  which  we  obtained'  inductively^  can  be  given  deductively. 
In  the  process  valuable  experience  in  the  use.  of  symbolism  is  provided. 
'  Briefly  it  goes  like  this: 

<-i   ^  f-i  i-i 

-   However,  this  proof  requires  some  explanation  and  justification.  First, 

■      ■  ^ 

By  regrouping  and  using  the  associative  and  conunutative  laws  of  addi- 
•  tioa,  we  obtain 

fi:xx-x,)^ix  +  x  +  ^  + +2)  ' 
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Since  the  first  Mj:enthe8is  contains  n  terms,  the  sum  =  nX.  Since 

n 

we  see  that  Xi  +  Xt  +  Xi  + •  •  +X„  =  nX.  Therefore,  the  sum  in 
the  second  parenthesis  also  equals  nX.  By  substitution,  then, 
fi     _  '  ^' 

A  second  suggestion  for_a  measure  of  variability  might  be,  "measure 
how  far  each  Xi  is  from  X,  ignoring  the  direction,  and  add  up  the  re- 
.  suits."  In  the  three  cases  above  this  would  give 

(1)  4  +  2  +  0  +  2  +  4  =  12     \  ' 

(2)  1  +  1  +  0  +  1  +  1  =  4- 

(a)    4  +  4  +  0+4  +  4  =  16. 

This  seems  much  better,  since  ^^e  agreed  that  the  second  set  of  observa- 
tions is  mucl^.  less  variable  than  either  of  the  other  two.  Mathematically, 
this  idea  of  the  difference  in  size  of  two  numbers  without  regard  to  the 
sign  of  the  result  is_known  as  the  absolute  value  of  the  difference  and  is  de- 
noted, by  \  Xi  —  X^  Note  that  it  is  customary  to  write  Xi  first>;  the, 
same  result  would  be  obtaind^d,  however,  if  X  had  been  given  the  first 
position.  It  is  the  sum 

ii\x,^x\ 

which  we  are  considering  here  as  a  measure  of  variability. 
For  a  large  set  of  observations,  widely  scattered,  the  sum  ■ 

■  ll\x,-x\  '  .  - 

might  be  awkward  to  handled  By  dividing  this  quantity  by  n  we  obtain 
a  measure  of  the  average  variation  of  each  score  from  the  mean.  For  each 
of  the  three  set?  of  numbers  in  our  example  this  average  absolute  devia- 
tion from  the  mean  or  A.D.  equals  2.4,  0.8,  and  3.2  respectively. 

We  can  see  that  this  measure  gives  a  very  sensible  measure  of  average 
variation.  Unfortunately,  because  the  signs  of  the  deviations  from  the 
mean  are  ignored,  the  A  .D.  cannot  be  treated  mathefl^atically  in  a  very 
extensive  way.  As  a  result,  statisticians  have  resorted  to  another  meas- 

.  ure  of  variation  which  has  the  good  features  of  the  A.D.  but  avoids  the 

.  trouble  with  signs  by  a  different  device. 
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THE  VARIANCE  AND  STANDARD  DEVIATION 

The  property  that  made  the  A.D.  superior  was  the  fact  that  absolute 
deviations  are  always  positive.  Since  the  square  of  either  a  positive  or 
negative  deviation  would  be  a  positive  quantity,  we  can  obtain  the  same 
advantage  as  the  A.D.  by  squaring  the  deviations  from  the  mean  before 
I  summing  and -averaging  them.  Ho^'cver,  smce  this  would  magnify  the 
measure  of  variation,  we  take  the  square  root  of  the  average  of  the  sum 
of  squareSSIhe  name  given  to  this  measure  is  the  standard  deviation. 
The  average  of  the  sum  of  squares  of  the  deviations  from  tjie  mean  is 
called  the  vdriancej^Bence,  we  can  say  that  the  standard  deviation  is  the 
square  root  of  the  variance.  In  mofb  advanced  work  in  statistics,  the 
variance  plays  a  much  more  important  part  than  the  standard  devia- 
tion. 

A.  general  definition  of  the  standard  deviation  is 

s  =     [(X.  -    +  (X.  -    +  ■ . . -  ^n. 

Ii>  the  symbolism  we-have  adopted  this  formula  can  be  expressed  as: 

'   n  i-i  .  ,  ; 

We  will  now  apply  these  formulas  fo  determine  the  standard  deviations 
of  the  three  soits  of  numbers  we  used  above. 

=  ^^/(l      5)'  +  (3  --5).'  +  (5  -  5)'  +  (7  -  5)'  +  (9  -  5y 
=  \^Ai  -  5)'  +  (4  -  5)'  +  (5  -  5)'  +  (6  --5)'  +  (6  -  5)"' 
-  5)'  +  (1  -  5)'  +  (5  -  5)'  +  (9  -  5)'  +  (9  -  5)' 


"'^  5 


=  +  16  +  04-  16^6  ^  ^  ^  ^  3^ 

The  standard  deviation  is  the  most  widely  used  measure  of  the  scatter 
or  variability  of  a  set  of  observations  about,4?heir  mean.  One  of  the  princi- 
pal reasons  for  this  is  that  it  is  defined  in  terms  of  mathematical  opera- 
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i^ons  which  are  easy  to  manipulate  both  arithmetically  and  algebraically. 
Another  reason  is  that  in  many  cases  wh^re  large  numbers  of  measure- 
pients  are  distributed  approximately  accor^ng  to  the  so-called  normal 
or  bell-shaped  curve  the  following  resufe  will  hold,  although  we  make 
rio  attempt  to  state  precisely  what  colJaitions  would  have  to  be  satis- 
fied nor  to, prove  the  "Statement.  Nevertheless,  it  is  true  that  about  6.8 
per  cent  of  the  observations  will  fall  within  one  standard  deviation  on 
either  side  of  the  mean,  95  per  cent  within  two  standard  deviations  and 
99.7  per  cent  (or  nearly  all)  within  three  standard  deviations. 

SUMMARY  TO  THIS  POINT 

We  have,  so  far,  outlined  the  importance  of: 

1.  The  careful  statement  of  the  problem  which  is  going  to  be  ap- 
proached statistically. 

2.  Careful  definition  of  the  words  used  in  the^stateijient  of  the  problem. 

3.  The  necessity  in  many  cases  of  drawing  a  sample. 

4.  Properties  of  samples  and  methods  of  drawing  them  to  insure  these 
properties.  .  _^ 

5.  The  collection  of  data  frOm  the  sample. 

6.  Methods  of  tabulating  and  organizing  the  data.  •  . 

7.  Symbolism  and  its  advantages  of  precision  and  conciseness. 

8.  The  use  of  the  mean  and  the  standard  deviation  to  summarize  the 
data. 

We  shall  next  consider  the  really  fundamental  problem — how  to  make 
'  inferences  from  the  sample  to  the  population.  The  solution  of  this  prob- 
.  lem  will  give  us  a  sound  basis  for  making  the  kind  of  decisionjhe  problem 
demands.  ^  ^  J 

STATISTICAL  INFERENCE 

The  problem  of  statistical  inferences  involves  such  questions  as:  Under 
what  circumstances  can  we  make  inferences  from  the  measurements  in 
the  population?  When  is  a  sample  a  good  sample  from  which  to  make  a 
prediction?  How  do  you  make  si;ch  a  prediction?  Is  the  prediction  a 
certainty  and  if  not,  ho>v.  reliable  is  it? 

We  see  that  statistical  ifiference  which  involves  generalization  from 
what  is  often  inadequate  data  is  JfiS^pecial  case  of  inductive  reasoning. 
It  is  subject  to  many  difficulties  and  pitfnlls  and  in  order  to  study  it  we 
need  to  use  the  theory  of  probability.  First,  however,  we  should  note 
that  a  complete  discuHwion  of  the  m Any  types  of  problems  which  can  be 
attacked  by  statistical  methods  and  for^which  valid  inferences  can  be 
.  made  is  impossible  here  since  we- must  restrict  ourselves  to  those  kinds 
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of  problems  which  arc  susceptible  to  the  methods  we  can  develop  easily. 
These  methods  are  those  that  involve  the  use  of  the  binomial  theorem 
which  is  a  familiar  part  of  intermediate  algebra.  The  development  of 
such  methods  islcnown  as  building  a  mathematical  model  for  the  prob- 
lem. ,  ' 

Two  imptjrtant  uses  of  statistical  inference  are:  (1)  to  test  hypotheses, 
and  (2)  to  obtain  estimates  of  population  measures  from  what  we  find 
out  about  a  sample.  In  the  first  cas^<<femake  a  guess  about  a  population 
measure,  take  a  sample,  observe  the  results  of  making  that  measure  in 
the  sample  and  then  decide  to  accept  or  reject  the  guess.  In  the  second 
case  we  start  with  a  sample,  observ  e  the  measures  in  the  sample  and  then 
assert  that  the  corresponding  measure  in  the  population  lies  between 
two  numbers  called  the  confidence  limits.  For  example,  (1)  In  a  coming 
election  for  president  of  the  junior  class  Jack's  campaign  manager  may 
predict  that  his  candidate  will  receive  60  per  cent  of  the  vote  and  Bill, 
his  opponent,  the  remaining  40  per  cent.  The  campaign  manager's  hy- 
pothesis is  that  Jack's  per  cent  of  the  class  vote  will  be  60.  To  test  his 
hypothesis  he  questions  a  random  sample  of  the  class'and  finds  that  55 
per  cent  of  those  interviewed  say  that  they  favor^  Ja-ck.  As  we  will  show 
later,  with  this  information  and  the  knowledge  of  a  little  mathematics 
he  can  determine  at  a  certain  level  of  confidence  whether  a  sample  of  a 
certain  sixe  might  gi^•e  a  value  of  55  per  cent  if  the  true  per  cent  were  GO. 
^(2)  Instead  of  testing  a  hypothesis  the  campaign  manager  may  . want  to 
obtain  a  lower  and  upper  limit  between  which  he  can  predict,  with  a  high 
level  of  confidence  that  Jack's  per  cent  of  the  vote  will  appear.  To  do  this 
he  takes  a  j^ampleas  before.  Knowing  the  size  of  the  sample  and  the  per 
cent  obtained  from  the  sample,  he  can  calculate  a  confidence  interval  for 
the  true  per  cent  by  a  method  that  gives  correct  decisions  a  high  per 
cent  of  the  time.  We  shall  also  illustrate  this  procedure  later. 
^  Another  example  of  the  first  kind  is  the  problem  of  the  coke  tester. 
The  hypothesis  nii^ht  be  that  the  claimant  has  no  ability  and  the  prob- 
lem would  he  to  decide  how  big  a  sample  should  he  used  and  whft^- 
sults  will  enable  the  tester  to  say  that  his  hypothesis  is  valid  with  a.cer- 
tain  degree  of  confidence.  The  left-handed  chair  problem  will  give  us 
another  example  of  the  second  kind.  From  the  results  of  the  sample  we 
want  to  predict  the  percentage  of  left-handed  children  in  classrooms  in 
the  whole  system  within  a  certain  margin  and  with- a  specified  degree 
of  confidence. 

■We  ha-ve  implied  flTb  need  for  a  mathematical  model  in  order  solve 
prohU^nis  involving  statistical  inference.  We  have  also  indicated  that  we 
must  restrict  onrsoh-(^s  to  a  model  associated  with  the  binoniiul^heorem. 
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To  use  other  than  a  binomial  model  would  require  a  greater  mathematical 
background  thanliigh  school  students  possess.  There  are  other  statistical 
models  or  distribution  functions,  but  a  glance  at  the  algebraic  form  of 
some  of  them,  let  alone  an  analysis  of  the  assumptions  which,  must  be 
satisfied  before  they  can  be  applied,  is  sufficient  to  reveal  the  necessity 
of  our  restriction.  Some  of  these  follow..  -  •  . 
The  Normal  Distribution: 

,  ]\x)  =     J      e     2ffi    ,  —  CO  .<  x  <  00 

'  v27r(r 

The  Poisson  Distribution: 

■    .    ^^"'^  ='^,x  =  0,1,2,3,  ■■■    •  . 
The  Chi  Square  Distribution: 

where    ^  ^ 

u  =  22  (  ~^ — ~  )  ~  x'j    and    k  =  the  number  of  degrees  of  freedom. 

•         ■  ■         *  ^ ' 

'  The  concept  of  model  is  not  a  difficult  one.  For  example,  multiplication 
is  a  model  for/^pidly  finding  the  sum  of  any  number  of  identical  addends. 
The  Pythagorean  theorem  is  a  model  for  finding  the  length  of  any  side 
of  a  right  triarigle^f  two  of      sides  are  known. 

SPECIAL  PROPERTIES  OF  A  PROBLEM 

We  must  next  observe  that  when  we  restrict  ourselves  to  a  binomial 
model  for  the  purposes  of  solving  problems  of  statistical  inference,  we 
thereby  limit  ourselves  to  a  certain  type  of  problem.  The  nature  pf  the 
restriction  can  be^lescribed  by  stating  the  five  Conditions  that  must  be 
.satisfied  before  the  binomial  model  can  be  useck  (1)  There  must  be  a 
certain  fixed  number  of  elements  in  the  sample.  Th\is  in  the  last  example 
above,  the  classes  have^40  children  each.  (2)  For  each  element  of  the 
popuhition  from"* which  the  sample  is  drawn  we  miist  be  able  to  decide 
yes  or  no  as  to  whether  the  property  exists,  i.e.,  each  child  is  left-handed  " 
(in  the  sense  we  defined  above)  or  not.  (3)  The  probability  oi  yes  must 
be  the  same  for  all  elements,  i.e.,  in  this  case  we  assume  that  there  is  a 
fixed  probability  of  left-handedness  in  any  individual.  (4)  The  elements 
are  independent  in  the  sense  that  possession  of  the  required  property  by 
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any  one  element  is  independent  of  any  other,  i.e.  whether  %  given  child 
is  left-handed  or  not  does  not  depend  on  what  is  true  of  anV  other  child 
in  this  TOQim:  This  would^in  general  be  trj^  unless  there  were  a  large 
number  of  identical  twine  or  siblings  of  nearly  the  same  age  in  the  sys- 
„  tem'and  we  would  simply  have  to  ignore  this  possibility  in  our  study.  (5) 
We  are  int^rest^d  ioftthe  total  numbers  of  yes'8,  i.e.,  not  which  individual 
child  is  left-handed  b\it  only  how  many  left-handed  ones  there  are  in 
the  room.  We  see  that  our  problem  satisfies  all  these  conditions. 

THE  IMPORTANCE  OF  PROBABILITY    .  . 

xTq  construct  our  binomial  model  we  are  going  to  have  to  draw  on  some 
postulates  of  probability  introduced  in  Chapter  6  so  let  us  review  them 
here.  ' 

*  <         -  •  ■  ■ 

l\  We  assume  that  if  an  experiment,  which  may  or  may  not  succeed, 

is  tried  repeatedly  under  exactly  the  same  circumstances,  there  is  a  prob- 
ability associated  with  the  experiment  which  \lls  us  libw  likely  it  is  to 
succeed.  This  probability  is  a  number  between  0  and  1.  We  write  — 

0  ^  P(E)  ^  1  . 

-where  E  refers  to  the  occurrence  of  a  specified  event., Thus  if  E  is  the 
event  of  throwing  jin  ace  with  a  perfect  die  we  assume  P(E)  =  J^. 
Empirically  we  would  say  that  this  probability  could  be  approximated  * 
by  making  n  trials  in  which  we  obtained  m  successes  and  determining 
m/n.  Of  courtie  n  should  he  fairly  large.  Thus  if  a  particular  coin  which 
is  old  and  irregulanty  worn'  is  tos?>ed  1,000  times  and  435  'head|  are  ob- 
tained we  would  say  that  the  coin  has  a  probability  of  approximately 
.435  of  falling  heads  on  any  one  toss,  i.e.j  P(E)  ^  .435.  This  is,  of  course, 
a  different  situation  from  that  where  we  look  at  a  coin  before  tossing  it 
and  after  seeing  that  it  looks  symmetric  and  imbiased,  assign  a  mathe- 
matical probability  of  |^  or  .5  for  its  falling  heads.  In  the- first  case  \^^e 
assume  that  thefje.^is  af  fixed  but  unknown  probability  which  we  are  try- 
ing to  find.  We  attempt  to  determine  it  by  repeated  trials  and  a  care- 
ful study  of  the  result.  In  the  second  case  we  assign  a  fixed  probability, 
in  this,  case  Another  familiar  example  of  this  kind  is  that  of  a  well- 
:made  die  where 'e.ven  before  it  is  cast,  we  assign  a  probability  of  3^  to 
the  appearance  of  a  particular  face,  say  a  3.  ProbabiHties  assigned  in 
advance  of  experiment  are  called  a  -priori  probabiliiies.  . 

2.  If  the  probability  of  one  event  is  not  influen^c^  by  the  occurrence 
orsiQnoccurrenceof  another  event,  the  two  events  are  said  to  be  inde- 
pon()f!rH)Lin  a  prolmbiHty  sense.' Thus  two  sucjcessive  tosses  of  a  coin,  or 
two  successive  casts  of  a  die,  are  assumed  to  \ye  independent.  The  postu- 
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late  we  need  is  that  the  probability  of  two  independent  events  both  hap- 
pening is  the  product  of  their  probabilities.  We  write 

If  El  aiid  Ej  are  independent:       P{Et  smirEz)  =.  P(Ei)  •  P{Ei). 

Thus  if  a  coin  is  tossed  twice,  the  probability  of  throwing  two  heads  is 
(.5) -(.5)  or  .25.  If  tossed  three  times  the  probability  of  getting  three 
heads  is  (.5)'  or  .125.  If  a  coin  is  tossed  and  at  the  same  time  a  die  is 
thrp>yn,  then  the  probability  of  throwing  a  head  with  the  coin  and  simul- 
taneously a  3  with  the  die  is  (J^)  •  (J^)  =  (K2).  Again,  if  the  probability 
'  of  a  vote  for  Jack  in  a  certain  election  is  then  the  probability  that 
both  of  two  arbitrarily  chosen  students  will  vote  for  him  is  =  ^5. 

Once  more,  if  the  probability  ,  is  ^  that  a  treatment  will  bring  about  a 
cure,  then  the  probability  that  when  two  patients  are  given  the  treat- 
ment both  will  be  cured  is  ^%5. 

3.  Two  events  are  mutually  exclusive  and  exhaustive  if  both  of  them 
cannot  happen  but  one  or  the  other  must  happeir.  Thus  heads  and  tails 
are  mutually  exclusive  and  exhaustive.  In  tossing  a  die  the  cast  of  a  2 
and  the  cast  of  a  3  are  exclusive  but  not  exhaustive.  But  the  cast  of  a 
2  and  failure  to  cast  a  2  are  exclusive  and  exhaustive.  In  this  situation 
the  sum  of  the  probabilities  is  1.  We  write: 

If  El  and  E^  are  mutually  exclusive  and  exhaustive  P(Ei)  -F  PiE^)  =  1. 

A  special  case  of  this  is  when  E2  is  the  fact  that  Ei  does  not  happen.. 
We  can  write  P(E)  .=  1  —  P(not  E):  As  an  illustration  the'probability 
of  throwing  any  face  of  a  die  except  a  2  can  be  found  as  follows: 

■  f  (not2)  =^1*- P(2)  =1  -  i 

4*.  If  there  are  several  mutually  exclusive  events,  say  Ei^  E2,  Ez,  •  •  • , 
then  the  probability  that  one  or  the  other  of  these  events  will  occur  is 
equal  to  the  sum  of  their  separate  probabilities.  We  write:  If  Ei ,  Et , 
Ez^  ., ., are  mutually  exclusive,  then 

.      .  P{Ei  or  E2  or  Ez  or  •  •  •)  =  P{E{)  +  PiE^)  +  P(^,)  +  ■  ■ 

Thus  if  a  die  is  thrown  once  the  probability  of  getting  either  a.  3  or  a  2 
is  P(3  or  2)  =  P(3)  +  P(2)  =      -f  = 

Let  us  use  these  postulates  to  see  how  to  find-  the  probability  of 
getting  a  3  and  a  2  if  two  dice  are  thrown  simultaneously.  Assuming 
one  die  is  red  and  one  is  green  in  order  to  distinguish  them,  we  find  that 
since  3  and  2  means  either  [(R3  and  G2)  or  (G3  and  R2)]  and  since  the 
two  dice  are  independent,  we  can  say 
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P(3  and  2)  =  P(ie3  and  G2)  +  P(G3  and  i22) 
.   .  '=  P(RS)  ■  P(G2)  +  P(G3)  ■  P{R2) 

■    ■  =  A-  ^ 

These  four  probability  postulates  underlie'the  mathematical  model 
we  are  buildmg  as  the  postulates  of  geometry  underlie  its  structure 
Xhe  appUcatio'ns  of  the  model  to  the  problems  of  statistics  are  like  the 
application  of  geometrical  theory  to  practical  problems  of  measurement 
ot  physical  space.  o 

THE  BINOMIAL  MODEL 

Before  we  study  bur  main  example  let  us  consider  a  somewhat  simpler 
one  where  the  samples  are  of  small  size.  We  could  start  with  a  problem 
in  coin  tossing  but  it  is  a  special  case  with  a  known  probability  of  U 
for  heads  on  a  true  coin.  Instead  of  a  coin  let  us  consider  thumbtacks 
and  investigate  the  determination  of  the  probability  of  their  falling 
point  up  when  tossed.  Since  a  thumbtack  is  far  from  symmetrical  we 
h^ve  no  a  priori  basis  for  assigning  probabilities  to  the  possible  events 
We  want  first  to  analyse  the  situation  theoretically  and  to  make  ib- 
reasonably  easy  we  consider  a  case  where  n  =  3,  i.e.,  we  toss  three' 
thumbtacks.  Let  stand  for  the  probability  of  a  tack  falling  point 

up.  It  the.  tacks  all  are  identical  we  may  assume  that  this  P(U)  =  p 
IS  the  same  for  each  tack  on  each  toss.  We  assume  that  there  are  only 
two  possible  positions  of  the  tack,  point  up  and  point- down.  Let  POD) 
mean  the  probability  of  a  tack  falling  point  down.  Then  by  postulate  3 

.It  ^  ~  ^^'^^  =  1  -  p  whibh  we  will  call  q  for  short.  Finally  "let 
us.  label  our  three  tacks  with  red,  white,  and  blue  paint  for  identifica- 
tinn  purposes. 

Now  think  of  all  of  the  possible  events  that  might  occur  if  we  tossed 
the  three  tacks  a  very  large  number  of  times.  Think  of  each  toss  as  a 
random  sample  of  all  possible  samples  of  size  3.  On  some  of  the  to.sses 
all  three  tacks  might  fall  up.  We  will  represent  this  outcome  hy:  the 
symbol  UUU.  There  will  also  be  cases  in  which  we  get  outcomes  like 
UUD  where  the  .symbols  indicate  in  , order  the  fall  of  the  red  while 
and  blue  tacks,  red  and^ite  up  and  blue  down.  Besides  these  tw.! 
there  will  be  outcome;^ like  UDU,  and  DDD  and  DDU. 
.  By, our  .second  posti^Jate  the  probability  of  UUU  -  P{U)  ■  P(U) 
P(.U)  =  p  .  p  .  p  =  pJxfor  the  event  UUD  we  obtain  p  ■  p  ,  q  =  p'-n 
For  UDU  we  have  p/  q  J  p  ^  -p^-q  and  f„r  DUU  we  abo  get  p'q.  Hcnco. 
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by  postulate  4  we  find  that  the  probability  of  two  C/'s  and  one  D  equals 
'fi  +  p^g  +  p^g  =  3  p^g. 

One  JJ  can  occur  either  in  [/DD  oxDUD  ovDDU.  By  the  same  reason- 
ing as  for  two  C/'^  the  probability  of  each  of  these  is  p  •  q^.  Hence  the 
probability  of  tfe^  first  or  the  second  or  the.third  tack  falling  up  is  3  p  •  q^: 
Finally,  DDD  can  occur  in  only  jthat  way.  Its  probability  is  q^. 

Again,  by  postulate  4  the  probability  of  any  one  or  the  other  of  the 
four  kinds  of  outcomes  equals  +  Sp^g  +  3pg^  +  (f.  Notice  that  this 
equals  (p  +  qy.  This  is  the  reason  why  our  model  is  called  a  binomial 
model.  If  we  had  used  four  tacks,  we  would  obtain 

'  (P  +      ^  P^+  4p'g  +  6pY  +  4p'g^  + 

by  the  Siime  kind  of  argument.  Note  that  the  coefficients  in  order  from 
left  to  right  eqtml 

4        4  X  3        4  X  3  X  2        4  X  3  X  2  X1 
•      '      T'       IX^'       1X2X3'  1X2X3X4' 

These  are  also  equal  to  the- number  of  combinations  of  n  things  taken 
r  at  a  time  where  r  =  0,  1,2,  3,  and  4,  respectively.  Hence,  they  may 
be  written  as  4C0 ,  4C1 ,  4C2 ,  4C3 ,  and  4C4 ,  respectively.  That  4C0  -  1 
is  justified  by  the  theorem  thaf^nCr  =  nCn-r .  Since  4^4  =  1,  then  4C4^  = 
4C0  =  1.  By  similar  reasoning  if  the  sample  size  is  n  we  find  that 

(p  +  9)"  =  P"  +  nCi  •  p"-ig  +  nCi  ■  p^-^q^  +  •  •  •  „C^i  •  pg"-^  +  g". 

There  ure  a  couple  of  observations  that  may  give  us  more  insight 
into  this  binomial  model.  Since  bypostulate  3,  p  +  g  =  1,  (p.  +  qY  = 
I*  =  1.  Hence  the  sum  of  the  four  terms  of  the  expansion  of  (p  +  g)' 
also  equals  1 .  This  is  reasonable  because  this  expansion  is  the  sum  of 
the  four  probabilities  which. measure  all  of  the  possible  outcomes  in  the 
toss  of  three  tacks.  In  other  words,  one  of  the  four  (UUU,  UUD,  UDD, 
DDD)  is  certain  to  occur  and  the  probability  of  an  event  which  is  certain 
to  occur  is  1.  Another  observation  . is  that  the  number  of  different  ways 
one  of  the  four  events  can  occur  is  given  in  terms  of  combinations.  It 
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is  common  in  statistics  to  use  the  symbol  (")"  instead  of  „Cx  to  repre- 
sent the  combination  of  nothings  taken  x  at' a  time.  In  this  notation  we 
tvould  write 

If  we  cail.falling  point  . up  a  success  we  can  summarize  the  results  we 
have  obtained  in  a  table  showingrthe  probabilities  of  0,  1,  2;or  3  suc- 
cesses in  a  toss  of  three  tacks  -  ^ 

'  X       0  1.2^3 

Such  a  table  is  called  a  binomial  pp^bility  distribution  and  is  a  special 
case  of  the  many  probability  disMbutions  which  may  occur;  If  wc 
throw  five  tacks  at  a  time  the  probabilities  would  be     •    '  j  ^ 

x       0  1  2  '  3       .   "4  5 

Finally  we  can  write  the  probability  of  getting  exactly  x  successes  in  a 
binomial  trial  of  size  n  in  the  functional  for-m:/(x)  =  (J)pV"'.  Here 
the  domaiii  of  x  is  0  and  tho  positive  integers  from  1  to  n  while  the  do- 
main of  n  is  the  positive  integers. 

To  illustrate  the  use  of  the  functional  formula  suppo.se  we  toss  five 
tacks  and  assume  that  P{U)  p  ^  j^.  To  find  ^he  probability  of 
getting 3  C/'s.and  2  D's  on  a  single  to.ss  we  compute /(3)  when  n  =  5. 

/(3)  =  (ly-iiy  ^  (1)^=  10  •        A  =  .088 
Similar  computations  show  that  when  n  =  5,  /(O)  =  -.237,  /(I)  =  31)5 
/(2)  =.  .264,/(3)  =  .088, //4)  =  .015  and /(5)  =  .001.  Of  course  the.^e 
probabilities  add  up  to  1  as  they  should. 

Using  this  illustration  and  postulate  4  we  can  determine  the  prob- 
abilities of  other  interesting  events.  For  instance,  if  x  denotes  as  before 
the  number  of  U%  we  have/(x  <  2)  =  f(0  or  1)  =  /(O)  +  /(I)  =  .237  + 
.395  =  .632.  Also, /(x'^  3)  =  /(3  or  4  or  5)  =  /(3)  +  /(4)  +  /(5)  = 
.088  +  .015  +  ,001  =  .104.  We  think  that  this  kind  of  application  of 
the  binomial  model  might  be  interesting  and  motivating  to  students. 

The  binomial  f{x)  is  a  function  in  the  same  sense  that  the  linear 
function /(x)  =  mx  +  6,  with  .x  real  and  m  and  6  real  constants,  is  a 
function.  One  principal  difference  is  that  the  latter  is  a  continuous 
function  while  the  former  is  discrete.  Functions  like  the  binomial  /(x) 
are  usually  called  distributions  in  statistics  in  the  sense  that  they  rev^l 
what  part  of  the  total  probability  is  associated  with  each  value  ()f  x. 
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Another  illustration  is  the  applicatif)n  of  the  binomial  model  or  dis- 
tribution to  battirjg  average.  Ty  Gobb's  batting  average  reached  .40*0'' 
several  times  in  his  career.-  Suppose  in  a  given  season  this  is-  true.  We 
interpret  this  to  mean  that  the  probability  of  his  getting  a  hit  any  time 
he  is  at  bat  is  %.  What  is  the  probability  that'he  gete  exactly  2  hit? 
on  a  day  when  he  is  at  bat  5  times?  ;We  write  ^ 

/(2)  =  (^)  '  =  10  ^  ^  •  i¥j  =  if^  =  .346  .  • 

Hence,  the  chances  are  only  about  one  in  throe  that  on  a  given  day  he 
will  get  just  two  hits.  Of  even  mor^^  interest  might  be/CO).  This  is  '  ' 

This  means  that  the  chances  are  iibolit  one  in  thirteen  that  even  a  .400 
batter  will  go  hitless  in  a  giv^n  gameWvhen  he  comes  to  bat  five  times. 

A  different  question  from  the  one^^bove  Is:  What'is  the  probability 
he  gets  ai  least  ^two  hits?  The  answer  to  this  last  question  would  be 
/(2).  +/(3)  +/(4)  +/(5)  or  more  simply,  !, -7(0)  —/(I).  The  reader 
should  find  it  interesting  to  work  out  this  result  and  cbnippCr^  it  .  with 
thQ/j(2)  found  above.  '  \ 


TESTING  HYPOTHESES  WITH^.THE  BINOMIAL  MODEtT^  ' 

In  an  .  earlier  part  of  thfs  chapter  discussed  *in  general  1:erms  a 
student'^  claim  that  Re  could  distinguish  between  tap  poke  and- bottled 
coke  80  per  cent  or  %  of  the  time.  Si3i)po.se  we>put  one  tin^  of  coke 
in  10  glass'es  and  the  oth^  kind  in  10  other  glasses  ajyi  then  have  the 
student  'demonstrate  his  tasting  ability.  \i  in  the  20.trial.s^^e  is  very 
.unsuccessful' in  discriminating  between  th^(^  two  liquids^w-e  Will  reject 
the  hypothesis  that  th^  student's  pr<ibabiii^  of  success  is  80\per  cent. 
If  he  is  successful  a  little  less  than  IG  tiiiTes  out  of"20^p'we  may  eithei 
grant  that  he  has  the  tasting  ability  he  claims,  or. make  no  riecisicm 
either  way.  Qf  bourse,  \ve  must  admit  that  sometimesJn^ampl^  .of  20- 
triitls  he  miglit  score  above  or  below  16  successe.s,  since  what  he  is  claim- 
ing is  an  average  ability  of  80  per  cent.  We  know  from  our  study  pi  the- 
mean  that  there  are  boimd  to  be  scores  abovQ,and  below  a  mean;  unless 
every  score  i^s  the  Same.  *    ^  -         '  . 

This  problem  cah  be  solved  by  using*  the  binomial  model.  Since  oti 
e:ich  trial  the  student  \^  either  .successful  or'not  successful,  we  have  the 
nuitually  exclusive"  case.  The  value  of  p  is  %  .and  of  q  is  The  value 
nf  n  is  20  since,  that  is  the  size  of  the\sample. 

Suppose  in  thi.*^  experiment-that  tht  student  scores  14  successes  and 
0  failures.  On  the  basis  of  this  single  result  can  we  say.  that  the  taster 
doe.*^  not  pos.^ess  the  80  per  cent  ability?  Befon*  wo  answer  this  question, 
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.  we  should  find  out  the  probabilities  associated  with  different  numbers 
of  successes  from  0  to  20.  Then  we  will  have  a  better  basis  for  making  a  . 
decision.  '  ' 

What  we  need  to  do  is  to  find  the  values  of  '  •    '  . 

as  X  varies  from  0  to  20.  The  computational  work  here  would  be  v^^f^ 
•arduous.  Fortunately,  tables  of  the. binomial  distribution  function  are" 
availftble."  lu  Table  3  we  have  included  not  only  the  values  of /(z) 
but  also  the  cumulative  probabilities  represented  by  F{z).  To  illustrate 
how  the  table  should  be  read,  suppose  we  want  to  know  the  probability 
of  18  successes  in  20  trials.  Find  x  =  18  in  the  first  column  and  read 
.1369  in  the  second  column.  The  probability  of  this  ^event  is,  then, 

136Q 

approximately  .1369  or  j^-^.  To  find  the  probability  pf  12  or  fewer 

successes  find  x  =  12  in  the  first  column  and  read  F(x)  '=  .0322  in  the 
third  column.  Care  should  be  exercised  in  using  the  tables  in  the  refer- 
ence after  using  ours,  as  the  entries  are  1  —  F(x)  instead  of  either Y(a?) 
or  F(x), 

Our  sample  of  20  trials  which  showed  14  successes  is  only  one  of  the 
  TABLE  3 


/(*)  F(x} 


.0 

.0000 

.0000 

1 

.0000 

.0000 

2 

.0000 

.0000 

■  4.  3- 

.0000 

.  .0000  . 

.0000 

.0000 

5 

.0000 

.0000 

6 

.0000./ 

.0000 

■    7  " 

.0000 

,  .0000 

S 

.0001-  : 

,  .QDOl 

.0005 

;r  -:do66 

10 

.0020  . 

.0028 

11  - 

•  .0074 

.0100 

12 

.0222' 

^  .0322 

13 

.0545 

.0867 

14 

.1091 

'  .1958 

15 

.1746 

.3704 

16 

.2182 

.5886 

17 

.2054 

.7940 

18 

.1369 

.9309 

19 

.0576 

.9885 

20 
o 

.0115 

1.0000 
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many  samples  that  might  turn  up  if  the  experiment  were  repeated  many 
times.  Fi^  the  table  we  see  that /( 14)  =  .1091.  This  means  that  a 
sample  like  ours  might  turn  up  by  chance  in  about  1  out  of  every  9 
samlples  even  if  the  80  per  cent  testing  ability  were  present.  Since  F(13)  = 
.0867,  We  see  that  samples  containing  13  and  fewer  successes  might 
appear  in  more  than  1  out  of  every  12  sampfles  of  20  trials  each.  Since 
F(14)  =  .1958,  almost  20  per  cent  of  all  possible  samples,would  show 

14  or  fevyer  successes,  and  about  80  per  cent  of  all  samplds- would  reveal 

15  or  more  successes.  The  probability .  of  more  than  16  successes  = 
1  -  F(16)  =  1.0000  -  .5886  =  .4114,  or  over  40  per  cent.  The  prob- 
ability of  fewer  than  16  successes  =  F(15)  =  .3704,  or  a  little  less  than 
40  per  cent. 

To  test  the  hypothesis  that  p  =  .80  or  more  we  select  a  level  of  sig- 
nificance. If  .we' select  a  1  per  cent  level,  this  means"  that  we  will  reject 
the  hypothesis  if  the  number  of  successes  found  in  our  sample  is  equal 
to  or  less  than  v  where  F(v)  =  .0100.  In  our  table  this  means  that  if 
the  number  of  successes  were  11  or  less  we  would  rejiect  the  hypothesis 
that  p  =  .80  or  more.  If  w.e  chose  a  3  per  cent  level  of  significance,  our 
interval  of  rejection  would  be  12  and  below.  A  commonly  used  level  of 
significance  is  the  5  per  cent  level.  With  that  level  we  could  not  reject 
the  hypothesis  on  the  bn.<^is  of  14  successes.  Our  decision  would  be  either  ' 
to  grant  the  taster's  claimed  ability  or  conduct  further  experiments. 
In  general,  if  we  want  to  be  extremely  careful  in  accepting  a  hypothesis, 
say  in  medical  experiments,  we  choose  a  very  small  level  of  significance. 
If  accepting,  a  hypothesis  is  not  fraught  with  very  serious  consequences, 
we  choose.n  larger  level  of  significance.  Levels  of  J-^  per  cent  and  1  per 
cent  are  usually  considered  small;  5  per  cent  is  considered  fairly  large. 
The  nature  of  the  problem  and  the  human  and  economic  consequences 
of  ar-wrmig^ecision  usually  determine  the  level  chosen.  V 

By  mieans  of  procedures  similar  to  those  we  have  shown,  high  school 
juniors  or  seniors  should  be  able  to  test  hypotheses  about  such  matters 
as  batting  averages,  the  fairness  of  certain  games  of  chance  involving 
spinning  wheels,  polls,  whether*  a  certain  treatment  cures  in  a  certain 
per  cent  of  the  cases,  and  whether  a  person  has  the  power  of  mental 
telepathy  in  calling  unseen  cards.^®  The  level  of  significance  used  will 
be  chosen  according  to  the  importance  of  the  decision  that'  is  being 
made.  The  more  important  the  decision,  the  lower  the  level  of  significance 
in  mosit  cases.  .  „ 

In  this  process  of  making  decisions,  two  kinds  of  errors  can  be  made. 
We;  may  reject  the  hypothesis  when  it  is  really  true.  With  a  5  per  cent 
level  of  significance  this  kind  of  error  would  occur  in  5  per  cent  of  the 
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decisions.  The  second  kind  of  error  is  to  accept  the  hypothesis  when  it 
is  false.  In  the  more  advanced  study  of  statistics  the  problem  is  to  keep 
both  of  these  -eirors  as  low  as  possible.  Since  each  problem  is  dififerent 
the  expert  statistician  will  find  it  necessary  to  set  a  different  level  of 
significance  for  different  problems  in,  order  to  minimize  the  two  kinds, 
of  errors. 

You  may  wonder'why  in  our  test  of  hypotheses  we  concentrate  on 
rejection  instead  of  acceptance.  One  reason  is  based  on  the  idea  that 
one  exception  to  a  general  rule  throws  it  out.  It  would  be  a  tremendous 
task  to  take  every  instance  and  test  for  the  correctness  of  the  rule.  For 
example,  to  test  the  misconception  that  the  square  of  jf  number  is  always 
greater  than  the  number,  all  we  ha'^e  to.  do  is  to  show  that  the  square 
-  of  a  number  less  than  I  is  less  than  the  number  chosen.  We  do  not  have 
to  run  tests  on  all  numbers. 

ESTIMATIiNG  POPULATION  MEASURES 
WITH  THE  BINOiMIAL  MODEL 

In  testing  hypotheses  we  start  with  a  guess  about  a  population  meas- 
ure (parameter),  take  a  sample,  observe  the  results,  and  then  make 
decision  to  accept  or  reject  the  hypothesis.  In  estimating  population 
parameters  we  start  with  a  sample^  observe  the  results,  and  then  make 
a  bet  that  the  population  parameter  lies  between  two  numbers  called 
confidence  limits. 

For  example,  suppose  we  try  to.  determine  the  unknown  probability 
p  of  a  tack  falling  point  up.  Obviously,  if  we  throw  a  tack  once,  it  may 
land  U  but  this  is  no  sure  sign  that  it  will  always  land  U.  So  we  throw 
Ci  tiick  five  times,  or  throw,  a  set  of  five  tacks  once,  to  get  a  sample  of 
size  n  =  5.  . 

We  find  that  2  tacks  land  U.  When  a  tack  is  thrown  10  times,  point 
up  may  occur  5  times.  WTien  thrown  20  times,  it  may  land  point  up  9 
times.  We  recognize  that  the  larger  the  sample,  the  better  the  chance 
we  have  of  saying  what  p'is  with  some  degree  of  accuracy.  However,'we 
must  also^  remember  that  any  given  sample  may  be  one  of  those  cases 
which  are  extrpmcly  unlikely  but  yet  may  perfectly  well  happen  on 
occasion.  Thus,  with  Ty  Cobb  and  a  p  known  to  be  .4  we  found  that  in 
a  sample  of  size  5  the  probability  of  getting  no  hits  at  all  was  .077,  which 
is  not  at  all  insignificant.  We  see  that  we  would  not  be  justified  in  going 
to  a 'ball  game  and  after  watching  a  given  batter  go  hi tl ess  say,  "He.  , 
must  be  a  very  bad  batter  because  he  didn't  do  a  thing  today." 

To  see  how  nuich  difference  the  size  of  the  sample  can  make  in  our 
problem  ^suppose  we  first  watch  a  .400  batter  bat  five  times.  In  this. 
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case  the  probability  of  his  getting  no  hits  at  all  is  .07^,  as  we  showed 
before.  If  he  bats  20  times  the  computation  of  (?°)  •  (%)°  •  shows 
that  the  probability  of  his  getting  no  hits  has.  gone  down  so  low  as  to 
be  0  to  three  significant  figures.  As  a  matter  of  fact,  the  probability  of 
his  getting  less  than  five  hits,  i.e.,  either  4,  3,  2,  1,  or  0,  is  .051  to  three 
significant  figures.  In  other  words,  it  is  95  per  cent  certain  that  he  will 
get  five  or  more  hits^  20  times  at  bat  if  he  is  really  a  .400  hitter.  In " 
general,  the  ,infonn^^n_^ve  can  obtain  from  a  sample  increases  with 
the  size  of  the  sample. 

Getting  back  to  the  problem  of  determining  p  in  the  tack  experi- 
ment, suppose  a  sample  of  20  throws  results  in  9  C/'s.  If  p  =  .5,/(9)  = 
(» )  •  (•'.5)^(.5)^^  =  .160.  When  p  =  .4,  a  similar  computation  yields 
.159.  On  the  other  hand,  when  p  =  .3,  the  ^probability' is  only  .065,  and 
when  p  =  .6,  the  game /(9)  is  .07L  It  seems,  more  reasonable' to  con- 
clude, thefn,  thatoui  unkno\yn  probability  p  is  between  .35  and  .55  than 
below  .35  or  above  .55  '  \  ' 

What  the  statistician' wants  to  do  is  estal;jlish  covfidmce  limits  for  such 
statements  about  the  location  of  p.  For  example,  we  want  to  be  able 
to  say,  ''With  a  95  per  cent  level  of  .confidence  p  lies  between  .35  and 
.55,"  or  *'With  a  99  per  cent  level  of  confidence  p  lies  between  .40  and 
.50,"  and  so  on. 

To  avoid  extensive  computations,  tables  and  graphs  have  been  con- 
structed to  tell  us  with  a  certain  degree  of  confidence  that  p  lies  between 
two  probability  values  when  there  are  x  successes  in  a  sample  of  size  n. ' 
For  example,  in  sucJh^a  table**  we  read  that  when  n  =  20  and  z  =  9, 
we  can  say  with  95  per  cent  confidence  that  p  lies  between  .24  and  .66. 
If  the  sample  size  were  100  and  there  were  45  successes-,  the  same  con- 
fidence limits  would  be  .35  and  .55. 

Let  us  explain  more  fully  the  meaning  of  the  expression  95  per  cent 
confidence  level:  Think  of  all  the  possible  samples  of  20  .  that  might  be 
drawn  showing  5;  successes.  As  we  observe  x^in  each  of  these  samples 
we  bet  that  p  is'loeated  in  the  interval  between  two  numbers.  We  want 
95  per  cent  of  our  bets  to  be  winners.  Hence,  we  are  really  betting  on 
the  method  we  use  in  selecting  our  confidence  intervals.  The  confidence, 
interval,  .24  to  .66,  is  selected  by  the  method.  This  particular  interval 
may  be  one  of  the  5  per  cent  of  all  intervals  that  may  not  contain  p. 
All  we  claim  ,is  that  this  interval  is  one  of  those  obtained  by  a  method, 
that  works  95  per  cent  of  the  time. 

Recall  the  problem  of  determining  the  number  of  chairs  for  students 
who  write  left-handed  atid  need  left-hj)nded  writing  chairs.  Suppose 
we  countg^  the  number  of -such  students  in  the  25  rooms  of  40  . students 
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each  and  obtained  47.  Here  we  have  n  =  1000  and  x  =  47.  Our  problem 
is  to  determine  95  per  cent  confidence  limits  for  p.  From  the  tables  we 
find  that  p  lies  between  .04  and  .06. 

•  We  can  arrive  at  the  probabilities  of  classrooms  needing  x  left-hj^nded 
chairs  by  simply  reading  a  table,  if  one  is  available,  or  by  computing 
by- means  of  logarithmic  tables,  or  a"  computing  machine,  the  prob- 
abilities ^ 

/(x)  =        .  p'q^^  for  p  =  .04  and  for  p  =  .06. 

\ye  show  the  (jomputations  for/(2)  for  both  p  =  .04  and  p  =  .06  by 
the  method  of  logarithms: 

1.  For  the  case  p  =  .04 

*   .  log  /(2) .  =  log  Ci)  +  2  log  ,04  +  38  log  .96 

-  2.89209  +  2(8.60206-10)  +  38(9.98227 -l)s() 
.      =  2.98209  +  17.20412-20  +  279.32626-380 
=  399.42247-400 
.  Hence, /(2)  =  .2645  , 

2.  For  the  case  of  p  =  .06, 

log/(2)  =  log  (J')  +  2  log  .06  +  38  log  ,94 

=  2.89209  +  2(8 J7815- 10)  +  38(9.97313-10)  . 
=  2.89209  +  17.55630-20.+  378.97894-380 
=  399.42733-400  . 
Hence, /(2)  =  .2675.  A  y      ^  - 

By  similar  computations  we  obtain  the  results  showntn  Table  4. 

In  the  table  we  have  included  Fij),  the  cumulative  probabilities, 

TABLE  4  . 


For  p 

-  .04 

For  ^  = 

.06 

X 

fix) 

Fix) 

1  -  Fix) 

X 

fix)  ■ 

Fix) 

1  -  Fix) 

0 

.196 

.196 

.804 

0 

.082 

.082 

.918 

1 

.327 

.523 

.477 

1 

.214 

.296 

.704 

2 

.265 

.788  . 

.212 

2 

.267 

.663 

.  .437 

3 

AiO 

,928 

.072 

3 

.216 

.779 

.221 

4 

.054 

.982 

.018 

4 

.127 

.906 

.094 

5 

,016 

.998 

.002 

5 

,.058  - 

.964 

.036 
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and  1  —  F(z)  to  aid  us  in  certain  interpretations.  For  example,  if  p  = 
.04,  the  probability.: that  we  will  need  at  least  3  chairs  is  the  probability 

.  that  we  will  need  3  or  more  chairs.  This  is  f{x  ^  3)  which  equals  1  — ' 
(the  probability  that  we  will  need  0  Or  1  or  2).  Hence, /(x  ^  3)  =  1  — . 
F(2)  =  i  -  .788  =  .212.  In  general,  the  probability  that  we  w^U  need 
c  or  more  chairs  is  given  by  1  —  F(c  —  1). 

On  the  basis  of  these  figures  and  the  analysis  of  them  the  architect 
is  in  a  better  position  to  make  a  decision.  Of  course,  we  must  realize 
that  these  figures  are  not  certainties.  In  the  first  place,  we  are  only  95 
per  cent  sure  that  the  p  we  sought  is  between  .04  and  .06.  Furthermore, 
if  p  =  .04,  the  chances  are  2  in  a  thousand  that  we  will  never  need  more 
than  6  left-handed  chairs.  If  we  were  satisfied  with  chances  of  2  in  a 
hundred,  we  would  need  only  5  chairs.  On  the  other  hand,  even  if  p  is 
as  high  as  .06  and  we  installed  only  5  left-handed  chairs,  we  would  be 
on  the  safe  side  a  little  better  than  9  times  out  of  10.  We  might  well 
decfde  that  this  is  good  enough  and  tell  the  architect  to  go  ahead  and 
install  5  left-handed  chairs  in  each  classroom. 

However,  some  critic  may  justifiably  say,  "p  inay  well  be  oiily  .04.  . 
If  it  is,  then  we  are  going  fo  need  even  three  of  those  left-handed  chairs 

^  only  20  per  cent  of  the  time.  Better  put  in  only  2,  and  in  the  one  room 
out  offive  where  you  need  more,  bring  in  some  makeshift  arrangement." 
What  shall  we  do?  Well,  at  least  our" analysis  has  given  us  some'^basis  . 

^-^QT  discussion. 'The  decision  for  action  can  be  made  much  more  intelli- 
gently than  if  nothing  were  known,  and  the  only  idea  prevalent  was, 
**Let\the  left-handed  children  shift  for  themselves.  There  aren't  enough 
of^i^  to  create  a  problem."  We  have  now  arrived  at  the  long  sought 

^^^^)(er5%sult.  We  may  be  dissatisfied  with  the  iffy  quality  of  the  proposed 
^solution,  but  we  must  keep  in  mind  that  life  is  full  of  uncertainties.  If 

/  statistical  analysis  can  help  us  make  better  decisions  in.  the  face  of 

I  these  uncertainties,  we  and  our  students  should  learn  how  to  put  it  to 
use.  / 

^  CONCLUSION 

The  fact  that  statistical  methods  provide  valid  means  of  studying 
problems  should  not  blind  us  to  the  concomitant  fact  that  numerous 
*  errors  can  creep  into  statistical  reasoning.  Not  for  nothing  has  it  been 
s^id  that  anything  can  be  proved  by  statistics.  It  should  also  be  realized 
that  we  have  sketched  here  only  the  simplest  kinds  of  situations,  e.g., 
those  that  can  be  studied  by  the  usc'of  a  binomial  model. 

Even  in  as  simple  a  case  as.  the  kind  we  have  outlined,  many  mistakes 
can  be  made,  particularly  if  sampling  errors  are  made.  A  sample  may 
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be  biased.  It  may  not  be  large  enough  to  yield  results  that  are  as  precise 
as  we  need.  Furthermore,  we  must  remetniber  that  statistical  results, 
are  uncertain  as  far  as  a  single  individual  or  a  single  case  is  concerned. 
Statistical  results  are  valid  only  in  the  large.  Again  statistical  measures 
are  too  often  presented  without  clear  definition  of  the  terms  used,  or 
•any  statement  about  the  reliability  of  the  data  offered.  What"\ioes  an 
average  salary  of  $4150  in  a  given  factory  mean?  Is  it  a  mean,  median, 
or  a  mode?  Does  it  include  thp  salaries  of  the  executives,  pr  ooly  those 
of  the  union  members?  " 

The  fallacies  of  statistics  are  common,  and  hard  to  detecY.  However, 
this  fact  should  not  keep  us  from  realizing  the  great  utility  and  far- 
reaching  importance  of  the  subject  and  its  methods.  The  following 
quotation  well  summarizes  our  feeling  about  the  place  of  statistics  in 
education: 

Uncertainty  dogs  our  every  step  We  must  act  on  incomplete  or  unsure 

knowledge.  ..  The  idea  of  sampling  is  an  essential  element  for  making  sensible 
decisions,  indeed  it  may  be  the  basis  of  thought  itself.  We  send  out  mental 
antennas  to  feel  or  taste^the  universe  and  from  these  samples  which  give  us 
only  partial  information  we  learn  to  form  soffnd  judgments  about  the  total 
populations  they  are  supposed  to  represent. 

Our  system  of  education  tends  to  give  children  the  impression  that  every 
question  has  a  single  answer.  This  is  unfortunate  because  the  problems  they 
will  encounter  in  later  life  will  generally  have  an  indefinite  character.  It  seems 
importjjjjif  that  during  their  years  of  schooling  chil^hrtfc.  should  be  trained  to" 
recognize  degrees  of  uncertainty,  to  compare  their  private  guesses  and  extra- 
polations with  what  actually  takes  placer-in  shortf  k)  interpret  and  become 
masters  of  their  own  uncertainties.'^  v**  *  *  A 

See  . Chapter  11  for  bibliographies  and  suggesttons'^or  the  further  studi^ 
and  use  of  materials  in  this  chapter,  _   ^  . 
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Language  and  Symbolism  in  Mathematics 

ROBERT  S.  FOUCH  AND  EUGENE  0.  NICHOLS 

. .  and  that  shows  that  there  are  three  hundred  and  sixty- 
iowx  days  when  you  might  get  un-birthday  presents—" 
"Certainly,"  said  Alice. 

"And  only  one  for  birthday  presents,  you  know.  There's 
glory  for  youl" 

"I  don't  know  what  you  mean  by  'glory',"  Alice  said. 

Humpty  Dumpty  smiled  contemptuously,  "Of  course  you 
don't — till  I  tell  you.  I  meant  there's  a  nice  knockdown  argu- 
ment for  you!" 

"But  'glory'  doesn't  mean  'a  nice  knockdown, argument',"' ' 
Alice  objected.  i 

"When  I  use  a  word,"  Humpty  Dumpty  said,  in  rather 
scornful  tone,  "it  means  just  what  I  choose  it  to  mean— neither 
more  nor  less."  »  * 

"The  question  is,"  said  Alice,  "whether  you  can  make 
words  mean  so  many  different  things."  ,  ' 

"The  question  is,"  said  Humpty  Dumpty,  "which  is  to  be" 
master — that's  all."  — Lewis  Carroll — 

THINGS  VS.  NAMES  OF  THINGS  v 

The  central  theme  of  this  chapter  is  that  of  the  difference  between 
things  and  names  of  things  and  the  implications  of  this  difference  for 
the  student  of  mathematics.  It  seems  that  children  and  adults  alike  find 
it  rather  easy  to  distinguish  between  things  and  names  of  things  in 
their  everyday  affairs.  In  mathematics,  however,  there  is  evidence  to 
the  effect  that  such  distinctions  are  difficult  to  make.  For  example,  the 
studdnt  who  cancels 


<  +  3 


<+10 

and,  therefore,  concludes  that  %4  =  displays  a  sjonptom  of  such 
difficulty. 

In  the  example  above,  crossing  out  the  sjrmbol  '4'  above  the  line  and 
the  symbol  '4'  below  the  line  signifies  subtracting  the  number  4  from 
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the  number  7  in  the  one  case,  and  subtracting  the  number  4  from  the 
number  14  in  the  other  case.  Due  to  the  nature  of  division,  the  result 
obtained  by  dividing  3  by  10  is  not  the  same  as  that  obtained  when 
dividing  7  by  14,  Thus,  the  operation  oi  crossing  out  symbols  must  be 
checked  by  interpreting  what  is  being  done  with  the  things  (numbers) 
named  by  these  symbols.  - 
The  student,  using  the  same  procedure  in  the  case 

3  X  2 

and  poncluding  that  %5  =  %  meets  with  the  approval  of  the  teacher. 
It  might  appear  that  nsin^  cancellation  in  the  same  wayleads^io  an  erro- 
neous result  in  one  case  and  to  a  correct  result  in  another  case. 

In  the  last  . exanrjple,  the  operation  of  crossing  out  needs  to  be  also  in- 
terpreted in  terms  of  operations  with  numbers.  Crossing  out  the  symbol. 

"above  the  line  means  dividing  6  by  3.  Similarly,  crossing  out  the 
symbol  below  the  line-means  dividing  15  by  3.  Due  to  the  nature  of 
division,  the  quotient  is  the  same  when  both  the  dividend  and  the  divisor 
are  divided  by  the  same  number. 

The  kind  of  difficulty  exemplified  above  in  the  case  of  arithnietic  is 
even  more  intensified  when  students  encounter  algebra.  For  example, 
a  student  who  simplifies  ag  follows:  ^  » . 

Stt  —  tt  =  5 

experiences  the  same  difficulty.  In  interpreting  the  above  to  mean 
Take  away  the  symbol  V  from  the  symbol, 'Stt' 

he  fails  to  realize  that  there  is  a  difference  h^tween  operating  on  symbols 
and  operating  on  things  named  by  the  symbols.  Thus,  the  simplification 
of  the  example  above,  might  be  done  as  follo\\fs: 

.  ^  Stt  -  TT  =  Stt  -  Itt  =  (5  ^  l)7r  =  47r  .  . 

To  introduce  a  desirable  notation  for  this  chapter,  we  wish. to  use  a 
simple  example.  In  the  first  paragraph  of  this  section  we  made  a  state- 
ment about  a  student.  Clearly  there  is  no  student  on  this  piece  of  paper 
(there  isn't  enough  room),  but  there  is  aAvord  referring  to  the  student. 
^Since  we  piay  want  at  times  to  talk  about  a  word  rather  than  about 
the  thing  named  by  the  word,  we  suggest  a  convention  which  will  make 
it  clear  to  the  reader  which  of  these  two  things  (word  or  thing)  is  under 
discussion. 
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When  we  wish  to  write  abotU  a  ward  or  other  symbol,  yre  shall  put  single 
quotation  inarks  around  that  word  or  symbol. 

Thus,  we  can  now  say  correctly  and  without  ambiguity  that  there  is 
no  student  on  the  preceding  page  but  'student'  occurs  in  several  places 
on  the  page. 

A  few  simple  illustrations  should  prove  to  be  of  value  at  this  point. 
Look  at  a  children's  puzzle  which  has  gone  the  rounds  of  many  a  school. 

When  does  half  of  twelve  equal  seven?  .     '  . 

Answer:  When  it's  written  'XIP  and  one  takes  the  upper  half. 

Consider  another 'puzzle  of  similar  nature. 

Whatishalf  of  18? 

Answer:  10.  It  is  obvious  when  you  draw  a  horizontal  line  cutting  '18'  in  half 
and  take  either  one  of  the  two  halves. 

Perhaps  no  one  takes  these  puzzles  seriously  but  we  want  to  utilize  them 
in^illustrating  the  use  of  the  single  quotes  we  shall  employ  throughout 
:  this  chapter. 

It  is  easy  to  detect  an  analogy  in  a  way  in  which  one  arrives  at  the 
erroneous  answers  in  the  three  examples  above: 

It  is  not  true  that  5ir  .-  tt  =  5,  but  it  is  true  that  the  symbol  V  removed 
.  from  the  sjonbol  '5ir'  results  in  the  symbol  '5'. 

•  It  is  not  true  that  half  of- twelve  equals  seven,  but  it  is  true  that  taking  the 
-  upper  half  of  the  symbol  'XII'  gives  one  the*symbol  *VII'. 

It  is  not  true  that  half  of  18  equals  10,  but  it  is  true  that  taking  either  the 
•upper  or  the  lower  half  of  the  symbol  '18'  leaves  one  with  the  symbol  '10'. 

Now  we  are  led  to  a  topic  which  is  of  importance  in  the  study  of 
mathematics,  viz.,  distinction  between  a  number  and  a  name  of  a  number. 
To  introduce  this  topic  to  a  class  of  students,  one  may  write  symbols 
Iike° these  on  the  blackboard 


.  and  then  a.sk:  "Which  is  larger?"  A  cautious  student  will  insist  that  he 
cannot  answer  the  question  until  he  knows  whether  the  question  is 
about  the  marks  he  sees  on  the  blackboard  or  about,  as  he  may  put  it, 
"the  numbers  which  are  represented  by  the  marks."  The  student,  of 
.conrse,^is  correct  in  not  giving  a  simple  answer. 

^Ve  are  mukin*!;  the  following  point.  It  is  a  simple  matter  to  be  able 
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to  answer  that  the  symbol 

is  larger  than  the  symbol 

■    ■    ,  '5.  -  ' 

In  case  of  an  argument,  the  matter  is  easily  settled  by  the  use  of  a  ruler. 
It  is  equally  easy  to  decide  that  the  number  named  by  the  S3Tnbol 

:  '  '3 

is  smaller  than  the  number  n^ed  by  the  symbol 

5. 

To  state  this  relationship  between  numbers  conveniently,  we  employ 
the  following  familiar  notation: 

3  <5 

or        ,.  f 

' ,  '    .       ■     .5>  3-    ■   ,  \  . ;  ■ 

The  two  statements  above  convey  the  same  thoughts  as  the  statements 

3  <  5 

and  ' 

5  >  3 

respectively. 

In  the  use  of  the  symbols  '<'  and  ';>',  ,we  want  to  make  clear  that 
our  intention  is  to  employ  these  symbols  to  state  relationships  between 
numbers  only.  These  S3rmbols  should  not  be  used  when  describing  rela- 
tionships between  the  names  of  numbers.  Therefore,  • 

'5'>'3'  ■  ,■ 

is  a  meaningless  phrase.  A  meaningful  statement  would' be: 
The  symbol       is  larger  than  the  symbol  '3''.  , 
Next,  we  shall  examine  some  specific  situations  in.  school  mathematics 
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which  are  intimately  connected  with,  the  subject  of  the  distinction 
between  things  and'  their  names,  in  particular,  between  numbers  and 
their  names.  The  teacher- who  might  think  that  this  matter  is  of  little 
consequence  should  attempt  to  uncover  a  good  reason  for  students' 
frequent  mistakes  when  they  say  ^that,  for  example,  the  number  .0876 
is  larger  than  the  number  .7.  : 

NUMBER— NUMERAL 

The  teacher  in  a  little  backwoods  school  was  at  the  blackboard  explaining 
arithmetic  problems,  and  was  delighted  to  see  that  the  gangling  lad,  her  dullest 
pupil,  was  giving  slack-jawed  attention.  Her  happy  thought  was  that,  at  last, 
he  was  beginning  to  understand.  So  when  she  had  finished,  she  said  to  him, 
"You  were  so  interested,  Cicero,  that  Tm  certain  you  want  to  ask  more  ques^ 
tions." 

.  "Yes'm,"  drawled  Cicero.  "I  got  one  to  ask— where  do  them  figures  go  when 
'  you  rub  'em  out?" 

In  considering  numbers,  it  is  important  to  maintain  the  distinction 
between  things  and  their  names.  Numbers,  being  abstractions,  cannot 
be  perceived  by  any  of  the  five  senses.  It  is  impossible  to  distort  the  shape 
of  a  number,  for  it  has  no  shape.  It  is  impossible  to  shoot  a  hole  through 
a  number,  for  there  is  nothing  physical  to  shoot  a  hole  through.  On. the 
contrary,  names  of  numbers  can  be  .seen,  they  can  be  erased,  their 
shapes  can  be  distorted,  they  can  be  moved,  and  many  other  sorts  of 
physical  actions  can  be  performed  on  them.  " 

Zero.  Once  awareness  of  this  distinction  is  achieved,  one  mus^;  recog- 
nize that  the  statements  to  the  effect  that  zero  is  not  a  number  Jjut 
merely  a  place  holder  are  incorrect.  Such  statements  are  open  to  criticism 
on  two  counts.  First,  zero  is  a  number  (Chapter  2),  for  we  write 

.       ^  5  +  0  =  5 

when  we  want  to  express  the  fact  jbhat  the  number  zero  added  to  the 
number  five  equals  five.  Second,  if  we  consider  zero  as  a  place  holder, 
rpeaning  that  it  actually  holds  a  place,  then  we  are  referring  to  a  mark 
on  a  piece  of  paper,  for  it  would  be  absurd  to  talk  about  a  number,  which 
is  dn  abstract  entity,  holding  a  place  for  some  thing.  The  mark  which 
we  call  a  place  holder  is  a  name  for  the  number  zero. 

To  recognize  this  means  also  to  recognize  that  devoting  a  great  deal 
of  attention  to  the  numeral  '0'  as  a  place  holder  is  much-to-do-about- 
nolhing,  MoTeovev,  it  is  misleading,  because  of  the  failure  to  discuss 
other  simple  numerals  like  4',  '2\  and  so  on,  as  place  holders.  In  this 
sense,  for  example,  in  7095'  each  of  the  numerals  7',  '0',  '9',  and  '5' 
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holds  a  place.  7'  signifies  the  presence  of  7  thousands,  '0'  the  presence 
of  no  hundreds,  '9'  the  presence-pf  nine  tens,  and  '5'  the  preseiice  of  five 
ones.  J 
When  looking  at  the  statement  ^ 

Ten  divided  by  three  is  ^  ( 

one  sees  the  symbols  'ten',  'three',  and  They  are  names  of  three 

different  numbers.  But  one  also  is  able  to  recognize  that  the  phrases  . 

Ten  divided  by  three 

and  •   ■  „  ■     ,  -  - 

10    ^  ^ 

nflfime  the  same  number.  (The  reader  by  now  has  probably  noticed  that 
instead  of  including  a  phrase  within  single  quotes,  we  occasionally  dis- 
play it,)  .  '  V      .  '  * 

.  Our  general  point  is  that  when  one' makes  a  statement  about  some- 
thing, then  it  is  normal  for  this  statement  to  contain  a  name  for  this 
thing,  rather  than  this  thing  itself.  Or,  expressed  in  other  words,  in  order 
to  mention  something  one  uses  a  name,  of  it.  ^ 

It  follows,  then,  that  in  making  a  statement  about  a  number,  it  is 
natural  that  this  statement,' shc^uld  contain  a  name  of  th'e  number  and 
,  not  the  number  jtself.  At  different  times,  one  may  use  different  names 
of  the  same  number.  The  choice  of  a  name  may  be  completely  arbitrary 
or  there  may  be  a  good  reason  for  using  one  name  in  preference  to  some 
other -name.  For  example,  in  books  intended  for  German  children  the 
name  'zehn'  is  much  more  appropriate  than  the  name  'ten',  although 
each  names  the  same  number.  Or,  ordinarily,  the  name  '10'  is^considered 
to  be  simpler  than  the  name  '^^^^  -  ^Hs'-  Similarly,  the  name  '9' 
is  usually  considered  to  be  simpler  than'^he  name  '2  +  7',  although  the 
latter  may  be  simpler  for  some  purposes.  For  example,  when  adding  9 
to  28,  a  child  will  probably  find  it  easier  to  do"  this: 

28  +  (2  +  7)  =  (28  +  2)  +  7  =  30  +  7  =  37 

than  this: 

, .  .2a  +  9  =  37"'  : 

ThtL8,  a  number  has  many  names:  We  choose  (he  name  which  is  simpler  or,  more 
/convenient  for  the  purpose  at  hand.  . 
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Here  are«orne  of  the.names  of  the  number  10: 

30  -  20         5  X  2         ViOO      '  'X 
^     \/i000  '         7  +  3.       dix  zehn  .  * 

It- should  be  pointed  out  that  VlOO  is  the  principal  square  root  of 
100,  which  is  the  number  10.  The  second  square  root  of  ^100  is  —10. 
Similarly^  V^lOOO^s  the  principal  cube  root  of  1000,  which  is  10.  The 
other  two  cube  roots  of  1000  are  complex  numbers. 

Some  of  the  names  of  the  number  3  are: 

,  _  ...  three  -    drei       \/9       7  +  4,-8 

27""   ■  ^ 
•    •  -  •    '        :  ,  ,    ■  .  207"  ■ 

Some  of  the  ^lam^'-of  the  number'  i%  are: 

1  ten-thirds'     10  4- 3  '      3-       —  ' 


3  51 


100  60  ip 

9  15  15 


'  Since  the  names  in  the  last  line  above  are  names  of  the  same  number,, 
we  may  write,  for  example,  the  following: 

J-    170        ^     '  :  *   .  . 

This  statement  implies. that  *3H'  and  are  names  of  the  same 

number.  Similarly, 

.       ■  .    .     '    ,  ten  =  IQ  *  ■ 

implies  that  'ten'  and  40'  are  hames  of  the  same  number.  And  ' 

ten  =  the- sum  of  five  and  five  .  ' 

implies  that  *ten'  and  *the  sum  of  five  and.  five'  are  names  of  the  same 
number. 

Correspondingly,  the. sign  V,  which  is  read  is  not  e^wai  io  is  inter- 
preted to  nlean  that  two  names  connected  by  it  name  two  different 
entities.  For  example,  •  '  s 


means:  '-\/lQ0>nd  ':i?-3'  are  names  of  two  different  numbers. 
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The^ireader  is  ref^ed  to  the  sectjpn  on  equality  toward  the  end  of 
thi^  chapter  ^r  4i  more  detaiied'^^iscussion  of  the  concept  of  equality. 

Fractions.  If  we  n^3V  tifrn  our  discussion  to  numbers  which  are  frac- 
tions/We'first  resiJize  that  the  word  -fraction'  may  at  times  be  ambiguous. 
P8r  the  sak^f  clarity,, we  wdl  use  here  the  phrase  'fractional  number'  for 
the  number  and^the  iJhrase  'fractional  numeral'  for  the  symbol  for  such ' 
a*number.,^*V  example,  thj^ fractional* nunferals  '%\  and 

are**  different  nameRrof  the  same  fractional  number.  On  the  other 
^.l^nd,  the  f^^ction^  nuipera^ /J^'  is  not  a^name  of  the  same  rational 
number     the  fractional  nilliiieral ^^'. 

a  fractional  numeral  is  a  symbol  naming  a  fractional  number. 
We  use  the  phrase/fjactional  number'  to  J^e  synonymous  with  'rational 
number'*  feincetin  common  usage  the  word  'fraction'  is  used  to  refer  to 
a  number,  we  may  abbreviate  anQTiilso'use  'fraction'  to  be  synonymous 
with  'fractional  number'  or  'rational  number'.  You  will  recall  the  dis- 
cvfesion  in  Chapter  2  in  whicn  a  ratipnal  number  was  defined  to  be  an 
equivalence  class  whose  elements  iare  number  pairs  (page  43).  An  exam- 
^ple  of  such^an  equivalence  clas's  may  be  * 

■     J(l,2),(2,4),  C3,  6),.(4,8),  ■••)  .  , 

The  ftactional  nun)eral  '3^'  is^dne  of  the  many  names  for  this  equiva- 
lence class.  The  class  itself  is'j}  rational  number.  '  ^ 
The  discussion  of  the  distinction  between  names  of  things  and  th^ 
things  themselves,  in  particular,  the  .distinction  between  a  fractional 
numeral  and.  a  ffactioual  number,  has  many  implications  for  t&chers. 
Let  us  examine  a  number  of  statements  cui;j;ently  occurring  in  arithmetic ; 
textbook^  and  see  how  they  should  be  nAii^ed  in  the  light  of  the  pre- 
ceding ciistjussionjf  ^ 
'■•        /        "  .-^r 
,  (1)  Parts  of  whole  things,  such  as       3>^,  and  Ji,  are  called  fractions,,  or 
fracUonal  partsl  ^ 

■     -  — *>*  ,  -  '  ■ 

In  the  statepient  above,  it  appears  that  the  phrases  'fractions'  and 
'fractional  parts'  are  used  as  synonyms.  lAJso,  fractions  are  considered' 
to  .be  parts  of  something,  e.g.^  parts  of  objects,  Ijke  parts  of  an'  apple. 
At  the^sameiime,  it  is  said  tMt  3^^,  3^,  and  are  fractions;  thus,  they 
are  parts  of  og&jects.  Whether  one  considers  fractions  to  be  parts  of  either 
common  objects  or  mathematical  obje(?bs,  i.^d?^¥ti^mbers,  one  should 
experience  a  feeling  of  uneasiness  about  \t,  Fpr,  first,  no  number  can  be 
a  part  of  a  common  object,  and,  second,  a  rational  number  should  not  be 
considered  a  part  of  a  number. 

A  clearer  v^laten>^nt  saying  what  w^s  apparently  intended  by  .the 
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statement  above  would  be:  .  , 

(10  Numbers  such  as  and  ?i  are  called  rational  numbers;  more  ex- 

plicitly, a  number  is  a  rational  number  if  it  is  the  quotient  of  two  whole  num- 
bers. The  symbols  and       are  examples  of  fractional  numerals. 

Let  us  consider  another  statement: 

(2)  The  figure  written  below  the  line  is  called  the  denominator  of  the  frac- 
tion and  the  figure  written  above  the  line  is  called  the  numerator  of  the  fraction. 

According  to  this  statement,  the  numerator  and  denominator  of  a 
fractional  numeral  are  chosen  to  be  symbols.  One  should  not  quarrel 
with  this  choice,  except  for  jthe  fact  that  those  who  make  this  choice 
go  on  and  perform  operations  on  numerators  and  denominators,  that  is, 
on  symbols,  instead  of  on  numbers  named  by  the  symbols.  Since  it  }S 
quite  convenient  to  speak  of,  for  example,  multiplication  of  a  numerator 
by  a  number,  it  is  easy  to  agree  that  the  numerator  be  the  number  named 
by  the  top  part  of  a  fractional  numeral  and  the  denominator  the  number 
named  by  the  bottom  part.  Thu's^  the  statement  above  would  be  written 
as:  >  , 

(20  A  fractional  numeral  consists  of  two  parts.  The  top  part  names  the 
numerator,  and  the  bottom  part  names  the  denominator.  x 

Now,  since  a  numerator  and  denominator  are  numbers,  we  can  freely 
speak  about  multiplication  of, the  numerator  and  denominator  by  a 
nij^mber.  ^ 

In  .the  light  of  the  discussion  above,  the  following  commonly  used 
definition:  , 

s.  /  (3)  Fractions  which  have  the  same  denominator,  such  as       ^nd  are 
called  like  fractions.  *  . 

.   ^.    ■■  ■        .  "     '  ^  .  '  ' 

should  read : 

(30  Fractional  numerals  with  the  same  denominators  are  called  'like  frac- 
tional numerals'. 

Thus  likeness  is  not  a  property  of  numbers;  it  is  a  property  of  numerals. 

For  example,  the  fractional  numerals       and  -r-r—  are  like  fractional 

numerals  because  their  bottom  parts  name  the  same  number,  i.e.,  they 
have  the  same  denominator.  ^ 

'  In  order  to  test  whether  or  not  this  distinction  between  the  number 
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and  the  numeral  has  been  successfully  taught,  we  would  suggest  trying 
on  students  exercises  like  the  following.  For  each  statement  below,  tell 
whether  it  is  true  or  false.  State  the  reason  for  3^our  answer. 

1.  2  >  3.  .  . 

2.  '4S'  consists  of  two  numbers.  ' 

3.  '5' is  smaller  than  Q  . 

4.  5     larger  than  5.  ' 

5.  'Five'  has  four  letters,  „ 

6.  100  is  made  up  of  T,  ^0',  and  '0'. 

7.  Johnny  can  erase  *5'  in  35. 

8.  In  writing  *17'  we  write  1- first,  then  7. 

9.  In  q6  ,  Q  is  bigger  than  '6'.  » 

10.  Four  has  four  letters. 

11.  If  ^5'  is  bigger  than  '9'  in  ^5^',  then  5  >  9. 

12.  '5.00005' is  larger  than '0.5'.  ' 

13.  0."5  is  larger  than  0.00005. 
/  "    • .  *2' 

14.  The  fractional  numeral  -  is  smaller  than  the  fractional  numeral 

'  .  '     ^  ;  ■■  u 

(  15.  ^umbers  can  be  found  on  tliis  page. 
16/  'Numbers'  can  be  found  on  this  page. 
,  '     5  ' 

;  17,       ^i*d  -TT — are  like  fractional  numerals. 

lU       o  ■  • 

18.  't  ?^  iTj-'  means  that  '.}'  and        are  names  for  two  different 
numbers. 

19.  It  is  true  that  7  <  8.  . 

20.  There  are  nine  letters  in  'oiie  letter*. 
' '  Answers: 

1..  False.  The  number  two  is  n6t  greater  t^n  the  number  thre6. 

2.  False.  No  symbol  consists  of  numbers.  .  *  " 

3.  True.  It  is  easy  to  see  that  the  first  symbol  is  smaller  than  the. 
second  symbol.  ^  '  ' 

4.  False.  The  number  five  is  not  larger  than  the  .numtier  five. 

5.  True.  One  verifies  this  by  simply  counting^the  letters  in  the  word 
Tive':  '  '  - 

6.  False,       number  is  mp,de  up  of  syrhbolsv 

7.  Falise.  No  symbol  can  be  erased  in  a  number,  because  no  number 
is  made  up  of  symbols.  s-. 
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,  8:  False.  It  is  impossible  to  write  numbers. 

9.  True.  The  symbol  '5  '^s  bigger  than  the  symbol  '6\ 

10.  False.  Numbers  do  not  have  letters. 

,     n.  False.  It  is  true  that  the  symbol       is  bigger  than  the  symbol 

^9'  in  the  symbol  '5^^.  It  is  false  that  5  >9.  Thus  the  total  state- 
ment is  false. 

12.  True.  It  is  easy  to  see  that  the  first  symbol  is  larger  than  the 
second.  *  . 

13.  True.  The  number  0.5  is  larger  than  the  number^  0.00005. 

.    14.  False.  It  is  easy  to  see  that  the  first  symbol  is  larger  than  the 
second. 

15.  False.  It  is  impossible  for  numbers  to  appear  on  a  page. 

16.  True.  The  word  'numbers'  is  capable  of  being  foynd  on  a  page. 
Furthermore,  it  is  found  in  problem  15.. 

17.  True.  The  two  fractional  numerals  have  the  same  denominator, 
since  7'  and  40  ~  3'  name  the  same  number.  ■ 

18.  True/The  statement  is  about  the  meaning  oi  the  statement: 

It.  is  true  that  the  meaning  of  this  statement  is  that  *y  and 
are  names  for  two  different  numbers.  However,  the  statement. 

itself  is  a  false  statement,  because  we  know  that  'J^'  and  '^q' 
are  two  names  of  the  same  number. 

19.  True.  The  statement  is  about  the  numbers  seven  and  eight,  and 
we  know  that  the  number  seven  is  less  than  the  number  eight. 

20.  True.  The  statement  is  about  the  phrase  'one  letter'.  By  counting 
the  letters  in  this  phrase,  we  can  verify  the  statement. 

Further  importance  of  distinguishing  between  numbers  and  their 
names,  especially  in  statements  where  reference  is  made  interchangeably 
to  numerals  and  numbers,  can  be  illustrated  by  the  following  example. 

Suppose  we  assume,  as  is  commonly  done  in  mathematics  textbooks, 
that  the  statement 

implies  that  '^^'  can  be  replaced  by  '^2'  in  any  statement.  This  is  in 
accordance  with  the  axiom  which  is  Usually  stated  in  some  such  ambigu- 
ous fashion  as  "Equals  may  be  substituted  for  equals  in.  any  expression 
without  changing  t^T  value  of  the  expression." 
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Now  the  statement 

The  denominator  of       is  exactly  divisible  by  3 

becomes 

The  denominator  of  t'  is  exactly  divisible  by  3 

when  '^2'  is  replaced  by  '%\  The  last  statement  is"  clearly  false. 

To  avoid  this  difficulty,  it  is  essential  to  note  first  that  the  statement 

The  denominator  of       is  exactly  divisible  by  3 

is  a -statement  abou^  the  number  12.  Obviously,  what  is  true  of  the 
number  12  does  riot  have  to  be  true  of  the  number  8.  Similarly,  what  is 
true  of  the  symbol  is  not  necessarily  true  of  the  symbol  ,  beca'use 
they  are  different  sythboTs.  For  example,  the  statemeut 

'\.  '      '4'  is  a  part  off 

r  ;      •  .  j"^'  V      ..  .  .  ■  .  ■ 

describes 'somethifag- which  is  a  property  of  the  symbol         but  is  not 

ii  property  of  ;ffie  Symbol '^2'- 

The  fact. that  a  giveil  number  Is  a  single  abstract  entity  suggests  that 
the  propei4i^e3  of.'a  numbjer'are  not  subject  to  change  determined  by  the 
'form  of'  aJiame'orihe; number.  Consider,  for  example,  the  number  7. 
The  symbol  '7'  is  one  ofriis  many  nanies.  It  is  a  Hindu  symbol  in  our 
Arabic  numeration  system  to'the'Base  ten.- One  of  the  properties  of  the 
number  7  is  that  it  is  a  prime  number,  i:e.,  it  is  divisible  by  only  1  and  7. 

Numeration.  A  word  of  explanation  of  the  use  of  the  phrase  'numera- 
tion system'  as  contrasted  with  'number  system'  is  of  importance  here. 
The  phrase  .'numeration  system'  refers  to  a  system  of  writing  numerals. 
Thus,  we  may  have  a  numeration  system  to  the  base  ten  employing  ten 
symbols;  or  a  numeration  system  to  the  base  two  employing  two:  sym- 
bols, and  so  on.  For  example,  '15'  in  the  numeration  system  to  the  base 
ten,  '30'  in  the  numeration  system  to  the  base  five,  and  '1111'  in  the 
.  numeration  systemi  to  the  base  two  name  the  same  number. 

The  phrase  'number  system',  on  the  other  hand,  refers  to  a  system  of 
classifying  num&ers.  Thus,  we  may  speak  of  natural  numbers,  or  integers, 
or  rational  numbers,  and  do  on. 

Consider  now  a  name  for  the  number  seven  in  the  binary  numeration 
system,  i.e.,  numeration  system  to  the  base  two.  The  question  is:  "Is 
the  number  whose  name  in  the  binary  system  is  'lH'.a  prime  number?" 
..Certainly  so.  Pfimeness  is  a. property  of  a  number  and  therefore  does 
not  depend  6n  the  particular  name  we  happen  to  choose  for  this  num- 
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ber  just  as  whiteness  of  snow  does  not  depend  on  ;i«^h^tlie^^^^ 
'snow',  'schnee',  'neigeV  or  'nieve*.  .  ,  ^  ^VwC^:^ 

Let  us  now  consider  another  example.  Frequerttly;^e? iVn^^ 
tion  is  asked:  **Is  tt  an  exact  number?"  First,  we^i^^sten^^^^^ 
that  such  a  question  should  not  be  asked,  because' iVscigg^^ 
bers  can  be  classified  into  exact  numbers  tod:  ine^^ 
there  are  no  numbers  which  are  inexact.       •  A- ;  '  - j^^^ 

Our  concern  here  is,  of  course,  with  what  is^eptiiipb^^ 
approximation'.  We  know  of  many  number^' ivh;cii-;*tf^ 
number  TT  by  a  very  small  number.  Thus,  3.14;^ 
differs  from  the  number  tt  by  a  small  numi^ei^-  'tbe^^ 
to  it  as  being  an  approxtTimiion  of  tt,  W&^tep  'l^nVw/^fi^ 
many-decimal  places  we  use  in  a  decimal/iij^^-'}^^^^^ 

a  name  for  the  number  tt.  Furthermore, ^-ip^e/kfiaw  of 
the  circumference  by  the  length  of  the  dmmeW^^o^M 
This  number  has  no  name  in  our  Hindu-:-^mBie 
given  a  name  »  =.^'0.'^^^ 

Perhaps  it  is  a  case  that  the  habit,  of  ttimfrijg';^^^^^ 
numerals  is  so  strong  that  we  are  tempW  't^^  is'rio 
name  of  this  kind,  t1ien  there  is  no.nutpfee^^^^  ' 
purposes  is  the  foreign-  language  ^\vor4 -Avhich  i^^y^o  -Eiiglis'h  'translation  ' 
or  the -fact  that  there  is  fio  jPolyaesi^n^^^^^^  former  , 

case,  the  absence\of  the  English  trahs]d.Vi^^^^  there  ' 

does  not  exist  ar^  6bj(;ct ; naftied  by  the  :^vpr^^^ 

the  latter  .c£tse,  the  abseioce.  of  a  wotU  "^^^^^^^  for 
^now  does  nol  imply  nynexistence  of  >no^^^^^ 

This  ffuggesfe  another  example,  at  tjtie'higW^^^^  a  reverse, 

twist?  nameljcVthe  sjonbol,  or  more.-jp"]^^  mark 
names  no  number.  In  the  simple  theory  :o,f;U^  out  that 

the  function  dcscribed  hy/y  -^  l/.i^^^d^^^ 

zero.  It  is.ht).£>cfnly  true  tbat,  upoiji  rejife^^  'l/x^'  by  '0', 

we  obtiiin  /l^",  whi^h:  is  a  meaninglOssV^  does  not 

nam^p  a  number,  but  also,  number^'  na^^  is  replaced 

by  names  or snvail  nonzero  nurribe^^^^^^^^^  This  (a^t 

is^ohen.d^scribt^d  by  saying  that^  no  limit 

because  it  increases  without  bound.^^^^.T^^^^  thus  in 

symbols:i  ^'         -     ■■'^'U  '^-y-^-^' 
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So  far  all  is  well.  But  the  student  sees  the  mark  'oo'  appearing  in 
precisely  the.  same  kind  of  situations  in  which  numerals  are  used.  He 
is  soon  treated  to  the  sight  of  such  expressions  as  'oo/oo',  'oo  —  oo'^ 
'1**",  and  so  on.  Since  the  mark  'oo'  appears  in  contexts  in  which  the 
student  is  accustomed  to  seeing  symbols  siich  as  '5',  '1',  and  so  on,  he 
eventually  ends  up  by  beUeving  that  'oo'  also,  names  a  number.  The 
truth  here  is  that  contexts  in  which  '  qo  '  occurs,  although  formally  similar 
to  some  in  which  numerals  occur,  actually  refer  to  facts  concerning 
Umits,  and  so  have  quite  different  meaning  from  those  of  the  similar 
expressions  containing  numerals.  The  mark  'oo'  in  the  context  of  limits 
does  not  name  a  number.  Thus,  we  have,  in  this  case,  what  looks  like, 
a  name  of  some  thing  but  no  thing  to  be  named. 

^Gur  remarks  here  need  to  be  interpreted  in  relation  to  the  real  num?^ 
berVsystem.  In  this  chapter  v/e  are  not  concerned  with  the  extensions 
of  the  real  number  system,  called  'transfinite  numbers'.  Our  remarks 
here  are  only  applicable  to  the  simple  theory  of  limits  and  to  the  system 
of  real  numbers  as  treated  in  the  introductory  calculus  texts. 
-  It  is  now^lfime  to.  bring,  out  in  the  open  a  concept  which  has  already 
been  much  used  in  the  above.  This  is  the  matter  of  the  symbol  and  its 
referent.  We  begin  with  a  simple  example.  We  all.  know  that  there  once 
existed  a  flesh  and  blood  person  whose  name,  was  'Euclid'.  .Th?" name 
'Euclid'  is  not  flesh  and  blood  but  merely  printer's  ink  in  a  certa^in  pat- 
tern on  this  page;  it  is  a  symbol  and  the  man  is  the  referent  of  the  sym- 
bol. In  the -same  way,  'United  States  of  America'  is  an  approximately 
two-inch  long  set  of  black  marks  and  a  symbol,  but  the  referent  of  this 
symbol  is;  a .  veiy/ larige  nation  of  many  millions  of  people- and  several 
millions  of  squSre  miles  of  land.. 

As  long  as  the  referent  of  a  symbol  is  a  physical  entity,  it  seems  easy 
to  avoid  confusion — one  can  often  rely  on  an  index  finger  and  point  to 
the  referent  and  point  to  the  symbol  naming  this  referent.  In  mathema- 
tics, as  well  as  in  many  other  areas  of  intellectual  endeavor,  troubles 
arise  when  the  referent  of  a  symbol  cannot  be  pointed  to  or  even  imag- 
ined visually  with  any  accuracy  because  that  referent  is  abstract.  Num-' 
bers  are  such  things.  The  symbol,  however,  is  always  tangible,  perceiv- 
able either  by  the  eye  or  the  ear,  and  there  is  therefore  a  strong  tendency 
to  think  about  the  symbol  in  place  of  its  referent.  This  is  the  source  of; 
such  practices  iis  jiiggling  numbers  and  an  explanation  of  why  transposi- 
tion is  such  a. favored  method  of  solving  equations. 

It  is  not  our  intention  to  condemn  such  practices  as  transposition  and 
cancelling.  We  do. believe,  .ho\Yever,  that  students  need  to  understand 
that  tnxnsposition  is  a  process  of  manipulating  symbols  and  not  of  operate 
ing  with  numbers.  Thus,  a  typical  statement  of  a  transposition  rule  to 
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the  effect  that  a  number  can  be  moved  to  the  other  side  of  the  equation 
if  its  sign  is  changed  is  not  correct. 

We  feel  it  important  that  the  student  who  learns  to  do  this: 

dx  +  .5  =  2 

3x  +  5  -  2  =  0  • 

understands  what  is  being  done.  W^iurther  believe' that  the  use  of  the 
word  'transposition'  contributes  to  neither  understanding  of  the  process 
itself  nor  proficiency  ia  solving  equations. 

If  we  were  to  make  a  practical  suggestion  to  teachers,  it  would  be  this: 

Let  the  students-observe  how  equations  are  solved^.'^^Let  them  see  what  hap- 
pens to  the  numerals  and  variables  as  they  are  moved  from  one  side  of  an'equa- . 
Ltion  to  the  other,  and  do  not  attempt,  at  least  in  the  early  stages  of  work  with  . 
'equations,  to  verbalize  the  process  or  ask  students  to  do  it.  To  find  out  whether 
or  not  the  students  know  what  takes  place,  let  them  work ' equations' andiob-- 
serve  their  work  to  see  whether  they  are  doing  it  correctly.  . 

For  more  detailed  treatment  of  solution  of  equations  we  refer  the 
reader  to  the  section  on  equality  toward  the  end  of  this  chapter. 

Cancelling  13  an  example  of  another  process  of  manipulating  symbols 
and  not  of  an  operation  witH  numbers.  Unless  a  student  understan^Js 
this  clearly,  he  will  make  errofs-of  the  type  shown  in  an  example  at  the 
beginning  of  this  chapter.  Thus,  he  will  cancel: 

2+3  '    — ■ 

and  conclude  erroneously  that  %  =       Errors  of  the  same  type:<jc>m-' 

mitted  where  variables  are  involved  such  as:  ■-■^>.  - 

■  .  ■  -.^  " 

may  not  be^as  easily  detected.  They  stem  basiS^liy  from  the .  confusion 
about  the  meaning  of  'variable'.  This  topic  is  discussed  later  in  the  chap^ 
ter. 

iVrATHEiMATICAL  GRAMMAR  — 

The  study  of  grammar,  in- my  opinion,  is  .capable  of  throw- 
ing far  more  light  on  philosophical  questions  than  is  commonly 

supposed  by  philosophers.  Although  a  grammatical  distinction   

cannot  be  uncritically  assumed  to  correspond  to  a  genuine 
-  philosophical  difference,  yet  the  one.  is  primajacie  evidence  of 
the  other,  and  may  often«be  most  usefully  employed  as  a 
source  of  discovery. — Bertuand  Russell 
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Graminar  is  concerned  with  the  structure  of  language.  The  person 
who  has  had  formal  training  in  one  or  more  foreign  languages  is  aware 
that  each  language  has-  its  own  grammar,  that  different  lan^ages  have 
different  grammars.  So  it  is  with  the  language  of  matheTnatics,  In  this 
section  we  shall  attempt  to  develop  a  very  brief  mathematical  grammar 
with  certain  parallels  to  conventional  English  grammar. 

First,  however,  we  want  to  point  out  that  our  choice  of  the  phrase 
^the  language  of  mathematics'  is  not  without  purpose.  We  believe  that 
one  should  not  speak  of  matllematics  as  a  language  because  it  is  not  a 
language  in  the  ^me  sense  as  Chinese  is.  Mathematics  is  a  science 
studying  a  variety  of  things  such  as  numbers,  lines,  and  So  on^  A  mathe-  . 
matical  law  such  as  the  commutative  property  of  addition  can  be  ex- 
pressed.in  many  different  languages.  For  example: 

The  sum  of  one  number  and  pother  number  is  equal  to  the  sum  of  the  second 
and  the  first. 

is  one  English  expression  of  this  law.  There  are  other  English!  wordings 
and  translations  in  most  foreign  languages.  An  expression  ol'thife  in  the 
language  of  mathematics  might  be :  '•   |  '  ' 

.  X  +  y  =  2/  +  X.  ' 

Our  point  is  that  the  mathematics  is  the  same  in  each  case  bat  the 
language  is  different.  The  Arabs  were  able  to  do  a  surprising  amount  of 
algebra  \vithout  special  symbols.  However,  contemporary  mathematics, 
within  certain  limits,  does  have  a  faitly  uniform  method  of  expression 
and  this  can,  roughly  speaking,  be  (sailed  'the  language  of  mathematics*. 

It  should  be  understood  that  in  this  section  we  are  discussing  that 
part  of  mathematics  which  is  expressed,  not  in  ordinary  English  words 
'  which  must  follow  conventional  English  grammar,  but  in  that  abbre- 
viated symbolism  which  is  special  to  mathematics. 
■  ..It  is  usual  in  grammar  first  to  discuss  the  various  parts  of  speech,  e.g., 
nouns,  pronouns,  verbs,  adjectives,  and  so  on.  For  most  languages,  6ucK' 
analysis  is^  fairly  complex  and  the  different  word  forms  are  very  numer-  . 
ous;  this  is  partly  due  to  the  natural  evolution  of  a  language  and  partly 
to  the  gre^t  variety  of  concepts  a  language  must  express.  On  4;he  other 
hand,  the  language  of  mathematics  has  been  developed,  at  least  in  part, 
in  a  conscious,  artificial  way  and  also  is  used  to  express  far  fewer  and 
probably  far  simpler  concepts.  As  a  result,  we  can  identify  only  three 
rather  clearly  defined  parts  of  mathematical  language. 

The  first  is  almost  completely  comparable  to  the  ordinary  noun  or  . 
pronoun,  which  is  qoihmonly  said  to  be  a  name  of  a  person,  place,  or 
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thing.  While  we  have  no  per8oy&  to  talk  about  in  mathematical  dis- 
course, we  do  have  places,  such  as  the  points  of  geometry,  and  things, 
such  as  numbers,  sets,  and  so  on.  The  phmse  'mathematical  indivichfifi^  / 
is  sometimes  used  for  these  places  and  things.  So,  our  first  p^Pof  '  . 
mathematical  speech  is  the  symbol  for  an  individual;  the  sunplest  e:^^^-^^ 
pl^  are  the  numerals  such  as  '0',       and  so  on,  and  the  lettersVz^^\'?''^^ 
'A\  'B\  and  so  on,  i^ed .as  variables  in^ algebra  and  geom^ry..; '  "  '    '  r^. 

The  second  part  of  mathematical  language,  the  .relation  >ymbol,^  \, 
very  similar  to  the  ordinary  verb,  which  is  said  to  express  an  action  orW 
a  relation.  Mathematics  is  not  concerned  with  actions  but  there  ar^"^ 
yery  many  relations  of  concern  to  the  mathematician.  One  of  the  firsts. 
mathematical  things  the  young  child  learns,  .1.  +  1  =  2,  involves  the^^ 
relation  of  equality  arid  this  relation  is  never  .discarded  evei^  in  the  most  ' 
advanced  mathematics,  eveh  though  many  ^  other  relations  are  intro- 
duced. Other  Examples  are  Uie  relation  bf  being  larger  (expressed  by. 
'> the  congruence  relation  (expressed^  by  'S'),  and  the  membership 
relation  (expressed  Jby  'e'):  Just  as  the 'English  teacher  insilts  that  a 
correct  sentence  must  have  a  verb,  scf;' thQ^eiathematics  teacher  must, 
insist  that  a  correct  mathematical  sentence  must  have  a  relation  symbol. 

II  is  difficult  to  compare  our  third  part  of  mathematical  language, 
symbols  for  operations  and  functions,  with  anything  in  traditional 
grammar.  We  are  concerned  here  wit^  such  symbols  as  '+',  '  — 'X  ', 
'tari'j  'f\  and  so  on.*  It  seems  best  simply  to  examine, 
the  way  in  which  they  are  used.  For  example, is  a  symbol  for  a  binary 
operation,  that  is,  if  a  numeral  is  written  on  each  side  of  the  sign,  the 
resulting  .compound  symbol  is  a  name  of  some  number.  Some  insight 
ma^^  be  gaiped  by  translating  '2        as  'the  sum  of  2  and  V  and  compar- 
ing it  with  the  ordinary  English  phrase  'the  elder  son  of  Adam  and  Eve'; 
conceptually,  there  is  very  little  difference  but  the  usual  symbolisih  hides 
the  similarity.  The  difference  between  a  binary  operation  (as  symbolized 
by  'z  -f  y')  and  a  ifunction  of  two  variables  (as  symbolized  when  writing  " 
7(^/2/)  =       —  y^')  ^-largely 'symbolic;  certain  functions^  are  so  basic 
or  so  much  used  that>!they  have  acquired  a  special  symbolism  and  the  . 
title  of  an  operation.  There  are  also  important  symbols  which  combine 
with  a  single  individual-symbol  to  produce  a  compound  name  of  another  ' 
individual ;  examples  are  ' y^',  'tan\  Here,  we  have  singulary*  operations  , 
or  functions  of  one  variable.  In  each  case,  if  an  individual-symbol  is 
put  in  the  proper  place,  the  result  is  a  compound  sjrmbol  naming  an 


•  Unfortunately,  there  is  no  agreement  in  terminology  for  this  kind  of  opera-* 
tion;  the  words  *unitary',  'monary'  are  also  used. 
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individiial;  for  example,  '\/4'  is  a  compound  name  for  tlie  number  2.  • 
A  worthwhile  comparison  is, to  th^  English  phrase  "'the  mother  of  Na- 
poleon'. We  shall  call  symbols  of  both  operation  and.  function  'operatbr 
symbols'.    '  :  / .     «  , 

The  use  in  algebra  of  the  symbols  and  '  —  '.in  front  of  a  numeral 
i.s  an  example  of  a  misleading  use  of  symbolism.  The  symbols  '+5'  and 
'—5'  are  frequently  read  'positive  five'  and  'negative  five',  creating  the 
impression  that  '  +  '  and  ';-Vappear  here  in  the  role  of  adjectives  rather 
than  merely  as  a  part  of  the  name  of  a  number.  This  is  a  source  of  eon- 
fusion  to  those  students  who  think  that  — x  is  a  negative  number.  It 
seems  preferable  not  to  use  the  '+'  sign  at  all,  except  possibl}-  for  en?- 
phasis  in  some  cases,  and  to  view  the  •  —  '  sign  as  symbolizing  a  singulary ' 
operation:  Thus  '  — x'  should  be  tead  'negative  of  x\  It  is  unfortunate, 
for  some  reasons,  that  '  — '  symbolizes  both  a  singulary  and  a  binary 
operation;  for  the  mature  person,  this  is  a  convenience  because  of  the 
close  relation  between  th^  operations,  but  for  the  immature,  it  can  be  a 
(Jp.nger  which  the  teacher  must  be  prepared  to  handle  properly.  Similar 
remarks  hold  for  the  word  'negative'  and  the  phrase  'negative  of'. 
,  Each  of  the  three  kinds  of  symbols  (individual,  relation,  and  operation) 
may  be  classified  in  either  one  of  the  two  following  categories:  Constants 
and  variables.  Thus,  we  shall  speak  of  individual  constants  or  in- 
dividual variables,  relation  constants  or  relation  variables,  and  operator 
constants  or  operatdr  variables.  Table  1  shows  these  categories  more 
clearly,  together  with  som;e  examples  in  each  category.  .  . 

Although  relation  variables  and  operator  variables  are  at  present 
used  mainly  only  at  a  rather  advanced  level,  there  is  considerable  op- 
portunity for  their  advantageous  use  much  earlier.  For  example,,  in  9th 
grade  algebra,"  after  one  has  explained  that  addition  and  multiplication 
are  commutative,  one  can  use  an. operator  variable '* '  to  make  a  general 
definition  of  commutativity: 

A  binary  operation  symbolized  by       is  commutative  if  and  only  if  a  *  b  = 
b  *  -0,  for  all  a  and  6.  - 

In  a  similar  way,  a  better  .understanding  of  algebraic  and  geometric 
relations  may  be  produced  through  a  general  discussion  of  reflexive, 
symmetric, -and  transitive  properties.  For  example:  - 

A  relation  symbolized  by  is  symviclric  if  and  only  if:  if  a/?fe,  then  6i?o, 
for  all  aoand  b.i  ^  .  ^   ■      .  ^ 

There  is  some  value  in  further  analysis  of  the  concept  of  compound 
names.  Suppose  that  we  use  the  phrase  'atomic  constant'  for  an  individ- 
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TABLE  1 


CoQiUtnU  . 


Variable* 


' Individuals  (symbols  2 

for  things)        '    .     the  point' (0,  0),  0. 

*  (the  null  set) 


.  Opei^ators.  (symbols 
.for  fqnctions  Und 
operations) .  - 


•KelAtion  symbols 


.  s;in 


'■<■' 
> 


z  (The  range  of  *z*  may  be  the  set* 
of  complex  numbers.) 

<?   •  ■ 

A  (The  range  of  *A*  may  b^ 'the 
set  of  points  in  a  plane.) 

B  (The  range  of  *B*  may  be  a  speci- 
fied collection  onsets.) 

(Generally  found  only  in  advanced 

mathematics.) 
o  (The  range  of  *o*  may  be  the  en- 
tities named  by:         *— *,  *X*,' 
■%  and  '-h».)'^  •  ' 

./  (The  range  of  */*  may  be  the  en- 
tities  named  by  ^*ain^  'cos*,  'tan*, 
v'cot*.  and  'log*.) 

(Generally  found  only  in  advanced 
mathematics.)  .  ' 

(The  range  qf^*  may  be  the  en- 
'.  -tities  named  by:  '=*,  '<',  *>\ 
;  ;vV'^\        and  'C*.) 


ua:l  coti,sl^nt  whicK  IS  a  single  symbol  and  which  cannot  be  meaningfully 
broken  dovyn  into  smaller  parte  Such  atomic  constauls  seem  to  be  very 
fevv  in  number;  the^^^^  and  so  on  to  '9'  and 

'then  there  are  jesters  used. as  constants. (almost  always  as  abbre- 

viatioivs  foricompdund  individual  constants) ;  examples  of  the  latter  are 
't'  (for  ^yCJlO  and  'e'  (as.  a.name  for  the  base  of  natural  logarithms). 
Any  fraction  is  thus  a  compound  individual  co4istant,  as  is  any  numeral, 
for  a  number  greater,  than  9.  It  is  especially. interesting  to  us  thjit  we 
cannot  find  any  individual: constants  for  geometric  objects  in  synthetic 
EucHdeaii  geometry,  (It 'is^  true  that  V- is  an  individual  constant,  but 
it  names  a  number,  not  a  point,  line,  or  other -geometric -figure.)  The  v 
letters  M',  '-B',  'C,  and  so  on,  are  generally  individual  variables  for 
points.  If  'C*  is  used  for  circumference,  it  caa  best  be  analyzed  as  a- 
function  symbol;  the  same  is  true  of 'many  other  words  (a|id  their 
related^symbols)"such  as  '^ength^  'bisector'^  and  'area'., We  thus  have' 
an  example  of  what  Russell  probably  meant  in  the  quotation  at  the 
beginning  of  this  section.  Geometiy  is  re^^led  as  the  study,  not  of 
particular  geometric  objects,  but  of  relationl^tetween  and  functions  of 
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unspecified  objects  (e.g.,  relations  of  congruence  and  parallelism,  and 
.  the  length  function).  The  contrast' is  <vith  arithmetic  and  algebra  where 
we  are  frequently  concerned  with  particular  numbers  such  as  0,  1,  and 
'so  on.  ^  ^  ;     ;         •  .  . 

"  The  tppic  of  parentheses' and  ot^er  so-called  signs  of  groupirig  can  be 
viewed  as  another  bit  of  mathematical  grammar.  Sijgb*  marks  xi^  paren- 
theses and  brackets  are  quite  different  from  other  symbols  in  that  they- 
*do  not  refer. to  anything  but  serve  to  refngve  ambiguities  tha)t  would 
necessarily  arise  in  many  complex  statements  and  expressions.  A  simple 
example  is:  r  ■ 

■         •         .  ■  ■   -.2.+ 3X4.  '  . 

UjaleSs  certain  conventions  have  been  established,  one  cannot  tell  whether 
tBs  symbof  means^i20yor*14.  The  ambi^ity  can  be  removed  by  writing 
either:  .  '    5  ^ 

.v\  ■      (2  #3).X"4  V. 

■     •         2  +  (3  ><  4).  .  ;  \         .  •      >  ' 

The  teacher  can  make  a.  valuable  contribution  by  pointing  Out  tlie' 
similar  function  of  Qrdinary  punctuation  imrks  in  removing  anifeiguities 
in\English  statements.  An  example  is  the  sentence:         *      »  ... 
^.       '  ■  ■  ■  ^*  ■ »  '    '    ,   .    ■  '  » 

Some  say  the  students  have  their  favorite  question. 

which  can  be  punctuated  ^either  .  ' 

-J  . 

'  Some  say,  "The  students  have  their  favorite  question." 

■*;or    '  \"      '      ^'  >    \.  ■ 

"Some,'' say  the  students,  "have  their  fayorile  questigjW.V  . 

By  such  example^  of  both  kirids,^a;igebra  students  should  come  toHind^er-' 
stand  the  basic  'purf)ose  of  parentheses.  After  this,  they  can  be  taught 
that  certain  conventions. ha vb  beei)  adopted  in  an  effort  to  develop  the. 
most  highly  "abbreviated  symbolism..     .    -  ^      /  .    ^  .      . '  ' 

'  In  this  piart  of  the  chapter,  we  have  considered  some  of  the  grammati- 
cal aspftcts  of  ^^mathematical  language:  Generally,  we  consider  it  a  highly 
u^fwr  and  rewarding  practice  for  teaphers  to  seek  out  exan\ples  of 
"^"tmalogies  between  the  grammar  of  the  English  language*and  that  of 
mathematical,  lai^^age.  Muf^h  imderstanding  .can  be  gained'  by  such 
practices..  -  . .  *      %  ^ 


LANOUAGE  AND  S^BOLISM  .  ' 

^         VAIilABLE  * 

c  The  notion  of  the  variabli(1s  one  of  th&  most  di^ultVitJi 

which  Logic  has  to  deal,  and  aM%  present  work  a  satisfactory 
theory  as  to  its  nature,  in  spite  of 'tiauch  disctis^on,  will  hardly ,  •' 
be  found.  For  the  present,^  f  only  wish  to  make  it  plain  that 
there  are  .Variables  iaf^  all  mathematical  propositions,  even 
where  *t  first  sight  they  might  sej^  to  be  absent.  • 

v^,     '    — Bertrani/' Russell  v 

'  The  word  'variiible'  is  found  repeated  many  fimes  in  almost  every 
book' on  mathematics  or  related  subjects.  It  is  used  hoiik  as  a  noun  and 
as  an  adjective.  Up'on  careful  analjlls  of  mathematical  writings  one  . 
concludes  that  much  remains  to  be  explained  before  the  concept  of 
variable  may  be  pronounced  clear  and  unq^biguc^s.  The  word  Variable', 
used  in  many  different  contexts  and  with  many  different  meanings)  plays 
a  central  role  in  algebra,  analytic  geometry,  and  calculus.  ' 

Because  the  concept  of  variable  is  so  basic  to  mathematics,  children 
should  be  introduced  to  it  ^learly  as  possible. ^here  are.  many  exami«^ 
.of  simple  arithmetic  situations  throt^h-  which  very  young  children  can 
be  introduced  to  the  concept  of  variable. 

'  Let  us  take  a  ' very  simple  example.  The  young  child  learns  that 
0+1  =  1,  that  Q .+  2  =  2,  and  that  0  +  3  =  3,  and  so  on:  He  should 
perceive  that  there  is  not  a  limited  number  of  such  related  sj|atements 
but  as  many  such  statements  as  there  are  numbers.  The  problem . is  to 

'somelSnv  express  all  of  these.  This  is  the  time  to  introduce  variables. 
The  ohild  can  be  told  that  the  letter  can  fee  used  to  stand  for  any 
number  and  that  by  writing 

he  has  comimer/ all  these  statements  into  a  single  statement.  The  teScher 
can  find  suitable  analogies  to  general  statements  in  ordinary  English. 
This  teaching  device, can  be  used  again  and  again, , whenever  a  new 
generalization  is  discovered.  >  •  %  - 

One  further  comment  about  the  example  above  should  prove  of  vatucL 
When  a  child  writes      .  ,  ^ 

■  .      0  +  n.=  n  N 

he  thinks  of  n  as  -being  an?/  number.  That  is,  any  number  ;  he  knows 
about.  In  later  study  of  mathematics,  when  a  student 'is  . acquainted  #ith 
several  number  systems,  it  is  necessary  to  specify  which  number  system  . 
is  meant.  The  number  system  which  consists  of  thosfe  numbers. whose 
names  can  be  put  in  place  of  a  variable  is  calledo'Hjhe  rai^  of  the  vari- 
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able*.  Thus^,  the  eqxiation 

has  no  roo^^in  Ifee  natu|jal  .  number  syste&t  It  does  have  t^e  root,  — 
;  ■       in  the  system  of  integ.er^.(^v|L  the  system  c^^irectecFwhole  numbers. 

The  concept  of  an  operatorjii^able,  that  is^  a  -i^artible  whose  i?ange  is 
a  set  of  operatiotis,  is  ordinarily 'pgt  . introduced,  until  the  student  of 
majthem^itics  begins  tKe  study  of  grc^^theory.  We  kno\y  from  experience 
that  the  operator  valHable  can  be  mellningfully  used  with  high  school 
students  and  v!fc  believe  that  siritpl&  of  teaching  it  to  eleiftgntary 
*■  '^ge  cjiildren  can  be  develogpd.  We  illustrate>by  the  use  of  the  following 
example.      .       '  ^*    -  ^     ■    ^  .  • 

-  At  a  faiirly  early  stag^tKe  childMeaAis  the  two  generalizatibris: 

>  ^        .  a  +  h^^r4  a  .  ^ 

—  •       (tx  b'=  b  X"a;  r       ,  ■   ^  .  .  ' 

^  By  th,€^^use  «6f  an  operator  vS-riable,  say  replacetvble  by  and  'X',  ^ 
*  ■  these  two  s tat etnenUi^ can  be  combined  m to  6 ne:  *  .  ^^  ^ 

%  ■  ■  ^'     1^'  {jj^a^i'^fc  =  6*  a.  ■  ■  . 

It  should.  be  cal'efjjlly^ffoted  that  this  is  riot  true  for -all  operj^tions  but 
only  for  those. ifitcluded  in  the  arb'R^ry  range  of  the  syinbol^^* We  dtou 

-  not  consi.dfcr  this* merely  a  pedagogicjfi^ ioiw  c?e /orce  but  something  of 
very  n^ppreciablfc  value  fn  that  it  makes  ij^much  easie<0.n  point  'out  both 
similarities  arid  ^^j^renoes.  The  teacher  cari'^ow  explain  thai^ny  opera-^ 
tion  for  which  tnis  is  tru^  is  called  'commu^tive',  Operatipjis  for  which 
this  is  not  true 'can  also  -1^5  e^i^mirwgi.  Exantples  of  noncommutative 

\,   operations  are  subtraction  and  division.  @  ^ 

The  relation  vM-lable,  lev.  thevaria^le  wh<ijte  range  is  a  set^of  relatiops 
an  also  be  introduced&eariy  in  the  gr^gj^es.  Many  adyj^ntSges  can  be 
(!eriv6d  from  this^  ear^  introductio^i^for  future  pJ^dy  of  mailiematics.  As 
soon      the.  student  has  lea^ed^such  gene rarftp,t ions  as 

;  If. a  =  h  and  6  .=  c,5theh  a  .^  c  .  .  ,* 

If  o  <  6  and  6' <.c,  liten  a  < 

•,i;  V.^Ifs&'>  *|hd  6  >  c,  then  '|;.  % 

If  A  .45C  ^  A  XYZ  and  A  XYZ     A  MNP, 
■        nhen  A  ARC  ^A  MNP    «  -j,-,,,. 
'  ■  ■        If  A /IBC  ~XXFZand  AXFZ  ^  M''^hVP, 
then  A^BC  ~  A  MATP     ■  ". 
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he  can  be  led  to  the  use  of  ^fl'  as.  a  variable  ranging  over  these  five  rela- 
tions and  to  the  single  statement  combining  the  five  above: 

If       and  672c,  then  aflc. 

,  He  can  be  told  tjiat  any  relation  having  thi^^^roperty  is  called  ^tr^nsi- 
.  five'  and  then  encouraged  to  look  fOr  other  relations  with  or  without 
this  property.  Two  examples  of  relations  which  are  not  transitive  are: 

fa  9^  b 

and  vv 
•  X  '\3  the  father  of  Y. 

To  illustrate  the  two  above  by  gleans  of  specific  example^^^ 

If  2     7,  and  7^  5?^  2,  then  2  ?^  2^* 
is  false.  Similarly,        '  O  • . 

.  -       If  John*  is  the  father  of  Tom  and  Tom  is  the  father  of  Ann, 
"  ^  then  John  is  the  father  of  Ann^'* 

■■     ■  ,  V       ■  ■  ■  • 

is  •false.  ' 

At  any  level  where  the  word  'variable'  is  used,  it  should  be  emphasized 
.that  .this  i.s  one  of  tW  unfortunately  .nu,«leading  mathematical  words 
whase  original  meaning  has  been  changed,  that  a  variable  doe.s  not  vary, 
that  It  IS  simply  aT symbol  whose  Pange  is  a  set  of  tw"6  or  rftofe  things! 
A  constant,  on  the  other  hand,  ife  a-symbol  refecring  to  only  one  thing. 

.  Somewhere;  (jr 'perhaps  frequently,  it  should  be  pointed  out  that  a 
letter  is  no*  neie.ssafily  a  va:riable.  Letters  are  frequently  'used  as  con- 
venient abbreviations  for  numerals  which  become  unwieldy  and«biresome 
when  written  repeatedly.  The  letter  V,  as  an  abbreviation  for  'V^', 

■  is  .an^example; 'e',  ns  an  abbreviation  for 'Hm  tl  +  (1/x))'',  is  a  better 
one.  Menger  gives  tlie.name  ^permanent  literal  numerals'  to  such  svm- 

.  yrhtrsfar,i=lve^hiiv'e  written  of  one  use  of  variable's:  to  state  generaliza- 
tions. The  second  use  is  probably  better  known  since  it  cen^eYs  around 
the  layman's  coMcptron  q^.  algebrrf  as.  the  part  of  mathematics  ^that 
Hses  'xi  for  th^.uhknown,  In  one  sense,  these  two  \ises  are  quite  differont; 

;^n  another,  they  are  \^ery ^similar.  This  second  tise,  as  commonly,  found,' 
IS  CNSQntially  that  of  askmg-.a  mathematical  question.  Tnste;id  of  asking 

What  niimber-r^ed  to  three  gives  five?  -v 


wo  sav: 


.Solve  for  x,       x  -f  3  = 
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The  displayed  sentences  are  essentially  synonymous  and  in  each  case 
the  correct  reply  is  S.  Emphasis  on  this  synonymity  is  an  important  ' 
teaching  device  and  should  not  be  ignored.  With  this  in  inind,  certain 
aspects  of  9th  grade  algebra  xah  be  taught  far  earlier  and  to  good  ad- 
vantage, as  illustrated  by  the  English  writers  Bass  and  Dowty  who*  * 
advocate  this  as  early  as^the'English  equivalent  of  our  2nd  grade.* 

At  this  point,  the  phrase  'value  of  a  variable^  becomes  especially  im- 
portant. Because  of  its  frequent  use,  it  is  essential  that  it  have  an  un-^ 
ambiguous  meaning.  This  lyieahing  should  be  simply  *a  membet  of  the 
range  of  the  variable'  or  *a. referent  of  the  variable'.  There  is  nothing 
unusual  about  this,  but  we  want  to  emphasize  that  a  value  of  a  variable 
is  a  thing  and  not  a  name  of  a  thing.  In  the  same  way,  we  can  extend 
thq  meaning  of  'value'  so  that  we  can  say  that  the  value  of  a  fractional 
numeral  is  a  rational  number  and;  even  more  generally,  that  the  value 
of  a  numeral  is  its  number.  ' 

Perhaps  this  is  the  time  to  focus  our  attention  on  the  grammatical 
function  of  variable.  This  function  is  similar  to  that  of  indefinite  pro- 
nouns and  gefteral  nouns  in  everyday  language.  We  shall  make  this  clear 
by  the  use  of  an  illustration.  Consider  the  following  sentence: 

'  She  said  he  was  a  member  of  it. 

This  sentence  is  neither  true  nor  false,  that  is,  it  has  no  truth  value. 
Only  upon  replacement  oiTeach  'she*,  'he',  and  'it'  by  a  name  of  a  person 
'  Or  an  object  will  the  sentence  result  in  something  which  may  be  judged 
to  be  either  true  or  false.  ' 

We  shall  call  a  sentence  like  the  one  abo^rfe  'a  propositional  function'. 
This  propositioDal  function  will  yield  a. sentence  capable  of  being  judged 
either  true  or  false  only  if  each  of  the  pronouns  in  the  propositional 
function  is  replaced  by  a  nam^  of  a  unique  person  or  object.  Replacing 
only  some  of  the  pronouns  by  such  names  will  result  in  other  proposi- 
tional functions.  For  example,  each  of  the  fc>Uowing  is  such  a"  derived 
propositional  function:  -  . 

Nancy  said  he  was  a  member  of  it     .  . 

or  . 

She  said  John  was  a  member  of  it 
Nancy  said  John  was  a  member  of  it 
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or  -  ,  w. 

She  said  John  was  a  member  6f  Tallahassee  Kiwah^  Club 


or 


.  Nancy  said  he  was  a  member  of  Tallahassee  Kiwanis  Club. 
To-obtain  a  sentence  from  the  propositional  function,  each  of  the 
pronouns  in  it  must  be  replaced  by  a  name  of  a  person  or  an  object 
Thus,  ,         ^  -  . 

Nancy  said  John  was  a  member  of  Tallahassee  Kiwanis  Club 
is  a  sentence  which  is  either  true  or  false. 

Analogous  to  the  concept  of  a  range  of  a  Variable,  the  pronoims  'she' 
and  ^he'  have  a  range  which  is  the  set  of  human  beings,  and  'it'  has  a 
range  consisting  of  organizations.  ,For  the  sake  of  empEasis,  we  would 
like  to  point*  but  again  that  the  range  in  each  case  is  a  set  of  things  and 
not  names.  .  ; 

•  This  leads  us  to  seek  analogous  examples  in  the  area  of  mathematics. 
Consider  the  following: 

For  every  x  and  for  every  ?/,     -      =  (x  —  y)(x  +^y). 

The  intended  meaning  of  this  expression  is  that  'x'  and  'y'  in  it  can  be' 
replaced  by  names  of  numbers  to  obtain,  in  every  case,  a  true  sentence. 
Thus,  '2' for  'x'  and  '3'  for  'y'  yields 

2^  -  3«  =  3)(2  +  3) 

which  is  a  true  sentence.  .  , 

In  conventional  textbooks  expressions  like  the' one  above  are  written 
without  the  use  of  quantifiers.  They  are  commonly  called  'identities' 
Thus,  '  '  V  ,  . 

x2  -  y»  =  (x  -  y)(x  -f  y) 

is  an  identity  because,  no  matter  what  numeral  is  put  in  place  dt  'x' 
and  in  place  of  'y',  'x»  -  y^'  and  '(x  -  r/)(x  +  y)'  yield  twd.iam^  for. 
the  same  number.  We  would  have  no  serious  objections  to  deleting  the 
quantifier,  provided  the  meaning  of  such  expressions  is  made  quite  clear. 
This,  unfortunately,  is  seldom  achieved.  '  r 

Let  us  consider  another  example:  .    *  *  * 

•  For  sooie'x,  X  +  2  =  \/3- 
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Again,  *xVin  this  expression  carj'be  repliiced  by  a  nam^of  any  ni^  * 
In  this  case,  however,  we  will  'find  that  most  of  the  sentences  obtained 
will  be  false.  For  example,  replacing      by  !-\/2',  results'in,  . ;  . 

which  is  a  false  sentence.  We  know  that  the  only  number  whqse  name.  ; 
inserted  in  place  of      in  'x  +  2  =  \/3'  ^vijl  yield  a  true  stateihent  isi 

■a/3-2.  ■  .   ■    ■■     ■  .. 

We  need  to  pause  here  for  some  eJaboratiori  of  the  phrases,  'for  every 
X  and  every     and  *for.  some  x\  Xhe  first  phrase  is,  usually  called  -a 
universal  quantifier'  and  the  secon^ -/an  existfential  quantifier'.  The. 
universal  quantifier  *for  every  x  ami  evefy!  y'  is  frequently  replaced  by.  . 
its  synonym  *for  all  x  and  all      The  exifetentiaL  quantifier  *f or' sonie 
has  the  synonyms:  'there  exists  an  x  ^ch  thatV^nd  'theire  is  at  least 
one  X  such  that'.  Abbreviations  are  frequently. employ e^-f or  the^ciuantiT 
fiers.  Tor  all  x'  is  written  as  *Vx',  and. 'for  some  x'  as  '3x'.  So' much  for  ^ 
the  notation.  Now,  what  is  the  purpose  pf  quantifiers  and  are  'tliey. 
.necessary?  '    '       . "  ■'  .      .  ,/ 

»  The  quantifier  *for  every  x  and  every  ?/'  serves, a:s^n  abbreviation  for 
the  phrase:  Svhere  *x'  and/?/*- may  be  replaced  j^Y'^^  numejral  naniihg^^ . / 
number  from  a  specified  set  of  numbers'.  In  this. sense,  it  sen*T^S;a  ^Ie)[inrte 
purpose — it  places  expressions,  which  may  be.Hothenvise  meanuigless  1 
and  isolated  from  all  context,  in  a  meaningful  .seating. 

At  the  beginning  of  .this  section,  the  advantages  and- economy  gained" 
'hrough  the  use  of  variables  were  illustrated.  The  Distr^fcutive  Principlia^  ^ 
of  Multiplication  .over  Addition  is  an  addition^  illustration  of  this* 
aspect  of  a  variable.  Let  us  state  this  principle ;as* follows .  ,  .  ■ 

:  For  every  a,  every  &,  and  eveay  fc,'a(6'-+^*;c).  =  ab  M-r.ad.  * 

'      -  -"  '  -      *  -    ■  ■  ..  ■          ■     ,  ■ 

In  the  first  place,  this  expression  covers  a  jhultitude; of"^ statements  like: . 


Secondly,  thk^  .'expressi^n^ -c^inveys-  t^'  ins  something  Jyfiich  would  ^ 
difFicult  ijj^^iptbersotne  |o  dcscrihevin  ttio  English  language.  iNe.yertr 


less,  let  u^tt^ihriht/to'd^  s^V.'^  ^ 
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The  producrt;  of  a  numl?er  and  the  sum 

the  products  of  the  first  number  by  the  second  num^^^ 
by  the  third  number. 

After  we  have  said,  i^^  still  not  sure  whether 

wanied  to.say  or  whether  anybody  understands  what  w^ 
:  We''wanted;tp  say;.'.;.  \  .  ■ " ,  '  ■■■■.:'^v'  . 

;v    I'e^lmpi  pile,  more  ^  i^^^  testiriipny  to  the  advantages 

:  gained  through  ,  tfie^^u^     variables  should  prove  of  value;  You  recall 
.  Vthat  eirher^  chapter,  we  agreed  that  a  fractibnal^numeral  is  a  • 

•.  sSoiii^  In  order  to  describe  what  kind  of  syrabol  itis/we^-     '  i  '% 

; 'iprifi^t  res(^^  *  K'i 

v;and<jan  be  obtained. b/s^^^^  aid  'ii^^''  by  names  qf  inte^e^^^^  >^ 

■  *  A  ?  IS  not  replaced  bjr  a  imine  (qr  the  number.  zerbT.  - . :..        '  *  f^^^ 

■  V  ,Ybu  will  note  th^eTSave^  of  variablesji?  letters  "  ^ '  -  ^  ;  ^ 
fHp  othei::syiri                       '^  ^bo^..\V§feUeve  tbat's^^  practice     -  -  /  :r  M^^l 

should ;be  eniSoumged:  irv^t^e  ^roG|iK  J^^^  the  examples  we  used  :  \:  '^^M 
riji  thisr  s^dtiop/5«|j[^^^^  what  letters  are  used.  For  exairit^le  •  '"^  J  ^^^^^ 

■^^^^^■°^^^^^z>^^  ^     =#o  -;<~z>)(o,+ <o)  '""^'"^'^ ' 

-Slniila'riy.  the  j6  eould  Jdo  writteti^as :  -.■ '4 


;'ViP(<G^-b  O  X  <CI>  +  O  X  A.  ^ 
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In  concluding  the  discussion  of  variable,  we  should  remark  that 
it  is  our  belief  that  the  view  of  the  variable  we  attempted  to  convey 
in  this  section  is  quite  adequate  for  the  purposes  of  high  school  mathe- 
matics instruction.  Teachers  desiring  to  pursue  this  topic  to  a  much 
deeper  extent  are  encouraged  to  study  references  found  in  the  ndtes 
at  the  end  of  this  chapter. 

DEFINITION 

...  A  definition  is  no  part  of  mathematics  at  all,  and  does 
not  make  any  statement  concerning  the  entities  dealt  with  by 
mathematics,  but  is  simply  and  solely  a  statement  of  a  sym- . 
bolic  abbreviation:  it  is  a  proposition  concerning  symbols,  not 
coiiceming  what  is  symbolized.  I  do  not  mean,  of  coiirse,  to 
affirm  that  the  word  definition  has  no  other  meaning,  but  only 
that  this  is  its  true  mathematical  meaning. 

.  .    — Bertrand  Russell 

Perhaps  the^.most  appropriate  way  to  begin  this  section  is  by  defining 
'definition'.  Examination  of  a  variety  of  written  miaterials  shows  that 
there  are  three  easily  distinguishable  uses  of  the  w^ord.  There  are  two 
different  processes  called  'definition''  and,  third,  the  end  product  of 
either'^of  the  processes  is  also  called  'a  definition'.  One  process  is  that  of 
examining  the  uses  of  a  word  or  symbol  and  extracting  from  this  a  state- 
ment about  the  meaning* of  the  word.  This  is  approximately  the  process 
used  in  writing  dictionaries.  On  the  other  hand^there.  is  the  process, 
mentioned  by  Russell  iibove  of  creating  new  words  or  symbols  to  serve 
as  abbreviations  for  less  convenient  language  or  symbolism. . 

Despite  -the  difference  in  the  processes,  they  produce  essentially  the 
•same  result,  namely,  a  statement  that  two  words,  phrases,  sentences,  or 
.jSstoibo^,;,  have  the  same,  meaning.  This  may  be  called  'a  definition-state- 
-^ent^ -jy^ien  written  in  ordinary  language,  definition-statements  may 
appe^j:,  in  a  considerable  variety  of  forms.  When  written  completely  in 
mathematical  symbolism,  they  are  considerably  more  uniform,  although 
still  having  some  variety.  Even  within  this  variety,  three  essential  parts 
can  always  be  discerned.  Let  us  consider  several  examples. 

(1)    '2M^  defined  as '1  +  1'  , 

,  (2)    'a  -     means 'a  +  (-6)' 

(3)    'x  <  2/\will  be  used  for  'x  <  y  or  x  =  y* 

On  the  left  of  each  of  these  statements  is  the  piece  of  language  being  - 
defined  (technically  known  as  the  definienduTYi) :  On  the  right  is  the  Ian- 
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guage  which  does  the  defining  (the  definiens).  (Note  that  right  here  are 
examples  both.of  definition  and  of  the  value  of  definition.  We  introduce 
these  Latin  words  not  to  be^igh^row  but  because  we  anticipate  a  con> 
siderable  amount  of  reference  in  the  next  .pages  to  the  language  being 
defined  and  to  the  language  that  does  ^the  defining  and  we  should  like  a 
more  convi^rVient  way  of  doing  this.)  Between  the  definiendum  and  the 
dffLTiiens  filways. appears  same  word,  phrase,  or  symbol  which  expresses 
the  idea  that  the  definiemlitm  and  definiens  liixve  the  same  meaning.  In 
our  opinion,  one  of  the  best  symbols  for  this  purpose  is  that  used  by 
Whitehead  and  Russell,  df\  It  may  be  read,..egwaZ  by  definition.  If 
the  reader  isvQf^the  opinion  that  there  is  some  value  in  uniformity,  tiien 
this  symbol  has  much  to  recommend  it.  Thus  the  three  definitions  above 
would  be  written :  *  « 

2=dfl  +  1  . 

.  a  -  h  =  dfa  +  (-b)  ' 

X  <  y  =  df  X  <  y  or  X  =  y.  ^ 

There  is  considerable  disagreement  about  seyefal  features  of  definition, 
One  is  the  matter  of  whetjjer  we  define  words  or  lihings.  The  majority 
opinion  among  current  mathematical  logicians  is  in  favor  of  defining 
vvords  and  symbols.  Briefly  their  argument  is  that  things  have  an  exist- 
ence independent  of  the  names  we  m:iy  use  for  them  and  that  all  we  can 
do  is  to  decide  how' we  sli^all  use  words  and  symbols  (clearly,  Humpty 
Dumpty,  in  <)ur  first  quotation,  was  a  mathematician).  We  concur  in  this 
judgment  and  al^o  feel  that  it  is  pedagogically  sound. 

The  second  place  for  disagreement  is  in  criteria  for  a  good  or  proper 
dcfinition.^One^position,  which  stems  from  Aristotle  and  his  followers  and 
is  still  follo'iWid  in  most  hfgh'school  geometry  books,  is  in-terms  of  genus 
and  species,  of  n<)  a\-oidable  negative  terms,  and  so  on.  The  more  rriodern 
position  clain^s,  amt)jig  other  things,  that  while  this  may  be^adequate  for 
many  or  most  individual  terms,  it  is  riot  applicable  to  opera,tors  or  to 
nflatiori  symbols.  To  be  specific,  we  do  not  believe  that  the  genus-species 
matter  c;xu  be  applied  to  any  of  the  three  definitions  above.  The  simplestr 
an  1  most  important  criterion  of  the.niodern'  position  is  that  the  definiens 
shall  contain  only  words  and  symbols  which  have  beeiP  previously  de- 
fined or  accepted  as  imdefined.* 

We  mentimied  earlier  that  there  are  two  different  processes  which  lead' 

*  There  are  other  much  more  sophisticated  criteria  established  in  modern  logic. 
The  interested  reade^is  referred  to  Suppes*  Introduction  to  Logic.  Thei^e  criteria, 
are  of  little  concern -below  the  advanced  university  jevel,      ,  . 
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to  , definition-statements.  We  mi^t  say,  fairly  accurately,  ^t  they  . 
^  suit  from  the  two  answers  to  the  question :   Which  came  first,  the  use  of 
the  word,,  or  a  statement  of  the  nieaning  of;  the  wprd?'^  Actually,  both 

.  things  happen,  though  not  for  the  same  word.  Consider  a  word  suqh  as 
^man'.  It  is  a  very  commonly  used  word  and  one  about  which  there  is 
apparently  very  good>^agrmnent  as  to  meaning.  As  long'as  there  seems 
.  .  to  be  satisfactory  communication,  there  is  little  or  no  need  for  a  defini- 
tion-statement establishmg  a  precise  meaning.  However,-:  such  a  need 
may  arise,  for  example,  if  agreement  cannot  be  reached  as  to  l\r)iether  a 
new  anthropological  find  is  a  man  or  oniy  an  anthropoid.  The^lb6fe«s 
which  then  occurs  is  that  of  examining  very  many  commonly  accepted 
.   uses'bf  ^man',  of  finding  the  essential  features,  and  putting  them  into  a 

.  .  definition-stateihent.  This  process  has  been  variously  caUed  ^analysis'  or 
"explication'. 

the  §econd  process  of  definition  is  a  process  by  which  new  languag^,is 
created.  A  vast  variety  of  examples  is  accessible.  (1)  The  nuclear  physi- 
i^^l^     cist,  working  with  his  cyclotron,  discovers  a  new  particle  whose  ^existence 
was  not  known  before..  Note  that  he  has  discovered  the  particlej  an  ac- 

•  tual  thing.  He  does  not  next  try  to  discover  a  name  for  this  particle.  He 
«  simply  creates  a  name  for  his  convenience  in  talking  about  this  newly 

discovered  thing.  If  it  is  very  similar'to  particles  which  have  been  called 
*       ^mesons',  he  may  invent  a  name  which  is,  similar  to  the  name  ^meson'.' 
It  should  be  noted  that  this  naming  process  is  as  arbitrary  as  the  process 

of  naming  a  new-born  child  and  in  neither  case  is  there  any  room  for  argU- 

*  ment  as  to  what  the  new  name  really  means.  There  can  be  no  debate  as 
,     '    '  to  the  correctness  of  such  a  definitibn;  it  is  simply  a  statement  that  the 

writer  will  use  this  name  when  hei^ishes  to  talk  about  this  particle  or  this 
person' (together  with  the  hope  that  others  will  follow  this  usage).  (2) 
;  The  inventor -creates  a  new  kind  of  electronic  vacuum  tube  with  5  in- 
ternal elerpents.  The  invention  shows;  promise  and  it  seems  likely  that 
there,  will  be  need  to  talk  about  this  thing  at-  considerable  length.  To 
repeatedly  use  the  phrase  electronic  vacuum,  tiibe  with  5  internal  elements 

■     .    is  tiresome  and  inefficient  so  the  inventor  decides  on  ^pentode'  as  a  con- 
venient and  effective  abbreviation.  In  this  example,  an  important  fea- 

,  :]  lure  of  mathematical  (fefinition  is  revealed— namely,  that  any  such  d(  fi- 
'  ,  nition  can  be  \4ewed  as^merely  an  abbreviation  and  that,  as  such,  it  is 
logically  dispensable.  Ru.ssell  makes  this  point  clearly  (T/ie  Principles 
■  of  Matherriatics,  piige  429),  adding  that  di.spensing  with  definition  and 
using  only  primitive  term^  would,  of  -course,  be  unwieldy  to  the  point 
of  extreme  impnicticality.  To  return  to  the  example  of  the.  new-bom 
baby,  it  would  always  be  possible  to  say  ^the  first-born  child  of  so-and-so' 
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but  this  is  certainly  not  practical  when  one  iB  in  a  hurry.  (3)  Suppose 
that  a  mathematician  has  been  studying  pairs  of  numbers  with  the 
property, that  the  digits  of  the  one  number  are  the  same  as  those  of  the 
•  second  but  in  reverse  order.  If  he  finds  that  such  pairji  of  numbers  have 
many  interesting:propertie.S' li^  will  wish  to  communicate  these  results  to 
other  mathematicians.  Agairfr  . the  frequent  repetition  of  the  25  word 
phrase  beginning. 'a  pair  of  numbers  c -  will  clearly  be  tiring,  so  the 
mathematician  is  likely  to  start  his  paper  by  making  a  definition  such  as- 
'reversible  number  pair'  will  be  defined  as  'pair  of.  numbers  .  .  . He  has 
thus  achieved  an  etonomy  of  some  22  words;  If  he  feels  inclined  to  even 
greater  economy^  he  might  choose  so^nethnig  like  'R  -nunibcrlj  if  he  pre- 
fers to  work  and;\yrite  in  a  highly  symbolic  way,  he  muy  carry  abbrevia- 
tion to  the  ultimate  and  merely  use  rather  than  '/?-number',  thus 
writing  ^'x  and  7/ are 

The  creative  prc^cress  of  definition  exemplified  above  is  the  one  which  is 
nmst  common  in  matheniatics  and  it  may  e,ven  be  that,  ideally,  it  is  the 
Umly  one  which  should  occur  in  mathematics:  However,  mathematicians 
do  engage  in  the'other  proce.ss.  A  good  example  is  found  ih  the  phrase 
'the  interior  oi  a  triangle'.  Probably  every  one  mature  enough  to  be  con^ 
cerned  with  triangles  would  agree  in  the  usage  of  this  phrase.  Yet,  \yhat 
is  its  precise  meJining?  In  other  words,  what  is  ah  adequate  definition- 
statement?  Questions  such,  as  these  have  consmaed  the  efforts  of  many  . 
excellent  niathematieians  and  continue  to  do  ho,  especially  for'  those 
working  in  the  foundations  of  rtiatheniatics.  Another  good  example  is 
the  several  hundnnl  pages  which  Whitehead  and  Russell  used  before 
tho.y  could  make  a  definition  of  *r. 

It  is  frequently  said  that  mathematical  symbol?  are  arbitrary.  ^It  is 
difficult  to  be  sure  exactly  what  this  means.  We  see  two  possible  mean- 
ings, only  one  of  \yhich  we  consider  correct.  If  the  interpretation  is  that 
nKithen^atical^yml>ols  a,^c  chosen  at  random  without  any  'thought  or 
guiding  principles,  theri'  tliis  does  not  describe  what/mathematicians 
^  actually  do,  although  we  must  admit  that  there  is  no  nVathematical  law 
^'o^'l^i^l'^  t^j^^  being  done.  If  'arbitrary V  means  n^erely  that  there  is 

-  rjk'V^c^gical  pro(:es8  by  which  names  are  derived  oi*  by  which  it  is  proved 
that  'such  and  sucli'  is  the  name  of  a  certain  thing,  then  we  must  agree 

-  t'hat  inatheniatical  language  and  symbolism  are  arbitrary.  . 

:riow  are  mathematical  definitions  actually  created?  That  is,  how  are 
new  words' or  symbol?*  chosen?  Ou r. ^second  cxafiVple  illustrates  one 
method:  the  use  of  dfeek  or  Latin  roots.  In  this,  case,  'pentode',  was 
(treated  because  'pmia'  i.^  the  Greek,  root  for  T).  Very  n?flny  mathematicai , 
word?\  have  sue.h  origins  and  we  beJieve  that  an  important  teachiiig  tech-;* 
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nique  is  suggested  here— nainely,  to  explain  'polynomiar  a^  derived 
from  roots  meaning  'many'  and  'names'  carf  be  help'ful  to  the  student, 
(If  can  aliso  be  the  source  6f  worse  confusion  if  not  handled  carefully, 
i.e.,  unless  it  is  explaineqL  that  the  original/definition  of  the  word  is  no 
longer  used  but  that  mathematicians  have  found  it  convenient  to  use 
'pplynomiar  for  expressions  with' as  few  as  a.  single  term.)  That  this*is 
not  explained  in  so  many  introductory  algebra  bookis  leads  us  to  an  in- 
teresting speculation :  are  these  authors  overly  influenced  by  the  notion 
that  al/word  has  a  real  meaning?  Perhaps  it  was  this  kin'd  of  thing  that 
led  Carroll  to  ha  veHumptyDumpty  ask:  "Who  is  to  be  master,  the  word 
or  I?"  Taking  an  example  at  an  earlier  level,  it  seems  both  interesting  ■ 
and  helpful  to  young  students  to  see  that  our  numeral' *3'  is  probably 
derived  :from  an  ^earlier  form  with  three  horizontal  tallies,  thus  '  =  '.  It 
i3  further  valuable  to  show,  them  the  numerals  for  2  and  3,  used  by 
modern  Arabs,  namely 't"  and  T',  to  point  out  . that  this  was  probably 
derived  from  vertical  tallies  '|1'  and  'f||'.  An  especially  cleiar  example  of 
this  is  the  creation  of  our  sign  '  = ' ;  Robert  Recorde's  report  of  his  choice 
of  this- as  a  sign  f of  equality  because  he  could  think  of  ho  two  things  more 
equal  than  those  lines  certfiinly  shows  that  there  was  nothing  random 
about  his  choice  of  a  symbol/  . 

Geometry  is  an  especially  good  source  of  symbols  of  this  general  kind—: 
for  example,  the  use  of*' A-  as  an  abbreviation  for  t^  word  'triangle' 

and  the  use  of  '^'  ds  in  'AB'  to  indicate  a  circular  arc  joining^  and  'J?, 
To  summarize,  while  mathematical  words  and  symbols  may  Be  arbitrary, 
in  one  sense,  they  are  frequently  suggestive  of,  their  meanings. 

kxi  important  teaching  technique  is  a  consequence  of  the  above.  It  is 
our  feeling  that  students  also  should  be  encouraged  to  create  new  words 
and  symbols  if  they  are  to  understand  fully  the  nature  of  mathematical 
symbolism.  For  example,  the  ninth  grader.who  suggested  '  =  ' as  a  sym-  , 
bol  for  'approximately  equal'  had  made  a  great  deal  of  progress.  This  \s 
not  a  difficult  tMng  for  the  teac^  to  achieve,  if  he  or  she  has  the  right- 
attitude.  Very  young  children  are^appd-reritly  fond  of  making  up  names 
(in  sophisticated  language,-^  of  making  definitions).  That  older  children  ;. 
do  not  .do  this  so  easily  only  indicates  to  us  that-they  have  learned  some  ^ 
wrong  things  a^out  words  and  symbors;.in  particular,  that  there  is  some- 
thing sacred  about  the  dictionary,  or  even  that  God  created  names  for 
things  as  well  as  the  things  theniselves.  Many  teachers  may  feel  wary, 
about  allowing  indents  to  create  their  own  names  and  s3rn^boIs,,  for  fear 
that  they  vyill  not  learri  the  standard  terminology  and  symbolism.  This 
seems  to  us  .to  be  wrong  on  two  grounds^  (1)  there  is  frequently  no  such 
thing  as  standard  mathematical  usage  (witness  'billion'  as  meaning  a 
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thousand.miUion  in  the  United  States,  but  d  mijiion  million. in  England 
.  .  and  the  several  different  notations  for  the  decimal  separatrix  '2.5',  ^2-5' 
^  .or  '2,5').  (2)'  it  is  our  impression  "'ihat  students  who  create  their  4wn 
Symbolism,  even  if  different  from  some  standard  syAi6oli^m,.are  actually' 
better  eqmpped  to  learn  the  syipbols  created  By  others."  ' 

EQUALITY 

:    The^central  theme  of  this  chapter,  viz.,  the  , distinction  between  things 
and  names,  is  of  paraniount  importance  in  considering  the  concept  of 
.  equality.    '  :  .  'C      ,  .    .  .  - 

We  begin  with  an  example  of  commonly  used' phrase  stating  that  a 
quantity  may  be  substituted  for  its  equal.  A  moment's  reflection  leads 
us  to  the  question:.  "How  is  it  possible  to^  have  two  equal  quantities? 
Afen't  we  really  talking  about  the  same  quantity?"  Our  answer  to  the 
last  question  is:  ''Yes,  we  are  talking  about. only  one  thing!"  ClaHfica- ^ 
tion  of  this  statement  is  a  goa-l  of  this  section,  -      ^      V  . 

Folbwing  our  favorite  approach,  we  shall  again  seek  examples  in  the 
English  language.  Let  us  examine,  the 'following  statement:  .     .      ;  \  . 

'       ^         Mamife  =  JVIrs.  D wight  Eisenhower.  " 
What  assertion  is  made  By  this  statement?  It  is  that  'Mamie'  and  'Mrs- 
Dwight  Eisenhower'  are  two  names  of  .  the  same  person.  No ^assertioV  is 
made  that  the  two  names  are  thfe  same— it  is  very  easy  to  see  that  one 
name  is  much  shorter  than  the  other.  ^  ;  . 

What  is  true  of  things  is  seldom  true  of  the  names  ^aiE!^s^|||pgs. 
It  is  very  easy  to  find  examples- where  the  opposite  of^^^S^^^  of 
thmgs  is  true  of  the  names  of  these  objects.  For  exii^^;^^ 

/Nile'  is  half  as  lojjig  as  the  name  'Okavango',  but  the  ^vo^I^^i^verai:" 
times  longer  than  the  river  Okavango.  jv^--^^  ^ 

...  Thus,  a  sta,tement  of  equality  does  not  assert  that  theJiiames  appear-  ' 
ing  6n»the  two  sides  ofv the  sign  *  =  '  are  the  same,  but  that  the  names 
refer  to  the  same  thing.  .  . .  • 

We  all  know  that  George  .Washington  was  the  first  president  of  the  * 
United^ States.  The  stj^tement  w^e  just  made  asserts  that  the  two  names: 

r  *  George  Washington 

.and  *  .  '  ^  ' ' 

•the.  fjirst  presij^ent  of  the  United  States 

arc  mimes  of^the  same  person.  There  will  he  no  ew)r  committed  if,  in 
any  statement/ohe  mime  should  he  substituted  for  the  other.  Whether 
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■  .      •  •■    "  .  *  .  ''w       "  ■  "   ■  ■ 

we  write  'George  WasHingtan'  or^we  ^^^^ite  *the  fii^t  preaideSljof  the  • 
^  United.  States\  \y>e  are.  refem  •  * 

What  does  what  we  have  saicj  so  faf^have  to  do  with  mathematicS'- 
ahd,  In  particular,  .with  equality?  The  answer  mil  be  lorthconfung  im-  ; 
mediately  if  we^^nsider  a  simple  ekahipl^  from  aritlfmetic:  »    , .  /, 

To  be  consistent' ^vith  whaV  \ve' hAte  said  .jglrevioi^sly  in  this  chapter, 
=  interpreted  to  mean  that 

;  same-numher.  Tkis  tiumber  happens  to  be  a  ra;^i:6i^fkt?.ii^^      (page  335). 
.  'there *are  many,  other  things. we  can  say; aftbuf^Ms  number.  Fot  ex-'- . 
.  ample,  one  of  its  names  is  the  numeral /7^'f5o55<i»ioth^e  name  is  the  nu- 
meral *^^5^io';^still  another'  liame  is  the  decimal: Numeral  ■0.5''^  and. so  ' 

.  •   on.     ; '    .  •  ■  •  '■    .  , 

T^ie  statement  *J^«=;  ^-^Vdoes  not  assert  .that  the.-names^j^^'  a^nd 
are  the  same.  Just  as  We  decide  by  sight  that  the  narnes  *Mamie'  and 
^Mrs:  D^vight•  Eisenhower'  are  different,  so  do  . we  see  that  '3^'-  and 
^%'.are  different.  , 

Furthermpre,*jus^jfeXVQ  may  correctly  say  that  Mamie  is  Mrs.  Eiseh- 
hower^  we^^iaj^'also  ^y  that,  tlie  fiumber      is  the  same  as  the  nurnberjj- 
.       or  that     is^equal  to  7^,  or  simply  that  M-is      In  each  ca^e  we  .are  * 
spealvinjf.of  tlie  same  entity  :-in  the  former  case  of  the  lady  one  of  wnbse  • 
r^ames  is  ^Mamie^'in.  the  latter  case  of  the  number  one  of  whose  names  .: 
..is^>^'.  ^        ;  '  .  '  *  ■  -' 

in' order  irot  t^)  ignore  the  suljject  of  geometry,  we  shall  consider  some 
examples. commonly  found  in  plane  geometry  textbooks. -You  are,  no' 
dpubt^  familiar  with  the  usual  deTinition  of  a  Wne:  A  line  is  the  shortest  . 
distance  between  two  jioihts.  3ut,  if  a  line  is  a^Uist^hce,  then  it  is  a  number 
indicating  how  many  *units  of  length  there  are  in  tYye  line,  in  question. 
'  In  th*6:  same  textbook  ih  vyhich  a  line  is  defined  in  this  ^fashiprt,  one  is  * 
quite  likely  to  read  tiiat*  a  ^s^raz^^  line  can  be  extended  indefinitely  iv>  •  , 
either  dircc/zon,;;,  meaTiiii^  t Hen- that  the' s/ioricsi  distanci  can  be  extended 
irulefinitcly.  w         . "     •.       -  "   ..^  . 

^>     Many  difficifltiesj.stemtning  front ,an  incorrfect  use  of  language,  wafeel, 
,  «can  b§  correcte4;;^'ith  a  slight  amount  of  effort.  Ifhe  difficulty  ifbove,  f^r-. 
•  example,  can  be  avoided  by  t^jicing  ^straight  line'  aJ?'9,n  undefened'  phrase. 
Then  we  can' correctly  say  that  the  distance  betweisn  two  pomts  ih  jt  ' 
plane  is  the  shortest  whfen^.  it  is.measured  klong  a  straight  line,  ^e  sh^^iild' 
point  out  that  this  statement  is.tnie  in  the  Epclidean  geometry,  Init  it  is  ' 
not  necessarily  true  in  other  geometries.  )For*example,  in  ix  gebmJ^try^ip^  . 
which  the  plane  is  the  surfUce  of  the. sphere,  the  shortest  disthjj^ie  h&^^^en 
two  points  is  fneasured  aiorig  a.^reat  circle..  .  '  ^ 


/ 


The  faUure  to  distinguish  the  line  f rgm  the  distance  has  many  impleas^^: 
ant  impUcatioiis.Tar,^tomple,  after  defining  a  Une  segment  as 'a  portion 
of  a  straight  Jine.^e^^ep:  '^^^  points',  textbook  writer?  use  a  common 
abbreviation,  for  a  Une  segrri.ent'  wlufefeas  of  the^form  'AB\  Then  they 
proceed  to  make  statements, siicb  as:  t' 

\/    ■       r     '  !AB  ±  CD 
and      "  . 

C  ~      AB  ^  CD. 

•  t.Qbviously  the  first  statement  is  about  two  line  segments.  From  it  we 
V^H.now  that  the  line  segment  AB  is  perpendicular  to  the  line^egment  CD, 
'  j;>Vhat  about  th^  second  statement?  '  V  .  'y^^^^^^  ' 

The  second  statement  is  not  about  line  segments,  for  It  would  mean 
that  'AB'  and  'CD'  are  names  for  the  same  line  segment  and  that  is 
.  .  obviously  not  what  is^infended  by  this  statement.  What  is  wanted  is  a 
.  statemei;it  to  the  effect  that  the  measure  of  the  line  segment  AB',  say,  in 
inches,  is  the  same  as.  the  measure,  in  inches,  of  the  line  segment  Ci).  We 
shall  introduce  the  following  notation  to  express  this: 


^  (^5)^-=  m'"  (CD) 

'^'^.yf^^y  ^  ^^^^  ^OT  the  number  of  inches  contained  in  the^  line 
segniKit  AB.  Hence,,  . 

.  .45  i.^CD 

means:  The  line  segment  AB  is  perpendicular  to  the  line  segment  CD, 
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.m^'»  (AB)      m»'»  (CD)  : 

Iff'  ■       ' '         '  '  ,     ■  .' 

means:  the  nuraber  of  irfchcs  in%e  lirt^  segment  AB.is  the  same  as  the 
number  of  inches  in  the  line  segment  CD. 

..The  symbplism  /m'"  (AB)\  wc  must  admit,  is  not  very  ^efficient; 
yet,  wc  fed,  it  is  worth  -sacrificing  some  efficieacy  for  the  sake  of  what 
wc  considctta  be  an  understiinding  of  a  very  important  concept.  After 
j;,studcnts  ac^evc  this  unders^andiiig,  it  is  quite  appropriate  to  siiggest 
that  they  sc9k  better  symbolism.  Thus,  they  may  prcfcr.-to  use  'AB'  in 
place  oT'm'"  (.'t/?)\  Of  course,  they  will  have  to  specify,  for  example, 
that  ^AB'  means  that  the  line  segment  is  nieasure(3|i|;  iijches.  d}  : 

Thb  difficulty  created  by*  thq  failure  to  distiugui>;h  between  the  line 
i^egtnhnt  and  tJic  mvasnrc  of  the  line  'srgmnit  {\mh  its  analof^ue  iri  the  use  of 
^amesJor  angles.      angle  is  that  which  is  forrried  by4\vo  raya;  emanat- 
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ing  frbrrl'the  same  point.  Thus,  it  is  correct  to  say  that  what  you  see  in 
Figure.  1  is  an  angle  ^.  *  .. 


Fig.  1 


,  Now,  consider 'an  exifcmple  of  a  statement  which  one  frequently  finds 
in  geometry  textbooks.^If  in  the  statement 

=  ZD  . 

referring  to  the  two  angles  in  the  triangles  in  Figure  2,  we  assume  that' 


the  subjects  of  the  statements  are.  the  angles  themselves,  then  we  should 
be  aflovved  to  replace  ^Z  yl'  t^y  *  Z  D'  in  any  statement,  because  Z  /I  = 
^  ZD.  Con^sider  then  the  statement^ 

\  .  rz -4  is  an  angL^ef^ the  triangle  i4J?C.  #    ...  ®- 

liy  replacing  *  Z  A'  by  /  Z  D'^'w-obtain  the  statement "  - 
■  ^  Z  D  is  an  anfel^f  the  triangle  ABC  ^ 

'wliich,  of  course,  is  clearly  Absura,  What  is  the  difficulty?  The  state- 
ment ^Z  id  is  an  angle  of^the  triangle^  id  ^G'  is  clearly  tibout  the  angle 
A.  But  the  stateitient  '  Z^*  =  ZD'  is;jus<fi as  clej^^jly  riorabout  angles 
.'I  atid^^SDierefore,  it  is  a  mistake  to  use  the  same  syrn^s  in  both  cases.. 

■  The  last  stat^&ment  is  about  the  measure  of-fingle  id ,  say ,Vi  degrees,  and 

■^e  measure  of  angle  D.     ^ -  / 

The  measure  of  angle  A  in  degrees  =  the  ineasure  of  angle  Din  degrees. 
In  other  words,  it  is  stated  . that  the  angfe  id  contains  as  many  degrees « 
as  the  angle'D.  •  ^.  ■ 

To  distinguish  betwe.er]t>t.he  two  phrase^:  Z  A*  and  'measure  of  Z  A ', 
we  suggest  the  use  of- an  abbreviation  for''m6asure  in  de^j^es  of  Zi^': 
!rn<»  ( Z  A)'.  The  statement '  Z >d      ZD'  is  written  tfien  as:  ; 

^    ■  7n«  (Zid)  =  7^(ZD).  .  *  .  : 


.  ■  ■  •  * ,   •  .■  \        '  ■  ■-.    .  ■  ■•. 
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We  would  not.be  in  errorif  we  should  replace  'rnP  {/.Ay  by  'mP  (ZZ))', 
since  'wP  (ZAy  and  'mP  (ZDy  are  names  for  the  same  numberAhe 
number  of  degrees  contained  in  each  of  the  two  angles. 

The  concept  of  equality  plays  a  paramount  role  in  the  solution  of  equa- 
tions in  algebra.  We  already  pointell  out  on  page  341.that  the  use  of  the 
word  'transposition'  was  regarded  by  us  to  be  misleading,  but  no  substi-. 
tute  was  suggested' at  that  time.  In  order  to  make  our  objections  to  the 
use  of  the  word  'transposition;  meaningful,,  we  shall  need  to  examine 
the  concept  of  equations  and  of  the  solution  of  equations  m  /o^o.^ 
•  For  the  sake  of  clarity ,We  shaJJ,^e  explicit^-  what  we  mean  by  the 
word  'equation'.  ,V  /"^"^ 

Anequatic^mba  statement  of  the  form:   ■  '     ^      '    ,  ■ 


where  '[I2\'^^nd  ''O^ixre  replaced  by  .expreissione  consisting  ofjnumerals 
or'variiibles'aiVd^'Jrtsymbols  Tor  0^^^ 

■  ^  ■  ■  ^  "  V        }4  =  ,079  -   .     ■  '  [ 

_  _  75  /  ■ 

'  .  ■  '  \x+  ![■:=  -2       '  '    *  -.:\'\ 

^  are  all  considered  to  be  equations."  The  first  two  examples  above  happen'^ 
also  to  be  sentences  the  tnith  values  of  which  can  be  determined  im-/ 

-mediately:  thd  first  sentence  is  false,  the  second  is  tru6.  The  tkird  ex- 
ample is  of  the  sort  we  .discussed  breviQusly  (page  352)  and  cai\  be  re- 
stated using  a  quantifier;'  \,        \  '  "  v< 

I      For  somerx,  2x  =%1 

meaning  that  ther.e  is  at^east  one  number  whose  name  in  place  of  'x' 
yields  a  true  sentence.  We^know  that  there  is  only  one  such  numb^pr^ 
viz.,}^.  '  /         .  .  ^^K^' 

The  feiurth  e.xample  is  different  from  the  third  in  that  there  is  n^  num- 
ber whose  n^ime  iri:p]ace  of  .'x'  will  yield. a  true  s^ntQirce.  We  can  afrive. 
at  this  concliKio.ivl?ij;r^^^^         something  like  this:  "i 

^  iVe  know  of  ho  rtilmljicilf^vrjiosc  absolute  value  is  a  Negative  number.  Since 
-2'  is  a  name  ot  a  nc^atixn^  number,  £nd  since  for  every  x,'\x  \  \  is  a  name 
of  a  nonnegative^umber,  therefore,  for  no     |  x  +  1 1     -2^^  ■  ■.  . 

The  equations 
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and  -'^  ^     .  .  ■      ,  :•  ^: 

_\x  +  l\  =  -2  ; 

can  be  considered  to  be  propositioi^al  functioi\s.  In  exactly  one  instance 
the  propositional  function^ *2|^  V  yields  a  true.sentei|jey  Whereas  m 
noinstance  does  *|  x  +  1  |  =  —2'  yield  a  true  sentence.  ^ 

So  much  for  the  concept  of  equation.  What  about  the  soi\itio^  of  equa- 
tions? First,  we  should  remark  that  it  is  sensiblp  to  talk  ab3SS  the  solu-  * 
tion  of  only 'those  equations  which  contain  at  least  one  variable.  It  is  out 
oi  placed  for  example,' to  ta'Jkrabout  a  solution  of  an  equatipnUke  *M  = 
0.79'.  We  can  quickly,  classify  it  as  a  false  sentence  and  the  case  is  dis- 
■  missed/  '  °  ?  ■  '■  ' 

Now  let  us  turn  our. attention  to  the'equation  H 

:  ■  0    ^      •   '     '  .     ^    ■      ■  -  ■■  . ,  ■  ;  - 

2x  =-1...  .   '  ^  o^.  ■ 

What  does  it  mean  to  solve  this  equation?  It  means;  to^find  alj^&ie  num-  • 
bers  such  that  if  any  oi\e  of  their  nanjes  is  put  in  pla^e  of:*x'  in  *2x  =»  T, 
a  true  sentence  is  obtained.  In  this  case,  this' number  is  J^,  j|Ln(J  we  call 
•  it  *the  root  of  the  equoifon'.  I^ote  that  a  root  is  a  number.  Thus,  the  equa- 
tion '2x  =  r  has  only  one  root,  but  ^hat?  root,  as  any  other  numSfef^ 
has  nufny*naiii£S.  It  is  imm^iterial  which  one  oi  the  many  nam^s  for  tKe 
number  we^^hoose  to  replace' *x'  by — in  every  instance  we  obtaiiS^a^^ 
true  sentence.  Tflus,  ■  i ■      .  ■  -  *  '      .     .        ^  ,  ; 

'  \    '  2  x>5  ;=  I.  • 

2  :^  0.5    -  1  ^ 

■     X    .  '     2>^50%  -  1       t        ■  ^ 

.  are  all  examples  of  suclf  true*sentfencef.        '       ^  - 

It  . is  our  belief  that  such  eas|^  equations  ail  the  a^ve  should  be  used 
when  first  introducing^the  idea  of  ecjaation.  The  students,  affir  gaining, 
an  understanding"  of  what  it  means  to'solve  an  equation,  should  be  en- 
couraged to  use  an  intuitive  way  of  solving  jihese^imple' equations.  For 

'  examnie,  wh^p  encountering%n  equation  Ijjce:  o 

.  ■  ■       .  .  .  ■ 

^•-r-V  •    V .  ^x  =  1  »  ^  ■  .  . 

the  student  should  reason  as  follows:    ^  ^  p 

"^  .^^^^  '      Two  times  what  number  equals  one?  ./ 

Aha,  it's  Inland  so  the  e(Hation  '2x  =  i'  has  the  root  3^:, 
"    It  is  only  proper  to  r^emark  that  we  are  aware  of  the  fact  that  a"  great  / 
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many  teachers  make  an  excellent  use  of  this  intuitive  approach  tc^-the 
solution  of  equations.  It  is  also  appropriate suggest  t^at  more  work 
can  be  done  in  the  early  elementary  grades,ypreparatory  to  the  fornial . 
treatment  of  equations,  than  is  presently- the  practice.  For  example,  it 
becomes  quite  appropriate  to  have  young  children  handle  questions  like: 


and  write,  it  as: 


What  number  a^jled  to  5  gives  8? 


5  =  8 


or 


7^      n  .     ;  .  ■■      ~  "        '  . 

.  '    ,*p  +  5  =  8     .  .  V 

or  .     •.        .  _  ^. 

:  •  \  X  +  5  =  8.  .  • 

Each  of  tlie  symbols  7'.        and  'z'  is  a  variable.  Young  chiJ- 
ever,  do  not  need  to  even  see  the  word 'Variable' In  order  to  b'e  '^ 
properly  understand  the  roje  it  plays ^in  this  context. 

Given  an  ample  amount*  of  practice  in  solving  equations  in,thev*i)i|tfi 
tive  fashion  discussed  above,  given  a  more  complicated  type  of  aii^^'^ 
tion,  the  student  will  sponillscover  thabhis  intuition  can  carry  hi/ 
a  short  way  toward  ppofici(5ncy  in  solving  ^nations.  He  will  sobni;| 
to  desire  more  .'efficient  methods;  This  is  the  time  to  sugge^jt  acqeptanb^^ 
of  the  following  properties  6T  numbers  (which  may  be  \v^e\Q(^ ^^'l^^ 
in  some^developmentsV  -      '  .  "  '  ^  r  '^'  . 

Phopeuty  1:  For  every  a,  every  6,  aiid  awry  c,  a  ~'^'=^b  if  arid  only  if  - 

a  +  c  =  b  +  c.  '  •  ■''1'^^;         ■  .  : 

PuopBRTV  2:  For  every  a,  every  h,  and  every     a  =  b  nf  and  orily  7.^ 
a  X  c  =  6  X  c  (c  9^.0).  .'^i  .  ■  > 

Just  a  word  of  explanation  of  the  phrase  *  if  and?i)nl3^f' .  The  statement 
of  Property  1,  for  example,  is  actually  two  statements  in  one ^  v  .  v 

For  every  a,  every  &,  rtnd  every  c,  ifea^^  b^mycn^       •  ,  «t 

a'+  c  ^b  +  c    -v^^'.,  ^"^^     .  /^^ 


and  '  / 

For  every  a,  every  6,  ancj  eve: 

Once  the  student  has  accepted 
more  complicated  equation!?.  Let 


+  c 


c,  then:'a  '=  b. 


bpertiQs,''j| 


is  ready  to  handle 
Ive,  for  example,  the  equation 


2x  +  T  '^  3  -  3a:. 


?    ?66    ;  ..  ;       ■   I;  ;•  growth  :  OP  iUTHmATICAL  lDEXsV 

■'^•■■'S6lution:  ■  .  ,  .■;  V  •  '-■  ■  ,. 

■  ■  ■     ■  ■■.■  ;■*■■■.'■■■     •  ■  ■  iHv'- 

r'-:  2z4-  7  =  3--.-3X  ■  .■■  :    "  '  . 

,  ■  ■  ■   ■■■     .  .  ■  ■ .  ^  ;  •   V,  ■  .  .      _  , 

^  '    .  :",2a;  +  7  +  C.-7.),  =  3  -  3i  +  (-7)  (by  Property  1  :  '2?r  +-7'  for,'a',_: 

'■^'1  2i  ■+  [7  ■+                           [3  4-  (_7)]  (b^  Commutative  and,  . 

m .  ^   .Agspciatiye.P^                                      ■.    ■-.      :   -  •  if-  f-i 

•  ^  7  '    V;,  ,«^-  '.2a:  =F  7^^^                                                                      ^  y 
;      .         ^  'V^^  H:  ^l'==^~iz\  -~-^  j^  3a;  (ty  JPrbperty  1 :  '2a;''forV,  VSx  -^4' 

i  \  ^  ■■  +  3x'^  =^  -3;p +:  Sfa;  .7^  4' (by:  Gom  « 

!  \i  '       ■  '*'^tion)  *  ■■  '  >  ■ .  V.-.;  .'^'.-z  ■  ■    ..  ■  .'.V 

^  '  ■  w/-^  .  :  .  i;>v^  ;.v^-' ^'/^^  ^ "  ■.•  .: .  ■  ■. ■  '  i  ^  ^- 
'      ■      -.^     4|  '■■  -  '  .  ■  ■  • 

•  ..        .Iti  sho(ild*"l^ei  .poidte^  '  —  3i' —  .^^  4.  3^;'  to  ^  *"^ 

\       *  +V3x'-v4vth^^  :^dldition  is  used  agv"-' 

f  ^'::'r         : ^  -t3x  +  3x -.;4- 

^  Ingoing  frp^  v 


^    -^a^  4^-.3x  ;J==  a^  -2;  rH'.a;    3  .(by  Coiri^it^tive  Prihciple  IwjVIultiiJP ' 
;:.:catiori)  -  \:      ;:V.  '  '  ;  : 

i  ;  '  2  +  .  3  -  a;  =  .  i^^^^^  .  ; 

a;(2  ff '  3)/:^     ;  .5''(by  an. arithmetic  fact)  .  -  * 

• •.      a;  r  5  =  5±  (by  Commutative  Principle  for  Multiplicatior 

By  placing:the,$oIutions  .of  equations  into  such  deductive  framework, 
i.^  where  what  is  dohe  is  based  on  basic  principles  arid  axioms,  such  meian»  -  • 
HUgkss*  expressions  as. "'^^  and  'changing  signs  of  nuifeejrs'  " 

a-re  rendered  unnecessary.  ,  .  , 

Closely  related  to  the  concept  of  equality  is  the  concept  of  an  identity.  ; 
Considef,  for  example,  the  following  which  is  ordinarily.  view;ed  as  an    .  - 


EKLC 


■  V 


••'•■^^^  -7:      ^ ■■.367: 


_  „  ,  cos'  X  =ii.  I-;  - 


...     -  ;^  

"   vvidclrifl  ■  "V     ■'  \-  •■ 

^'^f^^y^^?^^^  by  a  numeral,             *  ' 

^    ■                  '  .  'sin2  X  +  cos'  X  =  l^yieldsja  trufe^tjatenient. 

^  by  V,  the  sentence    '  '    .  '  :  ' 

"■'^          V  sin'  TT  +  cos'  TT  =i  1     .  ■ 

^t^'^^^^  examples  lead  us  to  the  conclusioA  (really,  an  explici- 
>v-.^tiq^^'  in^.-]r{inguage  .of  the  section-  on  definition)'  that  an  identity  is 
:     i^ti^^  ^^^  ?.4"ation  \vith  one  or  more  variables,  all  of  whose  replacement 

-l^i^''''— ^^^^  '^^  """^^  ^^^"^  kind 'Of  treatment  described 

^M^^f^^^F^^         of      difficulties  students  encounter  in  connection 

:  multi-meanings  of  words 

*'^t^i»  ^omet^^les  pointed  out  that  mathematics  harbors' ambiguities 
b^j^ijs?  common  words  are. used  to  describe  extremely  difficult  mathe- 
■r  y^'^^^'^^^'^^-  ^^"^^  ^  booby-prize  definition  of  mathematics  :  "Mathe- 
:  4^,'matr<|  IS  the  science  which  uses  easy  words  for  hard  ideas.'"  This  is  a 
_.re5^1  of  a  skuatioh  which  one  finds  in,  for  example,  chemistry  where 
^^|uch  simple  things  as  sugar,  starch,  or  alcohol  go  by  such  unseemly  look- 
names  as  "methylpropenylenedihydroxycinnamenylacryUc  acid,  or 
P-anhydrosulfaminobenzoine,  or,  protocatechuicaldehyaemethylene.'"* 
:  /  ,  Thus,  'root' is  used  in  the- context  of  equations  and  Has  nothing  to  do 
V  with  the  pictu^p.^f  a  thin  elongated  part  of  a  tree  buried  in  thi  ground 
'    which  a  youngster  may  envision  when  he  first  encounters  tie  word. 
.  Here,  a  thoughtful  teacher  will  exercise  caution  by  develobing  the 
mathematical  idea  firmly  before  attempting  to  teach  the  chilcMo  asso- 
ciate a^word  with  this  idea.  Furtherinore,  the  sight,  of  'a  square  root' 
should  not  set  one  to  thinking  about  equation.s  because  'root'  here  is 
•    used  to  denote  another  mathematical  idea.  The  preference  for  establish- 


368  .  GROWTH  OF  &L\THEMATICAij  IDEAS 

ing  the.  idea  before  associating  a  word  with  it  becomes  still  more  manda- 


'tory, 

'Product'  should  not  send  one  dreaming  about  the 'nat^Sl^  wonderful 
fruits  of  the  manufacturer's  labors,  but  should  immediafifcp-bring  on  a 
thought  of  multiplication.- But,  beware,  it  isn't  the  mu^tiplicatiMftof 
bacteria  according  to'  the  rul6s  of  nature,  but  multiplication^ nurfibers 
following  the  rules  laid  down  by  the  mathematician.  'Function'  should 
not  bring*  on  thoughts  of  pleasant  social  affairs  or  the  processes  in  which 
a  healthy  gall  bladder  should  engage..  And  'table'  used  in  connection 
with  function  should  not  make  your  mouth  water  at  the  imagining  of  a 
grand  Thanksgiving  dinner,  rather  it  should  turn  your  thoughts  t<5^  set 
of  pairs  of  numbers.  '  .  ' 

Tower'  is  not  intended  to  suggest  the  swa}'  of  some  potentate  over  his' 
subjects,. or  the  dark  of  a.  room  dispelled  by  . the  flick  of  a  . light  switch. 
Rather  it  ought  to  .turn  one's  attention  to  something  like  'a"'  where  'a' 
goes  by  the  name  of  'base'  and  'n'  by  the  name  of  'exponent'. 

We  could  go  on  to  the  point  of  weariness  in  suggesting  simple  words 
which  are  used  in  mathematics  to  name  quite  abstract  and  rather  diffi- 
cult" ideas.  Perhaps  the  mathematicians  should  take. a  lesson  from  the 
medical  man  and  the  chemist  and  invent  their  owii.  words  for  mathe- 
matical ideas  to  avoid  danger  of  the  associations  already  present  in  the 
case  of  many  words.  -  .  ' 

Irvin  II.  Brune  pointed  to  'the  danger  of  learning  words  without 
previous  experiences  to  which  to,  attacli  the  words  (21st  yearbook,  page 
-185).  ThusJ  seemingly  brilliant'recitation  of  such  phrases  as  'Invert  the 
divisor  and  multiply';  'Crossmultiply';, 'Cancel';  'Transpose';  'Reduce'; 
'Bring  down';  'Drop  the  per  cent  sign  and  move  the  decimal  point  two 
places  to  the  left';  'Annex  J/he  per  cent, sign  and  move  the  decimal  point ' 
two  places  to  the  right*;  'Fa.ctor  completely';  'Double  the  width,  .double 
*i^e  length,  and  add';  'Divide  the  number  following  is  by  the  nurnber 
following  o/';  'Add  the 'number  of  decimal  places  in  the  multiplicand 'to 
the  number  of  decimal  places  in  the  multiplier',- and  'subtract  th§  num- 
ber of  decimal  places  in  the  divisor  from  the  number  of  decimal  places 
in  the  dividend,  adding  zero^to  the  dividend  if  necessary' ftiay^,be  just 
empty  verbalisms.  The  user  of  these  phrases  may  have  no  u^^rstanding 
'whatsoever  of  the  ideas  and  processes  which  he  is*rfibje  so  gencrously3|ncl 
fluently  to  name.  - 

In  various  places  throughout  this  chapter,  we  have-iridica 
portance  of  understanding^he  distinction  between  things  ^  _ 
things,  in  the  discussion  in^thi^  section  it  was  pointecl*out  thilt  the  stu 
^  dent  may  hfi  able  to  utter  names  of  things  without  ever  kiK^in^  any 
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thing  about  the  things  themselves.  It  is  one  of  the  mor'e  important  re- 
sth^htT-'^'  the  teacher. to  acquaint  the  student  with  the'  nSre  of 

Much  of  what  was  said  in  this  chapter  was  suggestive  of  teaching  which 
d^courdges  students  from  u^ering  phrases  which  are  devoid  of  m'oTC 
^  f  what  one  has  read  o>  h^rd  the  teacher  say  ran 

indication  of  good.mempry,  but  it  does  not  offer  a  proof  of  the  ui  del- 
stondmpof  the  Ideas.  Learning  which  is  to  last  and  lead  to.more  l^^i 
iritist      based  ,on  an  understanding  of  things  'earning 

ar^t?n7fy  ^^^"^[''P^'''  and\-uggeslions  far  the  furthe^l^y 

arm  use  of  the  materials  in  this  chapter.  ;  ;  ' 
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Mathematical  Modes  of  Thought 


L  H.  C  HILDEBRANDT 


It  is  cpnvenicmt  to  keep  the  old  classification  of  mathematics 
•  as.one  of  the  sciences,  but  it  is  more  just  to  call  it  a  game.. . . 
Unlike  the  aciencea,  but  like  the  art  of  music  or  the  game  of 
chess,  mathematica  is  a  free  creation  of  the  mind.. . , 

It  is  an  independent  art,  .but,  as  it  happens,  it  can  be 
applied  to  the  interpretation  of  nature,. .  .Every  new  generali- 
zation giveaa  sense  of  power. .  .One  discQyery  suggests  another; 
it  does  in  fact  create  another.. .  .Mathematics  has  a  self-creat- 
.  ing  energy;  the  direction  of  advance  is  determined  by  the 
poi^  that  has  been  reachcd.-r-J.  W.  N.  Sullfvan* 

THE  IMPORTANCE  OF  DISCOVERY 

The  greatest  need  in  our  present-day.  scientific  age^is  for  men -and 
women  who  can  use  their  minds  as  well  as  their  knowledge  of  'mathe-. 
matics;  for  men  arid  women  who  can  use  their  understanding  of  the  use's 
that  have  already  been  made  of  mathematics  and- apply  it  to  new  and 
unsolved  problems  iy  physics,  biology,  astronomy,  th,e»social  sciences, 
and  to  new  fields  of  technological  knowledge  still  to  be  identified.  Note 
that  it  is  not  merely  necessary  that^the  individual  acquire  a'large  amount 
of  mathematical  or  scientific  knowledge,  but  that  the  .  real  test  of  his 
ability  comes  when  he  is  confronted  with  a  difficult  problem-situation 
in  science  or  further  mathematics  and  is  able  t^  suggest  or  discover  ways 
'  of  finding  an  answer  or  the  complete  solution.  .  . 

.  of  mathematical  concepts.dnd  some  skill  with  its  tech- 

niques are  necessary  to  both  the  application  of  mathematics  in  new.  situa- 
tions  and  to  the  creation,  of  new  mathematics,  but  these  understandings 
andskilis  arefarfrom  sufficient.  To  apply  and  to  invent  mathematics  one 
must  also  develop  proficiency  in  problem  solving  or  reflective  thinking. 
To  apply?  mathematics,  and  even  more  so  to  create  new  mathematics, 
one  miiSfnot  only  be  interested  and  curious,  but  also  able  and  alert  to 

♦  J  W  N.  Sullivan  The  History. of  Afathematics  in  Europe]  from  Ih^  Fall  of 
Greek  Science  to  the  Rise  of  ^f  atkemalical  Rigour.  London :  Oxford  University  Pr^ss, 
1925.  p.  7-10.  •  ■ 
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•     :,■    ■  ^ 

.     perceive  interrelationships  betweeij  apparently  different  concepts  eager    -  ' 

Just  as  there  is  no  single  jjgt  of  rules  for  problem  solving  nor  any  in- 
fallible technique  for  creation  so.  there  is  no,fleat  prescription  for  teach- 
ing them  In  generaUftey  must  be  taught  implicitly  and  continuously 
.   by  example  and  rep^exereises  rather  than  explicitly  by  precept.  Some 
.     suggestions  for  dbinOTis.are  implicit  both,  in  £he  first  part  of  Chapter  4  ' 

on  Inductive  Reasoning  and  ita  the  discussions  of  discovery  teaching  tech- 
•.    ruques  in  Chapter  10.  In  the  present  chapter  we  wish  to  examine  ex- 
plicitly the  mathematical  modeg.  of  thought  which  lead  to  successful  ' 

•  ^PPl'c^>tions  of  mathematics  ar.d  to  the  creation  of  new  mathematics.  • 

VV  e  shall  do  this  largely  in  terms  of  examples  .which  we  hope  will  simul-  ' 
•taneously  illustrate  the  principles  Ve  propose  and  suggest  classroom 

.    procedurcB  which  will  cultivate  in  students  the  ability  to  create  and  • 

I     apply  mathematics.  ' 

In  this  area  ,of  creation*  and  application,  individual  differences  wiU 
probably  be  even  greater  than  elsewhere.  This  dqes  not  in  any  sense 
mean,  however,  that  teaching  designed  to  stimulate  thought'and  de- 
velop problem-solving  ability  should  he  reserved  only  for  the  gifted  It  ° 
does  mean,  however,  that  it  is  particularly  important  that  the  superior 
and  gifted  students  be  taught  with  these  objectives  in  mind  For  this-  '  '  \ 
rea^son  we  begih  our  discussion  with  comments  on  some  characteristics 
ot  these  children  and  we  . include  in  pur  examples  problems  and  sugges- 

•  tions  which  are  particularly  appropriate  for  them  at  all  grade  levels 
However,  we  Avould  like  to  ernphJisize  that  with  proper  modifications  " 

.  m  the,  amount  of  help  given  by  the  teacher,  the  she  of  the  perceptive  / 

•  •  leaps  expected  of  the  students,  nnd  the  time  allotment  given  to  the  vari- 

ous steps  of  the  pro<-ess,  all  MnLs  should  repealedlu  arid  cmlinuoushj 
■     ,      u  J"  mathemalical  concepts  and  ideas  for  them- 

selves   ^VS  W2/'' classroom  procedures  can  be  used  ill  developing  stand-   ■  ' 
ard  classroom.^rmtorials  ns  well  a.s  in  solving  special  problems  such  as 
those  we  treat  in  this  chapter.  Such  discovery  techniques  help  students 
to  develop  in  their  ability  to  think  mathematically  ai  well  as  m  Jheir  ' 
understanding  of.  the  mathematics  so  developed.   '  ■ 

Teachers  of  mathematics  are  faced  with  the  question  of  how  to  identify 
students  at  an  early  age  who  will  sonie  day  be  able  successfully  to  at-  ' 
tack  problems  in  the  various  sciences  or  branches  of  knowledge.  The  well- 
known  intelligence  quotient  appears  to  be  one  means  for  identifying 
students  with' ability.  Perhaps  in  the  very  near  future,  however,  it  will  ,  ' . 

be  found  that  there  also  exists  some  soyt  6f  science  or.  problem-solving'  " 
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intelligence  quotient  which  will^prove  to  be  an  even  better  measure  of 
the  potential ^of  nninds  for  work-in  a  scientific'age.  . 
,  In  the  meantime  many  teachers  have  found  that  a  common'  charac- 
teristic, of  mathematically  gifted  students  is  their  interest  in  and  at- 
traction to  challenging  problems.  Teachers  have  noticed  how  quickly  the 
curiosity  of  these  students  is  aroused  and  how  persistent  they  are  in 
seeking  solutions.  Such  students  >pften  propose  ne^  methods  of  solu- 
tion Which  in  some  cases  are  found  to  be' simpler  and  better  than  text- 
book routines.  .       * . 

The  classic  story  about  Karl  Friedrich:  Gauss,  the  Prince  of  Mathe-  .^ 
,  maticians,  serves  as  a  good  illustration.  At  the  age  of  ten,  he  was  ad- 
mitted to  an  arithme^  class  which  had  been  assigned  the  chore  of  finding 
the  sum  of- certain  number  of  consecutive  integers,  for*  example,  of  tKe 
first  hundred  whole  numbers.  Instead  of  plodding  along,  as  the  others 
had  been  taught.td  do,  by  listing  the  numbers  in  a  column  and  then  add- 
ing 1  to  2,  and  to  that  3,  and  .so  on,  he  began  to.  wonder  .whether  there 
might  not  he' an  easier  way  to  proceed.  We  might  say  that  he  was  really 
curious  (children  still  are  todaj^).  He  was  also.^v'er^^  observant  (bright 
children  always  t^re),  for  he  noticed  that  the  sum  of  the  first  and  last 
numbers  was  the  .same  as  that  of  the  second  and  the  second  last,  and  so 
on  for  all  the  other  pairings  of  numbers.  He  also  observed  that  he  would 
have  fifty  pairs  of  such  numi>crs,  each  pair  always  having  that  same  sum 
of  1*01.  (Cj^ldren  like  to  use  their  minds!)  At, this  early  age  he  had  al- 
ready acquired  a.  certain  knowledge  of  mathematics  including  an  under- 
standing of  the  meaning  of  multiplication  for  he  saw  that  he  had  a  multi- 
plicand of  101  whi,(|i  was  to  be  repeatedly  added  fifty  times  and  that  this 
product  would  ecjual  the  desired  sutn.  In  fact  all  he  needed  to  do  was  to 
calculate  50  ><  1  and  50  X  100  mentally  ^nd  then  without  further. hesi- 
tation,^ write  the  filial  answer,  5050,  on  his  slate!  If  at  this  poinjt  he  also 
discovered  that  heocould  /ipply  this  sAme  principle  to  any  other  number 
of  consccuti\;e  integers  .smarting  withal,  or  t|)  any  other  nuniber  of  con- 
secutive integers  starting  with  any  integer47c«':  to  any  other  sequetice  of 
numbers  having  a  common  difference  and.  beginning  \yith  any  desired 
number,  thence  had  succeeded  for  his  oWn  .satisfaction  and  eiicourage- 
nicnt,  at  least,  i/i  fornuilatiiig  the  well-foiown  r^^lation  for  the  .sum  of  >an 
arithmetic  progression^ 'If  he  had  not^'ade  this  further  generalization, 
an  akTt,  inhdern  tcacherj^vould  have  prodded,  and  if -necessary  led, 
him  to  do  so.  (We  miglii^lso  ;idd  that,  according  to  the  story^*  he  was 
.  th()>  first  .in  his  group  th:».day  to'obtflin  the; correct  sum.) 

This  illustrati()iwhMS'en^  ninily  teachers  t^p  prepare  arid  ust  a 

similar  collcf-tiou  ;()f  ch.'tll^Mg^hg;^pr()hlems  ii  their  tencjii^ig.  They  have 
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.been  used  at  every  grade  level  and  in  every  topic  or  chapter  in  mathe-'  ^- 
matfes.  Repeating  these  experiences  in  succeeding  years,  the  successful 
teacher  has  found  ways  of .  presenting  these  situations  at  appropriate 
intervals  so  thafiiie  too  has  been  in  a  position  of  identifying  other  po- 

_  tential  Gausses.  This  was  probably  not  the  first  time  that  Kari  (Jauss 
had  shown  this  mathematical  ability  but  ,  he  progressed  "more  rapidly 
because  of  a  wise  teachier  who  recognized  his  talents  and  called  them  to  "  . 
the  attention  of  others.      .  .  " 

Every  teacher  knows  th^t  success  with  the  right  ' kind  of  probiems 
encourages  the  student  t'o  try  others.  Nothing  succeeds  like  snicess  is  , 
still  an  impprtant  maxim  to -follow  when  using  problems  to  stimulate 

"  mathematical  thinking,  At  erery  level  .of  instruction  it  can  be  said  that  ^ 
it  IS  the  student/  . who  suticeeds  in  solving  arithmettic  or"  algebraic  verbal 
problems  and  fehd  is  able,  to  deal  \^th  outstanding  original  exercises' in  ^  a 

^geometry  who- belongs  to  the  'mathematically »gif ted  or  able.  Sueh  a  stu--  T 
dent^is  always  anxious  to'attacft-imew  problem.  He  tloes. hot  h^itate  to 
ask  questions  either  orally  or  in  his  5wn  mind  about,parts  th  :puzzle'' 
hi(n.  He.is  willing  to  guess  at  a  possible  solution  or  to  'make  a  elofljeeture 
tU^aut  ittaj^  frei^ntly  he  is  the  firstYo  succeed  fn  getting  }tr  ;  ^  ^  -  " 

"    ^  '  TjYPES  OF  PROBLEMS 

At  fhis  ^jint  we  shoul^>nrol5ably  attempt  some  kind  of  cla^siffcation  ' 
of  problem/  which  are  best  Suited  for  arousing  interest ^and  fencburagihg 
mathematital  thjnking.  First  ftiere  are  those  vfhich  involve  tlje  use  of  one 
or  more  simble  mathematicaij)rinciples  and  concepts"but,dearwilh  phe- 
.  nomena  or  e^ri6nces  with  jjfhich.the  student  may  not  have  had  much 
previous  con  ta^KAnJnt^  illust)fation  is'the  follb\ving'probleiT  ' 
which  was  found  i>a^h  grade  arithmetic  book  used  in  tljis  countrj 
at  the  beginning.V  this  present  qentury.     „     „   ■  >• 

.    A  grocer  purchased  a  number  of  lemons^at  2^  cents  each  mi  a  ^hort  time 
later  bought  three  fouHhs.of  that  same  number  at  3  cent^each.  HeWd  aU  of '^^ 
them  at  the  rate  .of  two  for  5  cents.  Jf  he  made  a  profit     25  cents'^on  £he  iotdf 
sales,  how  many  lemons  did  he  sell?  \ .     .■  ^   '  ■  ^ 

This  problem  involves  setting  up.a  simple  algebWc  equation  of  the  firsts  ^ 
degree  ia  one  unknown  and  requires  the-'use^of  oi'ily  one  axiom' -for  its 
solutipn.  When  tried. recently  in  an  examination  in^.advanced  aigebra, 
only  seven  out  qf  twenty-seven  succeeded  in  finding  the  correo^t  solution- 
While  five  more  failed  to  answer  the  question 'but  did  succeed  in  solvrng  ";  " 
the  equation.  (Any  teacher.  WKo -can  4-eporl  100  per  cent  success,  please ' 
write -us^ab6ut  it!)  .  a  ^  ^«    •    *  '  . 
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'^^^  A  second  type. of^problem' is.  one  which  may  require  a  certain  amount  " 
of  experimentation  and  assembling  of  pertinent  data  ^^ore  convincing 
the  student  that  a  solution  is  possible.  In  case  the.soluOTR  is'not  unique, 
further  consideration  may  lead  to  the  need  for  acquiring  new  techniques ' ' 
and  oper^eions  which  have  not  beeil  studied  previously.  In  hfs  primary  " 

*  school  days,  the  writer  recall's  thabhia  mother  reserved  a  game  which  was 
giyen^away'witU  the  purchaf5e  of  a  pound  of  nationally  advertised. coffee  . 
(still  being,  sold).  The  gift  consisted  of  a  small  sqi^are  cardboard  box 

^containing  nine,C€^untcrs  numbered  from  1  through- 9  with  tne  direcbiofts 
that  ^hese  shouli^-beiplaced  in  nine. cells' of  or  3.  by  3  unit  square  in  suck 'a 
way  tliat.tKe.'siuin  of.  ever^  roll^,  column,  and  diagonal  of  three  counters, 
should  ^ways  equal  15.  fiyery  reader  will  recognize  this  as  the  simplest " 
of  magic  squares:  The  game, can  be  presented  in  such  a;  way  that  it  is  a  ' 
ch(illenge  to  able  cHildrep  at  any  W      level.  It  does  not  require ^the*  ^' 
discovery  of  a  formula* •?uf^h;;§is4he^*^e  foynd  by  Gauss  but  does  involve  . 
exiimniing-sets  of  three  num])ers,  instead  of  two,'whcfee  sum  is. the' sam^  ■ 

'  Gnce  the  combinations  which  add  up  to  15  are  listedy  it.wiirbe  found  that  ■ 

thefe  lire  OTily  eight;  Four  of  these  contain  the  sa^qie  number  5.  which  by 
coinjcidence  fits  the '()bservati6n' that  the  center  cell  of  the  3  by  3  array  * 

,  reciiliros  a.jriumber  vv'hich:  must  fee. added  in'' four  different  combinatfons. 
Exaniiriation  of  the  other  combioations  soon  indicates  w^y  the  remain-  . 
ing  pcld  number^  1,  3,  7,  and  9  cannot  bcciipy.  the  corner  cells.  This  typie 
of  pro])lem  has'-mc'rit'in  that  it  suggests  tha  possibility  of  thinking, about 
other  sets  of  nine  nximbers  wliich  would  add  up  to  the  satne  sum  and 
whether  the?e  numbers  haVe  to  be  consecutive  or  evenjforra  an  ari^h- 

^  metic.  progresS'ign.  A  radio  coritesli  a  few;  years,  ago  made  use.  of  this 

-mddification  when  it  required  its  participants  to  list  as  many  different 
sets'T)f  magic  squares ^is  possible  whose  key  sum  for  the  ro>vs,  columns, 
Jind  diagonals- was  25  or  less.     >  '    .  .    '    - '\  *  * 

The  thiijd  type  of  problem  firiscs  from  situations  which  Jesuit  from 
changing^il^^tpaditions  o/  a  sl^plcr  one^  for  exjiniple,  by  adding  another 
dimenhifm  fefU:he^robIem,  or  requiring  the  study  of  a  complete  genendi- 
'ittibw  or  i^^l^^fevi-  Foi:  example,  suppose  in  t^e  lemon  ptol^lem  stated 
earlier,  we.  retire  the  purchi^serof  other  friivt  as  well  .'ii^d  st^ite  a  problem 
such  fis  this.cme:^,       ^     v  .  ,        '  .  *  . .  *  ' 

/  .   '  ■  .  '    '   ' '         '  .^e     .  ■  ■      '  '■  / 

.If  lemons  cost  3  cents  and  oranges  5  ccHt&'each,  and-^we  insist  on  spending o' 
all  the  money  we  have  in  our  purse  (which  aniounis.  to -8  cents  jor  more)  and  on-  • 
buying. ati least  one  of  each  item^  arc  w(i  ahvays'able  to  spe.nd.it  all,  and'if  bo, 
what  sets  of  ronibinatipns  of  ftiiit  can  wo.  expect  from  our  original  wealth  oFn 
cents?      **       ,  .      .       ;  *  -    ^  j  ^. 

.  Similarly,  instead  of  coitfiniug  our  attentioiv-'to  the  3  by  3  celled*  magic 
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square  just  mentioned,  suppose  we  desire  to  find  solutions  for  4  by  4 ' 
celled  squares^rst  by  using  consecutive  number^s  arid  later  considering 
numbers  wh/ch  are  not  in  arithmetic  progression?  Still  later  ^  may  be 
tempted  to  consider  squares  of  25  and  36  cells  and  eventually  wonder 
about  general  solutions  for  squares  of  cells.  Although  most  of  the  litera- 
ture olfi  the  subject  seems  to  deal  with  square  arrays  of  numbers,  we 
might  also  begin  to  'J^^onder  about  other  forms  such  as 


4 

12 

3 

7 

14 

^  10 

'  8 

6 

1 

5 

2 

13 

11 

9 

in  which  the  sumipr  the  rows  is  different  from  that  for  the  columns.. 
"  Another  example^of^s  type  of  problem  is  that  suggested  by  a  recent 
college  class  which  Jit^^^^  on  the  famous  Tower  of  Hanoi 

puzzle.  This  problem  rltltiires  that  one  find  the  minimum  number  of 
moves  for  taking  3,  4,  5,  or  even  n  discs  and  moving  them  one  at  a.time 
to  another  pile  (assuming  the  discs  come  in  increasing  sizes)  where  only 
three  piles'are  available.  There  is  the  added  condition  that  no  smaller 
disc  is  ever  to  appear  under  a  larger  one  at  any  stage  of  the  opera- 
tion.- One  member  of  this  college  group  raised  the  question  of  using  n 
discs  in  four  available  piles  or  in  five  piles  or  even  in  m  piles. 

Another  \vell-known  problem  Jl  this  third  type  arises  frojh  the  study 
^^^^thagorean  triplets.  Since  sets  of  three  integers  can  be  found  which 
Sii^fy  the  Diophantine  relation  +  &2  =  c^,  are  there  sets  of  four  inte-  r 
gers  which  satisfythe  equation  +  6=  +  =  d-}  Then  continuing  in 
the  same  \'ein^pflgraises  the  question  of  finding  n  numbers  such  that  the 
sum  of  the  squares  of  n  -  1  of  them  is  equal  to  the  square  of  the  nth  On^. 
Still  another  extension  is  the  famous  Fermat  theorem,  first  for 
^3  +  53  =      ^Yi^^  j^i^n  ^      and  cventually  fora^  +  aj"  +  o?  + 

EJclidean  geometry  is  a  fertile  field  for  generating  such  problems.  For 
example,  after  the^  three  or  four  congruence  theorems  have  been  con- 
sidered, one  can  begin  to  examine  possibilities  ^or  congruence  involving 
ofher  sets  of  three  elements  of  the  triangle  such  as  one^side  and  the  two 
medians  adjacent  to  this  side  which  ace^espectiveb)  e(^al.  Every  ge- 
ometry text  includes  a  statement  of  Pythagoras'  famous  theorem  about 
the  squares  of  the  sides  on  a  right^^  triangle,  but  could  not  studentis' 
minds  be  encouraged  to  wonder  about  what  would'happen  if  the  figures 
drawn  on  the  sides  of  the  triangle  were  half  squarf^s  (including  isosceles 
xight  triangles),  or  other  regular  polygons,  or  triangles  and  polygons  which 
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>■  ;      ■       .    ■  .  \  •  ''^^^N^ 

ar^j  similar,  semicircles,  segments  of  ellipses  and  parajbolas,  or  ardies  of 
sShe  curves  and  c3'cloids?  Will  the  student  who  has  heard  about  Feimat's 
Lc4t  theorem  lie  fooled  when  asked  to  replace  Pythagoras'  scjuaria  with 
cubes?  Couldn't  he  also  be  stimulated  lo  generalize  the  theordm  to' 
C'^blique  triangles  ^^^Tdiscover  the  geometric  form  of  the  cosinenaw?.  ,x 

A  fourth  type  of  problem  is  the  one  which  leads  to  the  formulation 
general  principles,  or  to*  the  conjecturing  and  eventual  proof  of  specific- 
'  thfi)rems.  For  examplreVsiYice  the  general  quadratic  ean  be  solved  by  a  ' 
formula  which  exprei^es  both  roots  in.  terms  of  the  coefficients,  is  it 
possible  to  secure  formulas  for  all  the  roots  of  a  general  cubic  and  quartic? 
Once  Cardan  and  Tartaglia  had  published  their  solutions  to  .this  ques- 
tion in  the  sixteenth  century7it  still  took  several,  more  cerrt^ries  b*efor(^ 
the  question  about  formulas. for  the  roots  of  the  quintic  and  higher  de- 
gree equations  was  found  to  hlxve  no  anjswer.  The/f-amous  Norwegian 
mathcmaticianrNiels  lienrik' Abel,  at  the  age  of  22,  made  the  (|isc6very 
in  1824  that  formulas  for  th^^isnlifeons  for  the  quintic-tind  higher  degree  - 
pq.unt.ior|s  wpre  not  possible,  npt  realizing  that  just  a  few  years  earlier, 
the  Italian  physician,  P.  Ruffini",  had  already  found  such  a  pfodi. 

In  this  chapter,  we  plaTi' to  deal  particularly  with  problems  of  the 
'  second  and  third  type.  Problems  of  the  first  type  are  found  in  many 
good  texts,  often  at  rfie  end  of  chapters.  They  are  usually  more  effective 
^  when  they,  occur  in  general  lists  at  the  end  of  sections  or  in  the  appendix 
and,  when  properly  used,  become  good- teaching-lnstmments.  In  the  . 
■    case  of  problems  of  type  four,  much  more  attention  to  the  study  of  ad- 
vanced mathematics  is  usually  necessary  before  the  student  and  mathe-^^^ 
niatician  achieve  the  understanding  and  mastery  necessary  for  dealilng^^ 
with  them.    '  *  ...  ~ 

It  ha§  already  been  noted  that  properly  (^hosen  "problems  not  only  • 
.  are.  an  etlective  means  Sf  identifying  talented  students,  btit  that  tKey 
may  be  instrumental  in  bringing  out  the  important  facets  of  the  entire 
thinking  process.  Hence  before  describing  some  of  the  characteristics  of 
other  problems,  it  may  be  helpful  if  we  give  careful  consideration  to  somie* 
.of  the  stages  of  thinking  that  ar6  present  when  we  .aro  attempting  their 
solution.  This  may  give  us  a  better  insight  into  ways  in  which  thinking 
powjer  in  mathematics  is  developed. 

^  TflE  PIJOBLEAI-SOLVING  PROCESS 

The  literature  on  problem  f5olving  and' productive  thinking  uses  a 
number  of  terms  to  describe  some  of  the  levels  or  stages  of  development 
such  as  'preparalion,  imagination,  discovcrijj  crcaiiviiy,  invention,  orienia-  '  - 
"  Hon,  incubation,  coniemplniion,  ilhaninaiion,  cvolx^j^  adaph^fm,  subsli- 
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iuiion,  a^similaitqn,  Siud  crealive  collaboration.  We 'will  agree*  that  some 
oLthese  stages,  as  welj^as  some  of  tho^  listed  below,  are  mor^  prominent 
and  important  in  some  problems  tnan  in  others.  Also,  there  are^certain 
levels  which  are  not  present  in  soij^  ca^  at  u\\.J^fk^he  other  hand, 
there  are  also  some  pr£)blems  in  which  the  lateiS^fhges  have  never  been 
.  reached.  For  the  purposes  of  our  discussion  we  will  concentrate  on  eight 
levels  which  will  be  ^described  briefly  in  the  paragraphs  which  follow: 
•/^  1.' Presentation  ^ 
o     2.  Attention-  T  ' 

3.  Observation  and  Exploration 

4.  Classification  * 
^.  Further  Exploration  » 
6r  Formulation.  ^  .  >  -  ; 
7.  Generalization   '  y 

,  *  8.  Verification  and  Ap.plication.  /  .  . 
.  Presentation.  How  the- problem-situation  is  chxisen  and  how  -  it" 
j^sented  to  the  students  are  factors  which  require  the  closest  attention 
in  preparing  for  the*  development  of  the  thinkip^  process.  Unless,  the 
problem  (both  has^the  inhe|gnt  qualities  indicating  tfiat  sifenificrant  con- 
clusions or  solutions  ate  possilple  or  plausible i/d  it  also  becomes  firmly 
fixed  or  registered  in  the  mind,  the  successive  stages  in  its  ^^tion  will 
never  be  reached.  There^is  ar^ese  parallel  which  we -can  dr^Vetween 
the  process  of  probjem  solving  and  the  growth  of  plants. in  naturts.  First 

"  of  all,  the  mind  (the  soil)  must  be  so  prepared  or  conditioned  t\at,the 
prdbbm.  (the  seed)  can  be  easily  implanted  ,  (sown)  in  it.  Just  as  the  soil 
must  have  certain  composition,  texture,  food  content,  hioisture,  and  be  ^ 
de^p  enough  for  the  roots  to  take  hold,  so  the  mind  must  be  in  that  state 
of  readiness  where  it  is  receptive  tb  the  challenge,  i.e.,  there  is  a  sense  of 
curiosity  and  a  willirilgaoss  or  desire  on  the  part  of  t}ie  mdividual  to  deal 

,  .  with  the  situation.  W^^also  know  that  plants  require  sufficient  sunshine' 
and  warmth  of  climate  if  .  they  are  to  grow.  In  like^anner  we  car;  say 
that  ^  encouragement  and  interest  of  the  teacher'and  the  home  in  tjhe 
child 'i3rme\tal  development  can  do  much  to  encourage  proper,  use  of  his* 
natural  cariosity  in  dealing  vith  a  problem.     >  \   '  ■' 

^^^^ppose,  for  example,  that  we  wished  to  introduce  ^the  notion  of  maxi- 
mum and  minimum  as  found  in  problems  in  the  calculus  to  childwJfTin 
the  interm^dfate  grades.  As  an  inducement  tp  listening  to  the  proposal, 
we  might  sugges<^  special  honors  (a  blue  ribbon  {or  the  best  answer  might 
do)  to  the  student(s)  who  co|jstructed  the  largest  open  rectangular  box 
which  could  be  made  from>a  piece  of  cardboard  5  by  8  incheifliy  cutting 
a  square  from  ej^ch  corner  and  bending  up  the  sides.  If  some  reason  for 
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producirtg  such  a  box  is  required,  we  could  add  that  we^v 
•  vvithsomedesirable  s^bstahc^e  (e.g.,  sugar' 6r  fudge)  so  that 
contain  the  la|gest  possible  amount.  The  descriptk)n  of  the  prolj 
be  presented  .so  that  a  solution  seems  possible  and  at  th,e  same 
want  the  problem  to  register  in  the  mind  of  the  child,  /^o  we  ^re  as- 
suming that  at  the  time  tj^^roblem  is  stated,  a  certain  rSai4jBess»^f  the  ^ 
"mind  to  cope  ^vith  this- i5r^)t>lern 'has  been  ajbtained,  Le.,  the  child  &nder- 
stands  how  ta  take  incasurembnts  to  eighths  or  tenths  of  an  inch";^chas 
mastered  addition  and  mult iplioat ion  f^>f  fractions  upd  debjmai^^;^nd 
knows  how  to  apply  the  fomiuhi'  for  the  volume  of  a'*box  -wh^^Tt^itie  ^  , 
dimensi(Tns  are  knowi*.  We  alsp  assume  that' he  has  had  experience  in  ) 
cutting  paper  and  in  making  to^^eS'-by  folding  paper  or  cardboard  and. 
X  taping  or  pasting  the  edges  togpth^^>^While  any  other  convenient  dimen-  • 

sions  for  the  cardboard  mav^+j^^'hoseh,  \\%  have  selected  the  present  ones 
bepfuse  the  maximum'  vame  foiv  the  side  oif  the  square  is  a  rational 
number.  Also  notice  that  sheets  iQf  ^aper  for  experimeuiting  'with  this 
problemi^can  be  cut  to  size  very  easily  by  using  standard  sheets  of  8}^ 
*  by  11  inclj^es.  TeacherM^p^hing  to*  design  other  problems  with  rational 
dimensions. can  ^nd  several  by  experimenting  with  se^ts  of  three  numbers 
.  a, />,  and  c  Avhich  satisfy  the  Diophantine  relation  a-  —  ah  .+  b'^  =  c- 
-    .    whero  a  ciiv^h  are  the  sicj^s  of  the  original  paper  rectangle  and  the  side 
•of  the  cut-out  SfjUiirc  is  gi^XMi  by  the  expression  (a  -|-  //  —  c)/6.  For  ex-  * 
ample,  in  ourcftS^,     —  o  -  8^+  8-  =f  40  —  ■c'^.  Hence'c  =^^Jand  the  side 
of  tluj  cut-out  squace  would  be  (5  +  8.  —  7)/6  =  1.  The  stttdent,  iiow- 
over,  is  unlikely  to  arrive  at  these  formuh'is  until  much  later,  and  per- 
'haps  not  at  all  unless  prodded  and  guided  to  extend  his  results. ^Let's  . 
return  to  his  processes.        ■  .k  '  -     '  * 

^Attention.  While  the  presentation  level  is  one  for  arousing  intereJ^,' 
the  fevel  which  follows  it  should  provide  further  stimulation  to  the  child's 
natural  curiosity  ?Ie  niay  ask  to  hi^v  sc^c  of  the  parts,  of  the  problem 
.  fiesta totl.  .\s  his  mind  tries  to  digest  the  condi^<itjii?  of  the  problem,  he  - 

may  wonder  out  loud  or  to  himself  on'^the  possiMity  9>f  a  solution.  He 
-*4-nay  want  to  see  a  demorxstratr^Vi  or  nfay  be  \VillirA  to  take  scissors  and 
a  piece  of  paper  and  make  a  moclal  of  lus-^'n.Ja'he  al^rt  teacher  will*  ; 
have  some  pieces  of  paper,  o  l)y  8|HKmes,  ruler,  ajad_Scissors  available 
in  order  that  every  child  may  experiment  with  cuttSng  oii\sfiuares  and 
ff)lding  up  the  sides  ^of  the  box. 

Seeds  do  not-gi^^  evidence  of  pnxUU'ing  shoots  ox  sprouts,  Vi  the  first 
tw(?nly-four  h(Mir  period  ahtir  tl)ey  have  been  planted.  In  the  same  wav, 
me  slibuld  not  l)e  tooT:^icernea  if  students  do  not  seem  to  respond  the 
moment  ?Nnc\y  and  somewhat  difficult  prol)14|n  is  proposed.  Problems 
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-require  ?i^enod  of  time  during  which  they  can  germinate  in  the  subcoh-i 
scious  or  unconscious  mind.  Sometimes  the  teacher  succeeds  in  hastening 
this  period  by  raising  certain  questions  which  help  to  generate  thinkiri^s^ 
An  attitude  of.  inquiry  and  -a  flow  of  questions  should  always  be  en- 
couraged. ^  .  *       /      -  '  . 

Observation  and  Exploration.  A  single  'attempt  at  a  solation  ig 
usually  not*  enough;  After  sev^ftd  trials,  it  isjossible  to  compjfl^esults. 
Jn  this  box  problem,  calculation  will  show  that  the  contents  differ  ^as 
th§  height  varies.  Small  squares      inch  on  a  side  cut  out  of  the  four 

.  corners  of  our  paper  will  producp  boxes  which  have  large  baSes  but  are  . 
low  in  height.-^quares  2  inches  ofra  '^ide  will  produce  boxes  wjiha 
smaller  base 'but  greater  height.  Some  limitations  on  the  dimensionrwiir\i»^ 
soon  be  evident,  such  as  finding  that  the  , height  can  neter  exceed 
inches.  Such  results  should  be  recorded  so  tha^ possible  c.hanges'can  be 

-'obsejpfeddOr  new  ways  for  exploration  ca^i^be  suggested.     '  . 

' .  u^g  the  term  observations,  we  should  note  that  we  are  not  referring 
merely  to  what  the  eye  sees^^^e.,  the  actual  carcfcoard  box,  but  rather  to  a 
listing  and  exanj^ation  of  numerical  and  f?^&tual  datS^ which  have  been 
obtained  from  experiment  and/or  from  calculations.  The  operation  of 
recording  these  facts  makes  an  impression  on  the  mind, which  in 'turn 
may  lead  one  to  raise  further  question^  or  to  make  pertinent  comments. 
Recorded  facts  can  be  comparad  with  oth>^rs.  .Euler  stre.^ed  the  im- 
portance of  such  observations  when  he  wrote:  '    ■    ■  ^ 

-  ^  It  will  seem  not  a  little  paradoxical  to  ascribe  a  great  importance  to>bserva- 
tions  even  in*that.part  of  the  mathematioal -sciences  wiiich  is  usually  icayed  Pu{^  ^. 
>JVIathema^cs,  since  the  current  opinfen  is  that  observations  are- raptnctc^lj  to 
r  physical  objects  that  make  impressions  on  the  senses.  As,  we  xnust  refer"the 
numbers  to  the  pure  intellect  alone,  we  can  hardly  Ainderstand  how  observations 
anS  quasi-experimonts  can  be  of  use  in  investigating  the  nature  of  numbers^ 
Yet,  in  fact, ...  the  properties  of  the  numbers  known  today  have  been  mostly 
^scbvercd  l)v  observation,  and' discovered  long  before  their  truth  has  been 
ponfirmed       rigid- demonstrations.  .Ther^  are  ev<?n  many  properties  of  the 
lumbers  .  .  r{}n  which)  onVtrbservat^ions  have  led  us  to.  their  knowledge  ...  in 
the  theory  of  numb«fs/we  can  placlj^our  hig^st  hopes  in  observations. 

Even  the 'secondary  school  student  in  mathematics  should '  be  made 
awaje  that  there  a&  some  mathematical  problems  which  have  never 
gono  beyoiid  the  (Mervation^  stage,  in  their  solution.  Eor  'example,'  C. 
Goldbach  observed  ib-1742  that  every  even  numberwhe  thought  of  was 

■  the  sum  of  two  prime  numbers;, for  exampLp,  2  = .  1       1,  4  =  3      ]  ^  j 
10  =  7  +  3.  and  sq  on.  Pie  conjectured  from  the  cfbservaiions  lhat'this 

^  was  true  of  a))kcven  luimhers.  However  neither  he  nor  any  other  mathe-  ^ 
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matician  has  been  able  to  prove  it  or  to  find  the  single  counterexample 
which  would  disprove  it.. 

Classification.  At  this  stage,  we,  take  stock  of  our  progress.' Some 

.systematic  way  of  organizing  or  tabulating  our  results  may  help.  Some- 
times a  graph  can  be  used  to  advantage.  The  individual  who  has  acquired 
a  desire  to -present  his  observations  in  an  orderly  and  logical  manner 
has  found  this  stage  to  be  an  aid. to  a  bettel*  understanding  of  the  solu- 

^tion(s)  of  the'problem.  " 

In  our  box  problem,  we  would  list  the  length  of  thi  side  of  the  cut-out 
squares  in  one  column  and  in  parallel  ones  show  the  corresponding  length 
and  width  of  the  base  of  the  box.  Another  column  would  show  the  calcu- 
lated volumes.  A  study  of  the  .  variation  of  the  successive  items  might 
even  reveal  errors  in  calculation  or  4^^  measurement  which  might  not 
haye  been  discovered  otherwise. 

.  in  the  3  by  3  magic  square  problem,  listing  the  eombinc^tions  of  three 
numbers  whose  sum  was  15  was  a  help  in  identifjrln^  sets  which  .could 
be  used  in  columns,  rows,  and  diagonals.  In  the  original  lemon  problem, 
only  one' first  degfee  equation  in  one  unknown  was  really  needed  but  tjie 
^parate  steps  of  simplifying  this  equation  serve  as  a  way  of  comparing 
'equations  so  that  the  fin^^solution  can  be  readily  recognized.  The  lemon 
and  orange  problem  requires  only,  one  linear  equation  in  two  unknowns 
whose  solutions  affe  pairs  of  positive  integers.  However,  when  these  solu- 
tions are  listed  in  tabular  form,  they  show  several  patterns  of  arithmetic 
progressions  which  might  have  escaped  notice  had  not  this  fonji  of  classi- 
fication been  presented. 

Further  Exploration.  A  leveling  off  or  a  plateau*  in  further  progress 
may  appear  at  £his  point.  (This  is^fouhd  in  nature's  growth  pattern,  too.) 
Previously  collected  data  may  have  to  be  re-examined.  Other  means  for 
(collecting  facts  may  suggest  themselves.  Simpler  waya^^of  classifying  re- 
sults may  be  found.  MorK^ncouragement  from  the  teaoher  and  the  home 
may  be  needed  while  facts  and  solutions  are  re-examineii.  Perhaps  some 
new  patterns  \Yill  come  into  focus.  This  may  be  the  stage  just  prior  to  the 
one  which  Hadamard  calls  illuminaticn. 

It  is  here  that  we  may  wonder  what  will  happen  if  our  initial  conditions 
are  slightly  ino^lified  or  ciianged  to  see  what  resemblance  may  be  found 
to  solutions  previously  rect)rded.  In  the,  case  of  the  box  problem,  we  may 
wi?ii  to  try  a  recta^ular  piece  of  material,  15  by  8  inches.  If  the  sides 
of the  ciit-out  Sfjuarcs  are  measured  to  tefiths  or  to  eighths  of  an  inch, 
the  dimensions  of  "the  best  box  \vould»not  be  found  antpng  our  recorded 
values,  since  the  height  would  have  to  equal  1%  inches.  Such  answers 
may  he  revealed  Only  as  oQr  knowledge  ofithe  processes  of  algebra  and 
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of  the  calculus  is  increased,  In  the  case  of  the  lemon  and  orange  problem, 
^  we  could  change  the  p]p{ces  to  those  listed  currently  in  the  markets  and 
again  find  patterns  which  involve  aritlimetic  progressions. 

Formulation.  This  is  the  period  during  which  various  hunches  or 
conjectures  are  suggested.  Hence  it  might  well  be  called  the  hunch- 
period.  It  Ls  here  that  the  mind  begins  to  set  up  certain  conditions  and  to 
draw  some  tentative  conclusions  which  may  result  in  theorems  requiring 
proof.  Some  observations  may  suggest  a  single  formula  which  will  cover 
■  all  cases.  Possibly  this  is  the  stage  that  Polya  has  in  mind  when  he 
says  "Lei  us  teach  guessing,''  On  the  other  hand,  atthispoint  itmay  appear 
that  the  original  problem  is  too  broad  or  involved  and  that  it  is  advisable^ 
to  examine  certain  subcases  or  to  modify  some  of  the  conditions.  Then 
again  it  may  be  here  that  some  extensions  of  the  original  problem  seem 
•possible.  *  \ 

We  have  already  referred  to  the  particular  Diophantine  equation 
.  which  arose  in  our  box  problem.  The  possibility  of -the  existence  of 
this  formula  can  be  expected  from  the  special  case  we  have  used  And 
further  knowledge  of  maxima  and  minima  as  studied  in  the  calculus. 
Hence  a  by-product  of  this  box  problen^  is  the  study  of  this  and  .similar 
equations. 

Generalization.  This  level  may  appear  in  a  number,  of  different 
forms  depending  on  the  amount  of  experience  and  knowledge  which  the 
individual  has  acquired,  but  teachers  should  always  encourage  students 
'  to  look  for  generalizations  and  extensions  of  each  result  obtained  or 
theorem  studied.   For   example,   when   dealing   with   the  relation 

-f  52  =  Qj^g  jj^j^y  desire  those  values  for  6,  and  c  which  are  inte- 
gers such  as  the  sets  3, 4,  5  or  5, 12,  13.  In  that  case,  the  ultimate  generali- 
zation consists  of  the  theorem  that  the  set  of  three  numbers,  a,  h,  c,  which 
satisfy  the  relations  a  =  —  n^^  b  =  2mm,  and  c  =  +  n^,  where  m 
and  n  are  relatively  prime  and  m  >  7^  will  always  have  the  property  that 

+  6^  =  c^,  and,  further,  all  triples  of  integers  having  this  property 
can  be  determined  this  way.  Howevet,  some  students  may  discover  first 
that  all  numbers  a,  &,  c,  such  that  a  =  ~  1,  6  ==  2m,  c  =  +  1, 
have  the  Pythagorean  property.  If  so  they  should  then  ask  themselves 
does  this  give  all  possible  triples.  Then  as  soon  as  they  find  a  set  of 
triples  not  of  this  simple  type,  the  search  for  the  ultimate  formula  will 
be  on  again. 

Suppose  on  the  other  hand  we  are  considering  the  possibility  that  a 
and  c  are  integers  but  b  is  <^t.  Then  we  are  led  to  the  generalization  that 
every  odd  prime  can  be' expressed  as  the  difference  of  two  squares  in 
one  and  only  one  way.  A  parallel  generalization  to  this  last  case  occurs. 
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if  we  assume  that  a  and  b  are  integers  and  c  is  not.  In  this  case,  we  reach, 
the  conclusion  that  a  prime  of  the  fprm  4n  -h  1  can  be  represented  as  the 
sum  of  two  squares.  A  generalization  of  the  last  statement  but  of  higher  ' 
order  is  the  statement  that  a  prime  of  the  form  4n  +  1  is  only  once  the 
hypotenuse  of  an  integral-sided  right  triangle,  its  cube  is  three  times,  and^ 
.  so  forth.  •     \  / 

As  soon  as  the  student  has  become  familiar  with  the  fimdamental  trig-.' 
ohometric  identities,  he  finds  there  are  even  irrational  values  that  can  be 
assigned  to.  a  and  b  in  the  relation  +  =  and  still  produce  a  valiie 
for  c  wnich  is  integral;  e^.,  \ylien  a  and  6  stand  for  the  sine  and  cosine  of 
the  same  angle,  c  is  equal  to  1.  Here  he  even  finda  a  generalization  which 
had  not  occurred  in  Euclidean  geometry;  namely, -that  either  a  or  6  or 
both  can  be  negative.  -Hence,  impcjift^nt  generalizations  for  all  real  niim- 
bers  are  discovered  as*one^s  mathematical  knowledge  is  extended. 

A  geometric  generiaJization  of  this  theorem  was  suggestedjearher  wheh 
we  noted  it  is  still  true  if  we  replace  the  squares  on  the  sides  of  the  right 
triangle  by  regular  polygorjs  or  by  semicirqles.  AnotheSb  substitution  in- 
^  volves  similar  triangles  on  each  of  the  sides,  and  that  in  turn  raises  ihe"^ 
•  possibility  of  using  wmilar^  polygons.  M5ny  other  generalizations  of  this 
type  can  be  found.  :  -  V 

Pythagorean .  relationships  may  also  occur  between  the  elements  of  a\ 
set  of  geometric  figures.  The  sides  of  regular  polygons  of  n  sides  inscribed  \ 
in  the.  same  circle  provide  an  example.  If,  as  represented  in  Figure  1,  a 
and  b  are  associated  with  the  sides  of  a  square,  S4 ;  and  of  a  hexagon,  Sa , 
-inscribed  in  the  same  circle,  and  c  represents  tte  side 'of  the  inscribed 
equilateral  triangle,  S3 ,  then  +  b^  ^  again.  Another  set  of  related 
sides  is  shown  ib  Figure  2.  If  §6,56,  Siq^are  the  sides  respectively"  of 


Fig.  1  .  Fig.  2  ' 
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the  |-egular  pentagon,  hexagon,  and  decagon  inscribed  in  the  same  circle, 
then  Sio  +  Sfi  =  ^6 .  A  student  noting  these  properties  may  wonder 

'  whether  there  are  similar  ^combinations  of  other  regular  polygons  in- 

-  scribed  or  circumscribed  in  the  same  circle. 

The  study  of  certain  geometric  curves  may  have  its  beginning  in  this 
same  Pythagorean  relationship.  As  an.  example  we  consider  a  right  tri- 
angle with  legs  at  and  bi  and  hypotenuse  Ci,  on  who^  hypotenuse  we 
construct  another  right  triangle  whose  leg  02  =  Ci  and  s\ich  that  the  Jegs 
are  in  the  same  ratio  as  those  of  the  original  triangle.  As»this  process  is 
repeated  '(^^ig.  3),  each  new  vertex  obtained  can  be  seen  to  lie  on  some 
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curve  which  turns  out  to  l)e  the  logarithmic  spiral.  The  general  equa- 
tions for  circles,  (x-  +  ?/-  =  r=),  ellipses  (^^x^  +  o}y-  =  a?-}y)  and  hyper- 
bolas {h-x""  —  ahf-  —  aP-hP)  are  Pythagorean  in  form.  Intriguing  to  some 
are  the  curves  resulting  from  replacing  the  exponent  2  in  these  formulas 
^>.V  3  2  w  3»        f>thcr  values." 

Verification  and  Api>]i<^'ition.  .'V  mathematical  proof  of  every  gen- 
erMlizatioa  is  desirahh?.  This  proof  may  he  either  of  the  demonstrative 
or  the  inductive  type.  Some  theorems  are  especially  notable  for^the. 
variety  of  proofs  which.have  been  dij^overed  for  them.  The  Pythagorean 
theorem  prohrihly  li(^lds  the  rccorcj^or  the  largest  number  of  different 
proofs.  ) 

One  meiusure  of  the  value  of  :iny  problem-situation' is  the  number  of 
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uses  or  applications  which  can  be  found  for  properties  which  have  been 
discovered.  Its  usefulness  during  various  periods  of  history  and,  in  ap- 
parently unrelated  areas  is  also  a  measure  of  its  importance.  The  fact 
that  the  Pythagorean  theorem  is  found  on  old  Babylonian  clay  tablets  of* 
about  1800  B.C.  and  that  at  about  the  same  period  Egyptian  surveyors 
used  3-4-5  triangles  to  lay  out  right  angles  indicate  its  usefulness  from 
the  very  earliest  days  of  recorded  history.  This  same  theorem  is  not  only 
basic  in  sucb  more  recent  and  advanced  mathem'Stics  as  the  analytic 
geometry  and  calculus  and  in  situations  arising  in  the  various  sciences, 
hilt  we  also  find  it  applied  in  art  where  the  whirling-square  principle  is 
developed  in  the  theory  of  dynamic  symmetry.  One  of  the  simplest  dis- 
.section  puzzles  is  one  whit^h  requires  that  a  set  of  geometric  pieces  be 
arrang^  in  the  form  of  a^square  and  then  reassembled  to  form  two 
squares  whose  sides  are  not  necessarily  equal.  . 

In  the  pages  which  follow,  several  additional  problem-situations  will 
be  presented  in  detail  to  illustrate  more  clearly  the  successive  steps  that 
can  take  place  in  an  exploratory  study.  Every  teacher  should  realize 
that  many  of  the  topics  usually  treated  in  the  elementary  and  secondary 
school  courses  in  mathcmati(is  may  be  introduced  and  develope(i4>jE-the 
use  of  similar  j)robIems.  One  should  remember,  however,  that  the  .na- 
■  ture  QT  choice  of  the  problem  and  the  manner  in  which  it  is  presented 
arc  of  the  greatest  importance.  These  factors  also  must  be  geared  to  the 
age  level  and  experience  of  the  group  or  individual. 

HOW  TO  CtT  A  SANDWICH  INTO  HALVES 

I.  Presentation.  The  thoughf  behind  this  problem  is  that  the  aver- 
age person  or  well-known  Man-iU'thc-Strect  takes  .it  for  granted  that 
cutting  a  sandwich  (made  from  slices  of  a  square  loaf  of  bread)  into 
halves  cari  be  done  in  two  and  only  two  ways  (Figs.  4a  and  46):)either 
a  cut  made  parallel  to  one  edge  of  the  sandwich  thus  producing  reotangii- 
lar  hah'es  or  a  c!ut  across  the  diagonal  resulting  in  halves  in  the  shape 
of  an  isosceles  right  triangle.  The  first  is  probably  the  more  popular  of 
the  two  and  reciuir()s  the  shortest  line,  but  in  both  cases  the  halves  of  our 
idealized  square  sandwich  are  congruent.  By  cut  we  mean  that  line  which 
separates  the  planar  base  of  the  sandwich  into  two  equal  parts.  We  are 
not  concerned  here  with  a  three  dimensional  approach  to  carving  the 
sandwich,  especially  if  it  should  'be  of  the  triple  decker  or  higher  deck 
variety!  Thi.s  would  he  a  natural  and  jmore  difficult  generalization  of  the 
problem  we  ha\'e  chosen  to  woA  with.  ^  ^ 

Sf)jue  aspects  of  this  pn)bl(>in>situation  may  Imve  been  noticed  by  the 
child  in  preschool  exp^riericos/  ()n(^  mother,  for  example,  reports'" that 
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sheused  ^to  cut  slices  of  toast  for  her  children  in  various  shapes  and  sizes 
and  used  these  not  only  as  an  incentive  for  eating  but  also  for  counting 
experiences  and  for  developing  acquaintances  with  various  geometric 
shapes  and  their  properties.  At  first,  h^r  ingenuity  in  obtaining^ria- 
tions  in  shapes  and  sizes  was  somewhat  taxed  until  she  discovered  that 
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hor  own  children  were  quite  capably  of  suggestirk  new  wdyB  to  make 
such  cuts  also,  . 

One  appeal  in  this  problem  lies  in  the  challenge  to  find  a  new  way^to 
perforriSa  commonplace  task,  i.e.,  are  tiiere  cither  ways  than  the  two  con- 
vcritiorial  ones  for  obtaining  halves  of  a  square?  Connoisseurs  of  fancy 
sandwiches  would  have  no  difficulty  in  considering  this  approach  and 
many  a  child  likes  ;thc  idea  of  hcing  diffr  -  nt  when  it  comes  to  making  or 
doing  things.  '\ 

The  teacher  might  begin  })y  sjcetching  a  square  on  paper  or  the  black- 
board. Three  or  four  inch  square  pieces  of  paper  should  be  placed  in  the 
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hands  of  every  child  with  the  suggestiQn  that  he  attempt  to  fold  the 
squares  in  the  two  ways  indicated.  Thus  the^el  of  the  straight-line  cut 
.is  stressed  and  at  th^^me  time  the  learner  may  get  a  better  understajnd-' 
ing*of  the  mesming.of  halves.  v  ,  , 

The  problem,  part  of  the  question  can  now  be  emphasized :  Are  there 
other  straight-line  cuts  which  will  produce  halves?  If  the  child  has  had 
some  experience'with  straight  lines,  then  the  question  could  be  broached: 
Could  these  straight  liife^be  modifieij  so  as  to  appear  as  brdken  lijifes  and 
still  produce  halves?  For^  older  child  with  an  understanding  of- broken 
lines,  the  question  cati  str^s  the  possibility  of  using  cuts  which  are  not 
straight.  In  a  high  ^hool  class  which  has  studied  the  areas  of  polygons 
and  of  closed  curves,\this  presentation  can  pose  the  possibility  that  the 
halves  need  not  be  congruent. 

Once  the  question  is  proposed-)  one  should  not  expec*t  a  general  rush 
to  the  kitchen  with  the  intent  6f  cutting  up  large  supplies  of  bread  slices 
for  experimental  purposes.  It  should  be  noted,  however,  that  unless  thef 
presentation  is  so  planned  that  the  listener's  mind  is  activated,  i'.e.,  begins 
to  realize  the  possibility  of  the  existence  of  new  situations  or  solutions, 
the  actual  purpose  here  of  getting  the  student  to  master  various  propenr 
ties  of  geometric  figures  wilPnot  be  attained.'     ^  ,  " 

2.  Attention.  In  the  earlier  grades,  it  is  important  to  liave  the  chSd 
use  concrete  materials.  Some  children  are  capable  of  making  sketches 
.  of  squares  which  are  ciuite  Satisfactory.  If- the  child  has  had  little  experi-  * 
encc  in  handling  squares,  it  may  be  necessary  to  provide  him  with  SQme 
three-  or  four-inch  sciuares  cut  from  squared  paper  which  is  ruled  at  half- 
or  quarter-inch  intervals.  (These  can  be  prepared  easily  from  mimeor* 
graph  stencils  or  from  carbons  used  oh  other  reproducing  machines.) 
.  He  can  then  count  small  s.^luares  and  trace  lines  In  such 'a  way  that  he 
will  have  an  equal  number  on  each  side  of  the  trace  or  cut.Heavill  soon 
notice  a  one-to-one  correspondence  between  the  small  squares  8n  both 
sides  of  this  cut.  '  ^ 

One  of  the  first  discoveries  will  probably  be  that  if  a  line  is  drawn 
from  points  on  opposite  sides  of  tlie  square  and  the  same  distance  from 
diagonally  opposite  .vertices,  then  this  straight  line  will  produce  coh- 
•gnient  trapezoids.  (See  Fig.  4c  and  'n6te  that  our  first  two  solutions  were 
really  special  cases,  of  this  bne.)  Young,  childre^'n  may' have  to  cut  the 
paper  sciiiare  apart  in  order  to  becxme  conyinced  that  the  parts  ^are 
congruent  or  equal.  However,  if  such  a  result  is  Jiot  immediately  forth- 
coming, some  additional  time  may  be  needed  and  it  may  be  well  for  the. 
teacher  to  havr  oxtra  pap^r  sriuares  available  for  practice^urposes.  The 
greatest  benefit  to  be  derived  at  this  stage  accrues  when  a^ery  member  of 
the  group  is  able  to  report  his  or  her  diBco"Very  at  about  the  same  time. 
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A  copiment  on  the  value  of  experiences  with  paper-folding  for  children 
in  the  early  grades  is  in  order  here;  Japanese  children,  at  an,  early  age, 
for  example,  work  with  four-^or  fiye-inch  paper  squares  cut  from  very 
thin  paper,  and  the  first  fold  made, in  most  of  their  further  projects  is 
*  that  of  folding  the  square  along  a  diagonal.  Th^r  ability  to  fold  and  reV. 
fold  parts  of  the  square  to  fofm  certain  common  figures  (bird,  monlj^, 
box,  baUpoii,  elephant,-  aijd  so  on)  requires  the  use  of  geometric  figures 
throughout- and  the  intricatt  pattetris  which  i[esult  are  real  pieces  of  ^irt- 
■ful  workmanship.  While  carrying  on  this  paper-folding,  called  origami^^ 
the 'Japanese  ichild  becomes  well  acquainted  with  many  prQperties  of 
geometric  figures  which  are  here  being  introduced  and  stressed  in  this 
problem-situation  of  the  sandwich,  but  which  he  may  study  formally 
later  in^is  course  in  plane  geometry.      »  • 

3.  Observation.  As  soon  aC^^'eral  different  solutions  are- reported, 
the  problem  begins  to  reach  this  next  stage.  At  first  it  may  be  noticed 
that  there  are  quite  a  number  of  pairs  of  points  on  opposite  sides  of  the 
square  which  are  equidistant  from  the  opposite  vertices,  ^^'his  may  be 
followed  by  the  discovery  th^tt^l  of  these  lines,  when  shown  in  a  given 
scjuare,  have 'one  point  in  common,  i.e.,  the  center  of  .  the  square.  How 
long  wilHt  be  before  a  student,  in  tearing  or  cutting  the  paper  along  this 
fold,  will  notice  that  if  he  digresses  a  small  amount  away  from  the  fold 
in  one  direction  he  can  restore  the  equality  of  the  two  areas  by  digressing 
.  an  ecjual  amount  in  the  other  direction  from  the  fold? 

Some  children  may  feel  that  the  half  ii^the  form  of  a  rectangle  is  larger 
than  the  trapezoidal  or  the  triangular  one.  They  should  be  challenged  to 
discover  whether  this  conclusion  is  true.  In  seeking  such  verification,  the 
child  may  find  it  when  he  places  the  triangular  or  trapezoidal  half  over 
the  rectangular  one  and  notices  that  parts  of  each  overlap  the  other  or 
are  cotnmori'to  bo^  and  that  the  remaining  parts  are  congruent. 

Students  in  upper%rade  classes  may  discover  the' floating  figure  prinv; 
ciple  which  can  produce  halves.  For  example,  when  the  corners  of  the' 
origiiiar  square  are  folded  so  that  they  form  isosceles  triangles  and  the 
original  vertjces  meet  at  the  center  of  the  square  as  in  Figure  4c?,  it  will 
be  found  that  a  new  square  is  formed  which  is  just  one-half  of  the  original 
one.  If  we  think  of  releasing  this  new  square  from  jts' points  of  .  contact 
with  the  sides  and  allow  it  to  float  around  inside  th^ original. square,  then 
the  remaining  or  uncovered  part  of  the  original  square  forms  the  second 
piece  of  the  sandwich  and  can  also  be  called  one-half  of  the  original 
square.  This  is  a  case  of  applying  some  take-away  subtraction  since 

1  -  H  =  M. 

Other  floating  figures  can  soon.be  imagined.  Students  Avith  experience 
with  regular  polygons  of  more  than  four  sides,  can  determinK  whether 
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tlTese  can  be  used  as  fioating  figures  also  (Fjg.  4e).  A  real  challenge.,to 
the  understanding  of  any  high  school  student  with  ability  is  the  question 
whether  *this  ^oatinfif  figure  could  be  in  th^  shape  of  an  equilateral  tri- 
angle. A  test  for  their  understanding  of  the  formula  for  the  area  of  a 
circle  can  be  provided  by  requiring  fitudentsHo  find  the  length'4)f  the 
radius  of  a  ^oo/mV?  circle — the  hole  in  the  sandwich — ^^which  equals  one- 
half  the  area  of  the  original  square*  '  *  ^ 

Another  position  for  Xhe  floating  square  is  to  think  of  it  as  being  ghoved 
into  one  corner  of  the  original  square,  thus  having  two  of  its  sides  and 
included  angle  in  common  ^Fig.  4/).  Children  accustomed  to  using  com- 
passes will  note^the  possibility  of  djawing  .an  arc  of  a  circle,  using  one 
vertex  of  the  square  as  center,  thus  producing  a  quarter  of  a  circle  equal 
to  half  the  original  square.  .       .  > 

,  Cases  where  certain  suggested  cuts  cannot  produce  halves  should  also 
be  observed.  A  good  illustration  is  one  in  which  we  think  of  a  single  bite 
made  into  the  sandwich  starting  from  one  side  of  the  square  and  making 
this  bite  in  the  form  of  any  triangle  whose  third  vertex  does  not  lie  on  the 
opposite  side.  Such  a  bite  could  not  be  a  minor  segment  of  a  circle  hut 
variations  of  major  segments  are  possible.  Or,  supposing  that  bites  are 
made  by  parabolic  dentures,  one  could  practice  With  the  area  formuw  to 
determine  the  dimensions  of  a  segment  of  a  parabola  which  the  fictional 
Paul  Bunyan  would  have  had  to  have  cut  out  if  he  wished  his  first  bite 
of  a  sandwich  to  have  been  one-halif  of  it. 

The  cWllenge  of  these  observations  lies  in  the  variety  of  situatip^is 
which  the  imagination  can  produce.  If  the  original  squares  d,re  cut  from 
cardboard  of  the  same  thickness,  it  should  be  possible  to  demonsti^|e 
with  a  set  of  beam  balances  that,  no  matter  what  their  sh^lpe,  the  hal\^(3s 
are  always  equal  in  weight.  This  of  course  will  not  furnish  proof  in  the 
sense  of  mathematical  logic,  but  it  will  furnish  a  verification  of 'the  stu- 
dents' conjectures  and  ma^at  the  same  time  be  the  stimulus  for  a  valu- 
able introductory  discussion  of  the  difference  between  proof  and  v^fica- 
tion,  deduction  and  induction,  as  discussed  in  Chapter  4.  An  interesting 
classroom  display  could  be  prepared  by  constructing  mobiles  in  which 
.the  parts  were  all  halves  of  the  same  square. 

4*  Classification^  Some  forms  of  classifying  results  have  already  been 
noticed  as  we.  have  listed  some  of  our  observations.  Our  first  thought  was 
in  terms  of  cuts  which  produced  congruent  figures  with  a  straight-line 
cut  through  the  center.  However,  other  congruent  figures  were  possible 
if  digressions  from  such  straight-line  cuts  were  made  in  a  symmetrical 
fashion  u^ing  the  c^ter  of  the  square  as  a  point  of  symmetry.  These 
cuts  could  also  be  included  under  those  involving  broketi-line  segments. 

Another  classification  eould  be  developed  which  involved  the  floating 
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^^ure  principle.  At  first  these  figures  were  thought  of  as  squares  and 
^^regular  polygoii?  of  more  than  four  sides.  The  cirele  becomes  the  limit 
for  such  polygons.  How-ever,  polygons  whieh  are  not  regular  eould  also 
be  considered  and  the  possibility  of^using  ellipses  and  lima<;ons  need  not 
iTt  e.xeluded.  . 

The  bite  principle  may  be  considered  either  from  the  corner,  of  the 
square  tir  a.s  originating  on  one  of  the  sides.  These  bites  run  be  separated 
into  those  casesMn  ^^hich  all  lines  are  straight  and  those  in  which  some 
lines  are  curved.  The  use.  of  such -curves  as  the  parabola,  hyperbola,^ 
catenary,  cycloid,  and  sine  curve  could  be  proposed.  Some  ways  of  using 
an  .ArchimerfCun  or  exponential  spiral  might  also  be  suggested.  A  figure 
in  the  form  of  the  snow-flake  curve  deseri] )pr]  by  Kasner  and  Newman' 
would  c^^ture  the  imagination  of  some  students. 

5,  Furthei^  Exploration.  Part  of  this  stage  -may  require  a  certain 
amount  of  calculation.  FoV  example,  a  study  of  perimeters  can  be  made 
based  on  the  amount  of  original  crust  which  each  of  the  two  parts  pos- 
sesses. We  might'  impose  the  condition  that  the  two  parts  have  crusts 
which  are  in  the  ratio  of  1 :2  and  study  what  limitations  this  places  on  the 
problem.  The  study  of  these  ratios  may  be  generalized  lo  the  form  of 

a :  6  later.  ♦ 

The  need  for  the  study  of  integral  calculus  may  be  r;oticcd  if  we  con- 
sider halves  enclosed  partially  or  entirely  by  s^ome  of  these  curves.  How 
to  approach  the  question  of  tlie  areas  of  segments  of  such  curves  eould 
become  intriguing,  too.' 

Part  of  this  further  exploration  will  result  from  ^^what  if  you  should'^ 
questions.  For  example,  what  \t\ve  should  cut  the  sandwich  into  thirds, 
fourths,  or  fifths,  or  cut  the  general  square. into  any  number  of  equal 
parts — would  we  be  able  to  use  the  same  principles  regarding  cuts? 

Another  direction  our.problem  njight  take  would  be  to  substitute  an 
tjquilateral  triangle  or  other  regular  polygons  for  the  square  slice  of  bread, 
ultimately  including  the  circle  also.  Various  of  the  quadrilateral  figures 
such  as  the  recitangle,  rhombus,  parallelogram,  and  kite  could  be  used. 
So^ne  students  mil  note  an  application  of  the  floating  square  in  ease  the 
original  figure  is  a  quadrilateral  and  the  half  is  found  by  using  the  paral- 
lelogram formed  by  joining  the  midpoints  of  th6  sides  s\iccessively. 

6,  Formulation.  Some  gctieral  principles  that  may  be  formulated 
wete  already  suggested  in  the  observation  stage  above.  There  we  found 
that  any  straight  line  passing  through  the  center  of  the  square  produces 
two  congruent  figures.  Symmetrical  digressions  from  this  line  also  pro- 
vided congrucMt  figures.  Equal  area  digressions' or  nonsyinmetFieal  ones 
may  produce  equal  figures  also. 

It  has  been  quite  evident  that  halves  need  not  be  congruent  but  are 


309 


390  ,  GROWTH  OP  MATHEMATICAL  IDEAS 

always  equal.  Also  straight  lines  need  not  be  used  for  cuts  but  the  loca- 
tion of  curved  lines  requires  careful  .calculation  and  will  not  produce  the 
accuracy  which  rectilinear  figures  can  attain. 

7.  Generalization,  A  succes^on  of  generalizations  has  appeared  as 
this  problem-situation  was  investigated.  The  ctJiiventional  cuts  of  the 
Man-in-the-Street  are  merely  special  cases  of  the  general  one  that  any 
striiight  line  drawn  ^-hrough  the  center  of  the  square  divides  it  into  twcr 
equal  parts.  Certain  digressions  from  these  lines  not  only  ipxroduce  prop- 
erties which  can  be  assigned" to  broken  lines  but  indicate  the  opportunities 
which  other  mathematical. curves  present.  * 

The  bite  and  the  floating  figure  principles  lead  to  the  best! generaliza- 
tion of  all:  that  any  line — be  it  straight,  broken,  curved,  or  closed-^could 
be  thought  of  as  moving  across  the  plane  to  the  square,  then  coming  in 
contact  with  a  vertex  or  moving  across  a  sidfe,  and  continuing  across  the 
square  until  it  had  reached  a  position  where  two  distinct  and  equal  parts 
of  the  squajfe  are  evident. 

8.  Verification  and  Application.  That  two  parts  of  a  square  of  dif- 
ferent shape  but  equal  size  can  be  found,  required  an  understanding  of 
area  as  enclos^  by  the  lines  already  mentioned.  Wtere  the  two  parts 
are  bounded  by  straight  lines  only,  the  knowledge  of  areas  of  various 
polygons  as  .developed  in  plane  geometry  should  be  sufficient  to  verify 
the  conclusions  that  have  been  suggested.  In  the  case  of  areas  partially 
or  entirely  bounded  by  other  plane  curves,  the  need  for  the  calculus  is 
soon  noted. 

Some  application  of  properties  found  in  this  problem-situation  is  se<?n 
in  oertain  figures  of  the  jigsaw  type.  Here,  there  are  opportunities  for 
th^child  to  become  acquainted  with  fractional  parts  of  a  given  square — 
fourths,  eighths,  sixteenths,  and  so  on,  as  well  asTHiMs,  sixths,  twelfths, 
fifths,  and  sevenths.  He  might  be  led  to  consider  the  case  where  a  figure 
is  separatefl  into  two  parts  which  are  in  the  ratio  of  a:b.  Children  in  the 
early  grades  need  such  experiences  with  fractional  parts  of  geometric 
figures  including  the  circle.  Actual  handling  of  such  concrete  parts  should 
prove  valuable  in  J)reventing  some  of  the  absurd  results  relating  to  frac- 
tions which  children  often  report  in  their  practice  exercises. 

An  extension  or  application  of  some  of  the  properties  of  this  square  is 
found  in  the  famous  Chined  puzzle  of  seven  piepes,  the  so-calle^  tan- 
grp.m.  This  puzzle  is  sold  in  toy  stores  under/ various  '  trade  names 
(Fig.  4g).  The  square  (usually  about  2}^^  inches^on  a  side)  is  separated 
into  seven  pieces,  two  of  which  are  right  isosceles  triangles  each  equal  to 
one-fourth  of  the  square;  three  more  pieces  are  in  the  fopm  of  a"square, 
ancisbsceles  right  triangle,  and  a  parallelogram  each  of  which  equals 
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onercigl^th  of  the  square;  resppctively ;  and  the  two j^5fSrnaiy?l^pi^^  ^ 
isosceles  right  triangles*  9ach*equalta  one-sixteenth  of  the  square.  Ctdl-  , 
cften  in  the  earliest  grades^can  maK«  the  parts  either  fr^m  a.- drawing '^n 
squarec?  paper  or^^b;^  (*ar(fi\illy  folding  a.  square  along  the  lines  shown 
in'  the  figuce.'A  good  insight  into  the  (^qualitj^  of  figures^ i^  gained  as' 
two,  three,  or  more  jof  the  pieces  are  tejted  to  determific  whether  squares, 
trapezoids,  par.iUelof^rams,  or  triangles  can  be  formed  ffom  these  pieces. 
H.  E.  Dudeney'b-  Canterbury.  Puzzles  and  Other' Curious^  IPtQblems^  con- 
tains illustrations  :  of  ot^er  figures -which  are  not  Yiecessairily  niatheT 
niatic^il  in  design  but  all  of  whicli  are  equal  in  area.  Per^ap^  .so^e  of  ^ 
the^e  arrangements  anticipTated  several  works  of  mpdern  'art. '      ^  , 

Another  dissection  which  is  used  less  frequently  is  tjie  Loculus' of 
Archimedes  shown  in  Figure  5.  Archimejles  may  have  aroused  a  mathe- 
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Fig.  5-  The  Loculus  of  Archimedes.  The  square  is  divided  into  14  parts  Xvith 
rational  areas.  Points  Z,  N,  E,  C,  H  are  midpoints.  TH  is  perpendicular  to 
BG,  K  is  the  intersection  of  AU  and  BZ\  O  is  the  intersection  of       with  DG, 

matical  interest  among  such  royal  friends  as  King  ITiero  of  Syracuse  or 
King  Ptolemy  Philadelphus  of  Alexandria' by  challenging  theni  to 
entertain  themselves  and  *tfieir  guests  by  reassembling -these  fourteen 
piec^os  in  various  stimulating  patterns.  These  pieces  can  be  expressed 
as  multiples  of  48ths  of  the  original  square,  i.e.,  they  appear  as  J^Sj  7^81 
5.i8»  J'-iSi  '^^^^^  ?4  8-  Once  these  fourteen  pieces  have  been  identified, 
many  cliffeltont  arrangements  of  thej?e  pieces  could  be  discovered  which 
total  2;l^g  of  the  original  .s([uare.  Makin'g  sketches  for  the  cases  where 
the.se  parts  have  sides  in  common. and  where  they  could  be  thought  of 
MS  being  encased  within  a.  singh?  border  line  could  become  another 
^interesting  diversioit.  At  the  secondary  level,  proof  that  these'  fourteen 
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pieces  do  actually  bear  the  relatioii8hip|  to  the  wKole  indicaWd  by  the 
,  fractio^ijijist^d  abovtfU?aa  test  the'lSiaJil^naticafingenuity  of  the  best  of 
our  preseht-day  students  of  lii^h  schoonWthemati^s.  ^ 

THECF(5URJCOLQJiS-FO.UR  NUiMBERS  PROBLEiNr  ^ 

1.  Presentation,  lliis  probldrWituation  arises  from  the  question:  \^ 
it  possible  tx)  take  sixteen  soldiers — catlSsthem  ^41,  '^42,  ilSj^A^xBl,  i52, 
•  •  •,  Do^and  2)4 — representing  four  diffei^nt^companie^ (A,  Bj  C,  and 
Z?)  and  four  different  ranks4n  each  company^l,  2,\3t>  anH  4)/a'nd  ar- 
range  them  in  a  square  formation 'of  four  men  to  a  rWun  fojtr  .rt^ws  in 
such  a  way  that  np  two  soldiers  of  the^me  company  or*ranir are  j)laced 

-  in  thfe  sarpe  ro^,l^lumn,  or  diagonal  of  the  square?  Another  version' 
might  be:  Can 'sixt^n  class  or  room'  officers  from  four  different  classes 
or  room^ (freshman,  sophomore,  junior,  and  senior)  each  having  four 
'different  officers  (president,  vice-president,  secretary,  and  treasurer)  be 
seated  on  an  auditorium  platform  in  a  squarb  arrangement  ccftisisting 
of  four  rows  of  fouVrhairs  each  in  such  a  way  that  no  twq.  classes  or 
ofFicej^  are  represented  in  tjie  same  row,  column,  or  diagonal?  In  thte 
case  these  sixteen  individuals  could  be  designated  by  symhols  such  as' 
P.9i  7:5,  ^:-9,  7-10,     •,  P-12,'  •      T-\2,    "  r 

A  colorful  way^f  presenting  this  problem  t^o  a  .class  or  groi>p  is  to 

.  use  a  set  of  sixteen  square  car^s  cut  from -cardboards  of  four  different 
jiolors  with  the  numbers  1  through  4  marked  on  separate  cards  of  eaeh 
color.  (Stapling  a^piecc  of  masking  tape  on  the  ISack  of  each  card,^ith 
the  ^sticky  side  exposed,  makes  it  possible  to  press  the  cards  against  a 
blackboard  or  \j'indow  pane*and  move  theiji  about  as  desired.  Small 
plastic-^circular  discs  with  adhesive  on  both  sides,  now  available  com- 
mercially, ni;^y  also  be  ii*^ed.)  *  ^ 

Another 'way  of  presenting  the  problem  is  to  use  four  sets  of  regular 
pj^Jlygons  of  8,  4,  5,;  and. 6  sides  respectively  drawn  on  cards  w^h  num- 
ber^,  2,  3,  and  4  appearing  inside  the  respective  figures.  A  teacher 
couloprepare  those  figures  on  a  mimeograph  stencil  and  give  the  chil- 
dren an  opportunity  to  arrange  the  cut-out  pi?c^son  their  d^k  or  work 
with  thcjn  at  home."  .    .  " 

2.  Attention.  J)l1r"all  thifmbs"  approach  used  by  the  teacher  in  tiying 
^  to  find  a  solution  can  easily  arouse  the  attention  of  the  children  in  the 

^^iddle  and  upper  grades.  In  the  first  demonstration,  the  teacher  may 
place  the  cards  or  the  symbols  on  the  board  so  that^some  *rows  and 

"columns  seem  to  meeS'**^^^ requirements  and  give  the  impression  that. 
it  ^Ifnost  works.  The  tcarher^Qay  vise" chalk  in  four  different  colors  which 
has  the  advantage  that  erasures  can  he  made  readily.  Likewise  the  . 
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j^htfdrerMnPiay.  choose  colored  pencils  or  cra|yrons,  say,^BIue,  green,  red, 
aUd  yellow,  and  write*lhe  nun)bei*s4ir'the'eixteetf  cell*  ef  a  4  jDy  4  square,^ 
They^  will  find  this-qieth.od^  ciynbersome  Mtev  a  while,  howevef,  because 
changes  "ajre  hard  to  make.  w!iea  the^studentjB  thenis^lves>si^ges,t  tfie 
possiblUtjr  iDf  using  symbols  in 'one  color^  they  will  be  discovering^  a 
•  lesson  on  the  iiQjjurtAnce  of  a"*  wise  choice  of  symbols  as  ^  this  related. Jto^ 
the  development  of-mathematics.^One  notat^cm  Whicbithey  may  suggest 
^'s'to  use  B1,*J?2,  ^3,  aad  J?4  to  represent  tlie  four  blue  cards;»Gl,  G2,\ 

,  G3,"aHd  04  to*  represent  the  four  green^rc^s,  anct  similar  symbdis  for  • 
the  cards  in  the  other  two  Colors.  '  -t  .  , 

It  may  be  well  to  allow  geveral  days  to 'elapse  l;i<fore  going  on;  Stu- 
delits  should  be  encouraged  to  hand  in    copy  of  their  solution  Jis  soon 
as  possible  and  asked  to  indicate \he  approximate  amount  of  time  jihey-* 
sp\5nt  in  finding  it.  Son\e  \n.  t^  past  have  reported  successes  in  less 

►  than  fifteen  minutes  while  others  have  persistedlaor  two  or  three  hoifrs.- 
At  this  slK|e,  it  Is  important  to  alljiw  every  person  as  mlich  time  out- 

^  •side  of«  school  as  he  cares  to  take  ^as  tc^psure  as  many  sucgesses  as 
.  possible  rathea  than  to  hurry  on  to  other  aspectSTJ?  the  problem. 

We  are  primarily  concerned  ifi  observing  way^^iiLffhich  lefirnings  talce 
place.  Hence  the  teacher  should  lend  encouragement  but  refrain  from 
describing  the  solution  herself.  Showing  a  class  or  an  individual  how/ 
defeats  the  purpose  and  may  result  in  loss  of  attention  as  well  as  in- 
terest. Time  after jfeifne  it  has  been  noticed  that  those  Student^  who  are- 
shown  ansWers  either  try.  to  remember  how 'the  sjolution  is  obtained  or 
lose  interest  in  entirely.  This  problem  is  not  atiifBcult  one,  once  a 
method^ for  its  solution  hi£S  been  discovered,  and  it*provides  elemdtitary 
school  children  opportunities  to  develop  their  reasoning  powers.'' 

trial  and  error  approa(5h  to  a  problem  has  always  been  one  of  the 
■first  ways  of  investigating  some  new  problem.  Unfortunately  it  takes 
time  ajid  often  leads  to' disappointments  but  frequently  it  is  the  first  ' 
api^oach  lo  the  study  of  new  problem's/Persistence  is  one  of  the  abil- 
ities often  listed  as  an  aim  of  mathematics  education  and  this  present 
problem  may  well  prove  to  be  a  measure  of  the  persistence  of  some 
individuals.  '  ^ 

•  3.  Observatioh  and  Exploratioix.  Alert  students  may  notice  a 
parallel  here  with  the  requirements  for  the  formation  of  a  magic  square. 
.  The  sum  of  every  row,  column,  and  diagonal  is^always  10  with  the  added 
feature;  that  colors  are  not  to  be  iduplicated.  1\  is  hoped  that  some  stu- 
de^nts^  will  begin  to  wonder  whether  this  co^or  feature  can  be^  translated 
into  mathematical  terms.  If  so,  they  are  recognizing  a  parallel  which 
arises  in  therart  of  prog-ramming  for  electronic  calculators. 
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Whenever  a  s^steinatic  apprpacfi  is^^eportedj^t  is  usually  fecund  that 
.  it  stiggests  placing  four  cards  of  different  numbej;g  aod  colony  in  one  of 
the  rows,  columns,  or  diagonals.  In  Figure,  6a,  cards  Bl\  G2,  /?3,  and  y4 
.    have  been  pl^ged  in^tiiat  order  in  i!tt»>  first  row.^Our  Hexfirilent  was  Ijb 
^^^lUce'^Gl  and  ^2  in  the  second  row.  TJien  the  remaining  cards  for  this 
-row  had  to  be  "54 'and.  YZ.  Most  persons  report  that  after  a  pertiun*". 
pointy  the  remaininc/cards  }n9i  fall' into  jplace.' This  phenomenon  sug^ 
gests  that  there  maty  be  certain  lYiathematical' laws  wHich  apply  nere. 
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Another  obscr\'ation  which  it  js  nSped  wijj-'be  made  is  that  groups  of 
four  cards  representing  four  diff(*enf  nwnbers  and  colors  may  be  found 
in  other  positions  besides  in  rows,  coj/ujp«{is,  and  diagonals.  For  example,  y 
in  Figure  Ga,  the  four  corner^  squares  satisfy  this  condition,  as  do  also 
the  four  tenter  squares.  Elementary  scho(;)l  children  have  a^vonderfiil 
time^noticing  other,  such  groups.  The  civ4  of  discovering  such  patterns 
is  another  or^e  of  the  aim)?  of  mathematijsal  education  and  is  definitely- 
one  of  the  facets  of  the  loarning  process.  '   ■    \  ^ 

4..  Classification,  After  several  solutions  have  been  reported  antr 
examined,  two.  cjiiestions  may  arise>  (1)  What  constitutes  a  different 
solution ?-a{i(l  (2)  How  many  diffqrent  ^^Ikitions  are  there?  In  the  case 
of  the  first  question  it  will  be  agreed  that  if  a  given  solution  ig  rotated 
through  an  angle  of  90*^  in  ^ther  direction  or  through  an  angle  of  180° 
thiit  the  resultittg  scjiiar^  is  essentially  the  same  as  the  original.  In  fact, 
one  criterion  for  classificat^n  may  be  based  on  whether  the  same  relative 
order  appears  except  for  a  cyclical  change  in  the  elements.  -For  example, 
if  we  take  the  first  two  rows  in  Figure  Ga  and  rewrite  them  below  the 
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third  and  fourth  rows,  we  obtain  another  solution,  since  the  diagonals 
are  different  (Fig.  66).  The  order  in  the  rows  and  columns  is  cyclically 
the  same  so  this  ne\V^squarj^  belongs  to  the  same  group  of  squares  as 
the  one  in  Figure  6a.  Similarly  if  we  think  of  beginning  a  solution  .by 
moving  every .  ejemerit^  to v the  left  and  up  one  , space  starting  with  tlfe 
element  F3  in  Figure  6a,  placing  724  at  the  end  of  the  nev^  first  row, 
moving  the  original  first  row  into  the  bottom  row,  aijjt  making  similar 
cyclical  replacements  for  the  other  elements  for  the  fourth  row  and 
column,  we  obtaia  Figure  6c.  ^      ■  , 

At  this  point  it  may  also  become  apparent  that  comparisons  may  h.^ 
made  more  readily  if  the  cards  are  designated  in  some  orderly  or  sys- 
tematic'fashion.  An  improvement  in  our  use  of  symbols  ma}-  make 
further  study  easic^r.  Ins^tead  of  i;sing  abbreviations  for  colors,  it  may 
be  well  to  return  to  the  letters  us^d  in  the  original  designation  of  the 
soldiers  in  conipanics  and  use  A\,  A2,  •  ■  D4,  or  something  like>  1-1, 
1-2,  1  -^3,  •  •  • ,  4-4.  The  former  of  these  two  seems  to  have  some  advantage 
at  tht^  stage.  One  should  not  ignore,  however,  the  fact  that  the  earlier 
.use  of  colors  hiis  provided  a  worthwhile  element  of  interest  in  this  work. 
If  our  study  of  this  problem  had  involved  thq  fact  that  we  wantecl  to 
know  hoio  to  get  a. solution  and  then  how  to  use  this  method  to  solve 

•vOther  problerns  like  it,  then  we  might  have  adopted  some  best  notation 
aKtiie  very  beginning.  But  if  we  believe  in  the  importance  of  the  sue-' 
casriive  stages. of  the  learning  process,  then  the  repeated  modifications 
provMde  us  experiences  parallel  to  the  various  improvements  and 
refinjjments  which  the  mathematicians  and  scientists  discover  as  they 
jyimy  on  the  continuing  phases  of  their  investigations. 

--^5.  Further  Exploration.  One  consequence  of' the  preceding  stage 
is  the  fact  that  now  questions  which  need  further  investigation  begin/ 
to  take  shape.  Not  only  are  we  asking  the  (luestion-at  this  point,  ''liow 
many  different  solutions  are  there  to  this  question?"  but  we  wonder 
about  other  fjuestions  siich  as,  .''Is  it  possible  to  determine  the  number 
of  fiolutions  by  using  some  mathematical  fornuila  and  without  making  a 
tabulation  of  all  of  the  possible  solutions?" 

We  are  led  also  to  the  realization  that  certain  phenomena  need  to  be 
explored  further.  Such  is  the  case  with  the  observation  that  after  a-cer- 
tain  number  of  cards  have  been  selected,  the  others  seem  to  just  fall 
into  p/ace>\Suppose  we  select  the  four  cards  A\,  B2y  C3,  and  D4  and 
place  them  in  the  first  diagonal  in  that  ordery(Fig.  6d).  If  we  select  A2 
as  our  fifth  card,  we  find  that  it  can  be  placed  in  only  one  of  two  posi- 
tions, i.e.,  in  the  fourth  cell  of  the  third  row  or  . in  the  third  cell  of  the 
fourth  row.  If  we  decide  on  the  former,  we  find  that  the  only  cardWe 
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^cari  choo^f6r;the  second  p£?^these  positions  is  51,  i.e.,  there  were  only 
two  posifionis  possible  for'^^fifth  card  and  only  one  for  the  sixth.  In 
fact,  once  these- six. :<;ards^are  in  theirs  correct  position,  the  remaining 
.ten  find  themselves  assigned  to  unique  places  (Fig.  Gd).  :  -  ^ 

The  possibility  of  determining  whether  there  are  othpr  approaches  to 
producing  solutions  needs  to  bfc  explored  also.  One  ifsight.  consider 
placing  the  four,  cards  -Ai,  B2,  C3,  and  D4  in  the  corner  positions,  or 
in  a  block  of  four  in  one  comer  or  in  a  center  block  and  then  determine 
-whether  the  remaining  carcjs  occupy  unique  or  semiunique  positions.* 
'Or  one  might  cotisider  the  fariiou§  knighVs  move  used  in  magic  squares 
of  odd  order.  That  there  is  sorhe  sort  oi.knighVs  move  principle  present 
iis  noticed  in  Figure  (k/.  Using  this  movement,  we  can  start  from  A\ 
and  lacate  /13  and  from  the  latter  position  on  using  the  same  movement 
locate  both  A2  and  /14;  likewise  starting  with  B2  we  can  use  this  same 
movement  to  locate  B2  and  i?I  and  from  the  latter  position  obtain  the 
place  for  Similar  locations  follow  from  the  C3  and  D\  positions. 
.  6.  Formulation.  The  various  stages  involved  in  the  developmlent  of 
solutions  to.  problem-situations  are  not  always  clearly  separated  from. 
onoi  another  nor  is  there  necessarily  a  continuous  path  from  one  to  the 
next.  In  our  present  exploration,  we  noticed  that,  in  our  .  4  by  4 
square,  making  a  selection  of  a  certain  set  of  four  elements  and  placing 
these  in  key  positions  was  an  important  factor  in  the  solution.  Thus  it 
may  be  possible  for  us  to  propose  criteria  for  the  selection  of  four  ele- 
ments and  to  indicate  the  conditions  under  which  a  solution  may  follow. 
Perhaps  it  will  be  possible  to  suggest  also  the  various  patterns  for  other 
solutions  related  to  this  one.  ' , 

1.  Generalization,  Some  students  may  wonder  why^the  three  colors- 
three  numbers  problem  was  not  considered  and  they  may  have  satisfied 
their  curiosity  on  this  score.  On  the  other  hand,  a  set  of  twenty-five 
cards  for  the  five  colors-five  numbers  caise  can  be  arranged  in  many  • 
solutions  and  may  b^  studied  in  a  manner  similar  to  the  ot\q  presented 
here.  Unfortunately  the  six  by  six*case  cannot  be  solved — a  fact  dis- 
covered by  the  famous  mathematician,  Leonard  Euler.  Certain  larger 
square  arrays  have  been  solved  and  their  stu^  can  prove  profitable 
for  the  able  and  ambitious  student  of  mathematics. 

8;  Verification  and  Application.  Proofs  for  some  of  the  proper- 
ties which  have  been  indicated  require  mathematics  beyond  that  gen- 
erally studied  at  the  secondary  level. 

The  simplest  application  of  the  original  solutions  for  the  4  by  4  square 
is  to  the  development  of  magic  squares  of  order  4.  If  the  consecutive 
numbers  in  one  color  are  simply  written  as  the  first  four  numbers,  and 
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■  the  same  consecutiveN^r  iiumbers  in  another  color  are  written  as  5,  6, 
7,  8,  and^so  on  for  the  other  two  colors,  and  these  numbers  are  substituted 
in  the  solutions  fou;id,  the  resulting  squares  will  be  of  the  magic  %pe. 
Not  only  will  the  sum  of  every  row,  coknnn  and  diagonal  be  34  but 
other  groupings  of  four  S(|nares.  as  already  indicated,  will  provide  pat- 
terns producing  the  same. total.  * 

.Another  interestijig  application  is  found  in  the  theory  of 'Graeco- 
Latin  squares.  An  agricultural  e.xperiment  may  involve  testing  four 
different  varieties  of  corn  in  combination  with  four  different  soils  or. 
fertilizers  but  under  the  same  climate  or  weather  conditions.  Not  only 
can  the  separate  combinations  be  studied,  but.  the  yjield  of  a  particular 
type  of  seed  or  of  a  certain  soil  may  be  shown  to  be  superior  under  all 
conditions.  Other  applications  are  found  in  statistics  and  topology. 

PKIME  NLMBEKS 

Introduction..  One  of  the  most  fruitful  fields  for  developing  mathe- 
matical thinking  is  in  the  study  of  numljer  theory.  Thi^^^'is  probably  due 
to  the  3?ict  that  many  (jutstions  about  numbers  require  very  little 
mathematical  theory  before  one  can  appreciate  thevnature  of  the  rela- 
tionship involved.  There  is  also  a  certain  appeal  to  the  imagination 
rhcra.  Even  little  children,  after  they  have  learned  to  count,  like  to^talk 
about  millions,  (luintillions,  and  trillions,  not  knowing  wliich  is  larger 
~but  enjoying  the  appeal  that  bigness  of  numbers  seems  to  have  to  them. 

Some  of  the  interest  in  the  study  of  numbers  is  aroused  when  one 
begins  to  identify  or  list  tfie  so-called  prime  numbers.  The  recognition 
of  those  integers  less  than  100  which  are  evenly. divisible  by  other  num- 
bers a«  Avell  as  those  .remaining  numbers  wliich  are  not  so  divisible  is 
absolutely  necessary  in  the  study  of  algebra.  ... 

As  soon  as  children  have  learned  those  multiplication  and  division 
facts  in  Which  the  product  or  dividend  is  less  than  100,  they  should 
certainly  be  made  more  and  more  aware  of  the  fact  that  there  are  sev- 
eral two-digit  numbers  which  are  not  evenly  divisible  by  2,  3,  5,  and  7. 
Soon  they  should  be  able  to  distinguish  between  odd  and  even  numbers 
.and  to  recognize  that  when  any  odd  number  is  divided  by  2,  the  re- 
mainder is  always  1/  By  the  end  of  the  fifth  grade,  a  child  should  be 
able  to  list  all  the  primes  less  than  50  and  by  the  end 'of  the  sixth  grade 
he  should  know- all  tlid  primes  less- than  100  as  well  as' the  factors  of 
'  all  numbers  in  that  range. 

1.  Presentation.  For  2500  years  or  inore,  mathematicians  have  been 
trying  to  find  simple  ways  of  telling  whether  certain  large  numbers  .are 
prime  or  not.  It  is'not  diflicult  to  tell  \Vhcn  a  number  is  divisible  by  2 
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or  5,  and  the  usual  test  for  divisibility  by  3  or  9  fciould  prove  of  interest 
to  children  after  they  have  had  some  experience  with  division.  But  in 
the  case  of  large  numbers,  it  may  be  necessary  to  divide  by -  several 
possible  factors  to  test  their  primeness  and  often  this  W(^rk  becomes 
tedious.  , 

Ther6  is  no  reason  why  the  m(^hod  discovered  by  a  Greek  mathe-  ~ 
matieian,  known  as  the  Eratosthenes  sieve  method,  could  not  be  intro- 
duced to  children  at  fifth  or  sixth  gnnle  level.  The  fact  that  listing  all 
the  numbers  from  2  to  100  and  crossing  out  every  second  number  after 
2,  every  third  after  three,  every  number  after  5  ending  in  5,  and  every 
seventh  number  after  7  produces  numbers  which  are  not  divisible  by 
any  other  number  less  than  themselves  other  than  one,  can  be  presented 
in  such  a  way  that  children  will  always  remember  'this  method. 

Certain  questions  for  generating  further  thinking  can  then  be, pre- 
sented or  developed,  depending  on  the  age  and  grade  level.  Among 
these  could  be  the  following;  — - 

1.  Do  you  believe  that  all  prime  numbers  with  the  exception  of  2 
are  odd?  >  ' 

2.  Can  the  Eratosthenes  method  be  extended  for  numbers  between 
100  and  200?  ^Between  200  and  300?  Can  one  use  it  between  500  and 

.  600  without  knowing  all  the  primes  less  than  500? 

3.  In  finding  the  primes  less  than  100  why  did  one  not  also  cross  out 
every  11th  number  after  11,  every  13th  after  13,  and  so  on?  In  finding 
the  primes  less  than  200,  can  or^e  stop  when  one  has  reached  the  7's 

-  step?.  Is  there  some  way  of  knowing  when  one  has  done  enough  crossing 
out  when  finding  the  primes  for  any  number  less  than  a  number  one 
wishes  to  name,  e.g.,  2000? 

4.  Are  there  as  many  prime**  numbeit  between  100  and  200 'as  there 
are  less  than  100?  If  not,  is  it  conceivable  that  the  number  of  primes 
decreases  for  every  succeesive  100?  In  that  case,  is  it  possible  that  even- 
tually one  nfight  find  an  interval  containing  100  numbers  in  which  not 
a  single  number  is  prime?  . 

5.  Is  it  conceivable  that  if  one  continues  examining  larger  and  lai*ger 
numbers  that  eventually  one  would  find  no  more  primes? 

6.  If  one  knows  that  a  certain  number  is  prime,  is  it  possible  to  locate 
the  very  next  priirfe  after  that? 

•7.  What  is  the  best  way  of  determining  whether  some  large  odd  num-  . 
ber  is  a  prime  without  constructinga  complete  sieve  or  consulting  a 
table?  .      ]  . 

8.  Do  the  gaps  between  primes  increase  in  length?  For  example,  the 
differences  between  primes  below  75  are  either  2,  4, 'or  G.  DJ^s  that  ■ 
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mean  that  there  will  never  be  any  with  a  difference  of  8,  10,  12,  or  more? 
Is  it  possible  that  eveptually  one  might  no  longer  find  a  difference  of  2 
between  successive  primes?  ^♦-^^ 

Some  additional  preparation  for  these  questiWs  can  be  provided  by 
giving  students  an  opportunity  to  ^nstruct  their  own  table  of  primes 
up  to  500  or  1000  rather, than  providing  such  Ortable  for  them  at  this  point. 
This  .becomes  a  good  exercise  in  collecting  data  and  iit  the  same  time 
provides  some  practice  in  accuracy.  Later  a  table  of  primes  less  than 
3000  should  be  provided  and  their  attention  called  to  the  table  of  primes 
less  than  10,000,000  of  D.  N.  Lelftner.^       '  . 

As  soon  as  students  have"  had  some  experience  with  formulas,  several 
/unsolved  problems  of  prime  numbers  can  be  broached :  Is  there  a  formula 
which  will  always  give  a  prime  for- every  integral  value  of  the  variable? 
Dpes  a  formula  exist  or  can  one  be^ound  which  will  express  a^rprime 
numbers?  _ 

2.  Ancntion.  By  referring  to  a  table  of  primes,  it  will  be  noticed 
that  some  of  the  numbers  can  be  seen  to  be  fnembers  of  certain  arith- 
metic sequences,  c.g„  5,  11,  17,  23,  29,  35,  41,  47,  53,  -59,  .  In  fact 
out  of  the  first  10  terms  of  this  sequence,  9,  are  prime.  The  first  10  terms, 
of  the  sequence  based  on  the  expression  6n  +1  does  not  fare  quite  so 
well  since  our  '^batting  average"  is  only  7  out  of  10  and  in  the  case  of  the 
sequences  for  4n  —  1  and  4n  +  1  we  ^et  a  baiting  average  of  ,600.  Ques- 
tions of  the  following  kind  can  be  challenging:  Does' our  batting  average 
get  better  or  worse  as  we  consider  the  first  20  term's  of  either  of  these 
^sequences?  Can  anyone  discover  a  sequence  in  which  successive  terms 

have  a  common  difference  in  which  the  first  10  terms  are  prime?  If  100 
per  cent  perfection  in  an  expression  is  not  possib^le,  what  expression  does 
yield  the  largest  number  of  primes  for  the  first  50  or  100  values  of  the 
variable?  A  contest  for  determining  some  best  method  or  formula  dol^ 
have  an  appeal  value  to  many  children.  ,  ; 

When  it  begins  to  appear  that  100  per  ceyit  perfection;  cannot  be 
reacljed  with  arithmetic  sequences,  a  slight  variation  of  this  same  prin- 
ciple can,  be  suggested,  i.e.,  sequences  in  which  the  differences  between . 
successive  terms  are  in  arithmetic  progfte^ion  (aptu ally  this  becomes  a^ 
sequeifce  whose  terms  Satisfy  a  quadratic. polynomial).  Such  an  ejcample 
is  the  sequence  5,  7,  11,' l7,  •  •  •  or  the  one  H,  13,  17,  23,  31,  •  -  •  wjiere' 
the  successive  differences  consist  of  the  sequence' of  even  numbers. 

3.  Observation  and  Exploration.  It  soon'  becomes  apparent  thi3,t 
none  of  the  suggestions  considered  thus  far  will  succeed  in  always  pro- 
viding primes.  Attempts  to  create  such  sequences  is  .good  practice  how- 
ever. Various  "t'ombinations  for  a  and  d  in  arithmetic  sequences /Should 

r  .  ^  '  ■  ■ 


409 


400 


GROWTH  OF  MATHEMATICATj  IDEAS 


be  tried  to  provide  children  not  only  ^experience  in  substitution  Uut 
also  in  getting  the  rhythm  of  sequenced  o^ther.  than  those  of  oddjDr  even 
nunibe?rs  alone. .  •    '  , 

Exploration  of  sequences  whose  first  differences  are-i^n  arithmetic 
progrcssif>n.^(\vhi(^h  is'jcquiv^lent  to  saying"  thai/  tlic  second  differences 
"of  tKese  same  sequences  are  constant),  ^should  be  .provided' for  also? 
One  way  of  doing  this  is  to  prepare  a  table  on  the  order  of  the  following: 

Original  se(iuence: '  11  13  17  23-31    41  .    .  . 

First  difference.^:        '2    4    G    8    10      ...  ^^"X^ 

^^ccond/difterc^os:         2    2    2  2 

Similarly  wccan  use  othef  prVincs  as  the  first  ternis  and  the.  same  first 
difTerenees  as  above.  Latcr'^ve  can  try  still  other  modifications  such  as 
using  11  or  29  for  the  first  term  and. the  first *diff8rences  which  differ 
by  4  consisting  of  2]  6,  ip,  14,  and  so  on.  Many  children  love  to  experi- 
ni^iut  and  this  is  certainly  a  case  where  such  experimentation  is  n6t  only 
harmless  but  may  bring  about  some  interesting  observations. 

4.  Classification.  The  expressions  used  thus  far  have  all  been'  of 
the  polynomial  type.  Some  can  „be  classified  as  arithmetic  progrcssiohs 
and  others  can  be  shown  to  satisfy  a  quadratic  polynornial. 

As  tht;  students'  experience  with  polynomials  increases  they  may-be- 
gin ta  wonder  about  cubic  and  quartic  expressions.  Many  persons  ne^er 
nndi/.e  from  their  study  of  algebra  that  the  cubic  and  quartic  can  be 
applied  to  simpje  phenomena.  Exponential  functions  of  the  form  2^^  —  1/ 
/c-2"  +  1,  and  2-"  +  1  should  also  be  introduced  into  their  thinking. 

5.  Further  Exploration.  On^  of^^'the  ^nost  intercstijig  polynomials' 
to  explore  is  the  one  suggested  by  Eulcr  in  1772,  i.e.,  —  n  +  41.  Stu- 
deiits  should  havO  practi(*o  with  tliis  formula  long  before  it  is  used  as  a 
classic  example  in  the  introduction  of  proofs  on  mathematical  hiduction. 

The  writer  recalls  the  conjecture  proposed  by  one  of  l^is  former  seventh 
grade  students  after  the  membeVs  of  the.clas§  had  prepared  a  table  of. 
the  cubes  of  the. first  twenty  integers.  This  boy  noticed  that  the  firsV 
difTcrcnces  for  the  successive  cubes,  7,  19,  37,  and  61,  were  primes  and.'J 
found  that  he  was  dealing  .with  the  function  dnr  +  dn  +1. 

Other  cxprcssioiis  to' consider  are:  Sn^  —  3n  4-  23  which  gives  22 
successive  primes;  +.  +  17  w^hicli^gives  primes  from  n  =  —14 
through. n  =  10;  2n=  —  2n  +.19  which  gi^es  18  primes;  —  79n '+ 
IGOl  which  has  hold  the  record  for  the  larjgest  number  of  successive 
primes.  It  produces  primes,  for  the  values  of  ii  frpm.p  through  79. 
>    Arithmetic  progressions  in  which  the  values  old  are  30,  210,  and  2310 
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have  proved  interesting.  Examples  are:  17  +  30c?,  41  +  30d,  43  +  30d, 
47  +  2\0d,  199  +  210c/;  71  +  2310d.  It  should  be  noticed  that  30  = 
2  '  3  •  5,  210  =E  2  .  3  •  o  •  7,  and  2310  =  2  •  3  •  5  •  7  •  11.  In^other 
words,  these  coefficients  of  d  consist  of  th^  products  of  successive  primes. 

The  topic  of  Mersenne  numbers  provides  an  outlet  for  the  suggestion 
that  primes  might  satisfy  an  exponential  expression  such  as  2"  —  1. 
The  number  11  is  the  only  one  of  the  first" eight  primes  which  does  not 
produce  a  prime  when  these  values  are  used  forn. 

6,  Formulation,  All  of  the  primes  except  2  are  of  the  form  4n  +  1 
pr  4n  +  3.  All  of  the  forrner  ones  can  be  expressed  as  the  sum  of  two 
squares,  e.g',  41  =  5-  +  4%  but  none  of  the  second  !orm  of  4n  +  3  can 
be  expressed  as  the  sum  of  two  squares. 

Excluding  the  first  two  primes,  2  and  3,  it  will  be  noticed  that  all 
the  primes  also  fit  either  the?  form  (m  +  1  or  6n  —  1.  In  some  instances 
it  will  be  found  that  for  given  values  of  n  both  of  Jthese  forms  are  primes, 
thus  introducing  the  idea  of  twin  primes. 

Some  of  the  arithmetic  progressions  have  been  of  the  form  Ad  +  B 
where  ^4  is  a  product  qi  consecutive  primes  and  J?  is  a  prime.  Several 
of  these  were  listed  in  the  fourtb  paragraph  of  the  preceding  section! 

Probably  the  best  known  expression  for  primes  is  the  one  suggested 
by  Euler  which  is  also  written  ia  the  form  n-  +  n  +  4l.  Another  way  of. 
thinking  of  this  t^pe  of  expression  is  to  write  it  as  n(n  +  I)  +  P  where 
P  is  a  prime.  '         '  ,j 

7,  Generalization.  A  refinement  of  the  Eratosthenes  sieve  method 
for  locating  primes  is  possible.  It  is  based  on  the  use  of  t^vin  primes. 
Students  who  have  become  acquainted  with  programming  methods  as. 
used  on  modern  electronic  ca,l,culators  might  consider  ways  of  preparing 
a  program  for  this  refinement.     -  ^  ^  , 

Instead  of  writing  down  all  the  odd  number^  beginning  with  5,  one 
should  list  the  values  for  6;i  —  1  and  6n  +  1  in  parallel  columns  begin- 
hing^with  the  values  for  n  =  1.  Then^cross  out  all  the  nurnbers  d^r  5, 
5  -  7,  5  •  11,  5  •  13,  •  •,  7  •  7,  7  •  11,  7  •  13,  /^vll  -11,  11  -  13, 
•  •  -  ^  5  •  5  •  5,  5  •  5  -  7,  •  • and  so  on.  In  other  words,  if  all  the  nifm- 
bers  of  ^the'  form 

.  7'    IV  .  13''- ••  '  p"" 

where  a,  6,  c,  •  -^^  A;  take  on  value  0,  1,  2,  3,  and  so  on  and  where  the 
sum  of  it,  6,.c,  and  so  on  is  2  or  more  are  removed  from  the  list,  then 
the  numbers  reniaihirig  will  he  prime. 

Many  unproved  conjectures  and  unsolved  problems  resulting  from 
explorations  of  the  kind  illustrated  here  have  been  proposed  by  mathe- 
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maticians/ Among  these  are  the  following; 
'    1.  To  determine  the  prime  factors  of  very  large  numbers 

2.  To  determihe  whether  or  not  an  infinite  number  of  pairs  of  primes 
differing  by  2  exists 

3.  To  find  the  number  of  primes  in  a  given  interval;  in  particular, 
to  determine  the  number  of  primes  less  than  a  given  number  N 

.  4.  Goldbach's  famous  theorem  that  every  even  integer  greater  than  2 
is  the  sum  of  two  primes. 

8.  Verification  and  Application.  A  ready  recognition  of  the 
factors  of  commonly  used  numbers  and  a  knowledge  of  divisibility  tesl^ 
for  numbers  which'  are  not  prime  is  useful  throughout  the  study  of 
mathematics.  While  tests  for  divisibility  by  2,  3,  and  5  are  readily 
recognized,  tests  for  divisibility  by  larger  primes  require  more  study. 
Mlich  of  this  experience,  however,  is  helpful  in  appreciating  the  theory 
of  congruences  which  arises  in  the  study  of  the  theory  of  numbers. 

An  interesting  application  of  the  use; of  primes  is  found  in  the  dis- 
covery made  by  Gauss  in  which  he  showed  that  the  number  of  sides  of 
regular  polygons  constructible  with  an  unmarked  straightedge  and  com- 
passes depends  oh  the  Fermat  numbers  of  the  form  2^**  +  1.  Thie  number 
of  sidos  of  all  constructible  polygons  is  of  the  form  2"*  •  (2^  H-  1)  • 
(22*  +  1)  •  (2'^"  +  1)  -  .  where  m  may  have  the  values  0,  1,  2,  •  •  •  if 
not  all  of  the  a,  c,  r  •  •  are  zero,  if  no  two  of  a,  c,  •  •  •  are  equal,  and 
all  of  the  factors  in  parentheses  are  prime.' 

An  abstract  pattern  for  the  location  of  primes  of  the  form  4n  +  1 
and  4n  +  3  has  been  suggested  by  the  Dutch  mathematician,  Balthasar 
van  derPol.  Numbers  of  the  latter  form  are  assigned  to  squares  located 
oh  two  perpendicular  axes.  The  primes  of  the  form  4n  +  1  are  located 
in  symmetrical  squares  in  the  four  quadrants  formed  by  these  axes 
'with  positions  determined  by  the  pairs  of  numbers  such  that  the  sum 
of  their  squares  equals  the  4n  +  1  value.  As  a  result  these  latter  valij^es 
can  be*located  at  eight'difFerent  places  in  the  coordinate  plane.  A  design 
for^  tablecloth  using  this  pattern  is  available  through  a  firm  in  Holland.* 

^  CONCLUSION 

The  illustrations  of  mathematical  modes  of  thought  which  liave  been 
presented  in  this  chapter  have  dealt  principally  with  arithmetic  and 
algebra.  If  space  had  permitted,  similar  problem-situations  would  have 
been  presented  in  other  fields  as  well.  Once  more  it  should  be  stressed, 
however,  that:  (1)  the  problejns  chosen  should  involve  many  basic 
mathematical  principles  in  their  study, .  (2)  they  shoiild  be  closely 
related  to  or  parallel  to  experiences  that  students  have  already  had  in 
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order  that  the  students  may  be  able  to  approach  them,  and,  (3)  the 
separate  stages  of  the  problem-solving  and  learning  processes  should 
be  emphasized  and  re-emphasized  as  the  problem  is  given  further  con- 
sideration. In  addition,  it^should  not  be  forgotten  that  the  time  element 
is  always  present  and  that  reaching  the  various  levels  of.  learning  is  a 
maturing  process  which  cannot  be  hurried  beyond  the  limits  provided 
by  nature. 

Sources  for  problems  are  as  plentiful  as  there  are  hills  that  can  be 
mined' for  precious  minerals — ihar  i$  gold  in  them  thar  hills — ^but  it  must 
be  mined  atid  processed.  Some  textbooks  contain  exercises  which,  with 
a  slight  processing,  will  reveal  much  gold.  Books  on  the  history  of  mathe- 
matics, on  mathematical  recreations,^  and  on  popular  mathematics  con- 
tain many  illustrations.  Snch  popular  journals  as  the  Scientific  American 
have  published  not  only  articles  but  problems  of  the  sailors^  coconvtSy 
monkey  type.  The  Mathematics  Teacher  and  The  Arithmetic  Teacher  in 
their  articles  and  in  such  departments  as  ''Mathematical  Miscellanea," 
edited  by  P.  S.  Jones,  Adrian  Struyk,  Paul  Clifford,  and  others,  have 
described  many  problems  which  indicate  that  the  persons  who  reported 
on  them  definitely  had  followed  ^patterns  of  thinking  and  learning 
paralleling  those  which  have  been  indicated  here.  The  Mathematics 
Student  Journal,  Mathematical  Pie]  and  other  journals  written  primarily 
for  students  (in  some  local  high  schools  they  are  planned  and  published 
by  students)  have  contained  valuable  suggestions.  Perhaps  additional 
journals,  of  a  popular  type,  similar  to  popular  science  and  technological 
magazines,  but  stressing  mathematics,  are  needed  for  this  purpose  also 
and  could  become  popular  on  a  newsstand  and/or  subscription  basis. 

Primarily  our  concern,  however,  is  to  provide  as  many  opportunities 
as  are  possible  for  developing  the  thinking  ability,  and  power  of  the  in- 
dividual. It  is  our  firm  belief  that  nomid  of  knowliGidge  can  be  used  so 
effectively  in  a  given  pei^^d  of  time  to  develop  this  power  and  ability 
as  can  the  field  of  mathematics.  The  child  who  has  been  exercising  his 
mind  at  an  early  age  and  continues  to  apply  himself  to  extending  the 
frontiers  of  his  knowledge  has  great  opportunities  ahead  for  himself. 
He  may  he  one  whose  name  will  some  day  be  added  to  the  long  list  of 
men  and  women  who,  throughout  the  ages,,  from  every  nation  arid  race, 
have  followed  similar  paths  of  investigation, — the  ones  indicated  in 
the  saying  which  has  been  attributed  to  that  humble  but  very  great 
mathematician,  Sir  Isaac  Newton:  *'If  I  have  seen  a  little  farther  than 
others,  it  is  because  I  have  stood  on  the  shoulders  of  giants." 

See  Chapter  11  for  f  urther  references  and  suggestions  for  extending  and 
applying  the  ideas  of  this  chapter.  .     '  . 
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Implications  of  the  Psychology  of  Learning 

.  , 

for  the  Teaqhmg  of  Mathematics 

.  FRANCIS  G.  LANKFORD,  flt. 

STAUT  our  discussion  clearly  aware  that  a  great  deal  of  highly 
effective  teaching  of  mathematics  goes  on  now  and  has  gone  on  over  the 
years.  How  else  can  one  explain  the  rapid  strides  made  in  the  field  of 
mathenoatics  and  allied  fields  in  this  century?  It  is  being  said  by  reputable 
mathematicians  that  more  new  mathematics  has  been  developed  since 
1900  than  was  known  at  that  time.  Surely  some  of  our  students  managed 
to  avoid  being  stymied  in  their  development  by  the  loudly  condemned 
methods  claimed  to  be  prevalent  in  our  classrooms.  We  know  that  the 
work  of  mathematics  teachers  has  been  widely  criticized  and  we  believe 
that  such  criticism  has  been  helpful.  It  can  (5?)ntinue  to  be  helpful  when 
it  is  unprejudiced  by  special  intere.sts  and  when  it  is  not  entirely  nega- 
tive. .  ■ 

In  this  chapter  we  offe/  some  suggestions  for  the  many  conscientious 
mathematics  teachers  who  seek  to  do  a  better  job.  These  suggestions  . 
are  presented  as  practical  implications  of  modern  theories  of  learning, 
and  they  emphasize  that  the  effective  teacher  of  mathematics  encourages 
creativity  by  helping  pupils  discover  the  basic  ideas,  laws ^  or  principles  of 
mathematics;  he  aims  for  understanding  ahead  of  skills  of  operation;  and  he 
seeks  to  give  students  the  stimulation  that  comes  from  accepting  and  realizing 
worthwhile  goals. 

Throughout  the  first  half  of  the  twentieth  century  psychologists  have 
befen  active  in  the  development  of  learning  theorie^TSFor  most  of  this 
period,  Thorndike's  stimulus-response  explanation  of  learning  was  the 
dominant  theory.  It  also  had  extensive  influence  on  educational  prac- 
tice even  as  it  does  today.  Conspicuous  in  the  early  statements  of  this 
thepry  were  the  laws  of  readiness,  exercise,  and  effect,  although  in  later 
statements  these  laws  were  considerably  modified.  ' 

Perhaps  the  most  serious  challenge  to  the  stimulus-response  view  of 
learning  has*  come  from  the  Gestalt  learning  theory.  For  about  three 
decades,  now,  this  theory  has  intrigued  educators  and  increasingly  it  has 
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replacfed  Thomdike's  influence  upon  curriculum  and  method  in  .the 
classroonas  of  elementary  and  secondary  schools.  Particularly,  this  has 
been  true  in  the  teaching  of  mathematics.      /*  ^  ' 

In  the  view  of  learning  held  by  the  Gestaltjfcts,  insight  is  an  important 
element.  Less  dependence  is  placed  upon  r^titive  practice  in  the  Ge- 
stalt  view  of  learning  than  in  the  stimulus-response  (often  called  Connec- 
.  tionist)  theory.  Also,  much  is  made  of  the  relationships  that  exist  in  the 
elements  surrounding  a  learning  situation,  i^e.,  in  the  field.  Thoughtfully 
making  interpretations  or  analyses  Jeading  to  insights  into  principles  or 
laws  or  into  solutions  of  problems'*  is  an  essential  of  learning  for  the 
Gestaltists.  They  point  out  that  these  insights  often  seem*  to  come  with 
sudden  clarity  .and  once  reached  need  little  repetition  to  remain  as  fixed 
outcomes  of  learning.. 

There  hj^ve  been  other  important  learning  theories  developed  during 
the  1900's  and  this  branch  of  psychology  is  still  active.  But  the  Connec- 
tionist's  .and  the  Gestaltist's  have  remained  the  most  conspicuous  influ- 
^ences  on  practice.  ^  .    -  . 

Many  educators  have  read  learning  theories  with  a  sincere  desire  for 
guidance  in  the  everyday  job  of  teaching  children  and  youth.  The  ideas 
they  have  derived  have  not  all  come  from  any  single  theo^.  They  have 
also  found  that  there  is  much  on  which  the  learning  theorists  agree.  They 
suspect  that  these  points  of  agreement  constitute  a  sounder  guide  for 
practice  than  does  complete  adherence  to  any  one  theory:  There,  have ' 
.  been  numerous  attempts  to  develop  these  points  of  agreement.  One  such 
attempt  appears  in  the  twenty-first  yearbook  of  the  National  Council 
of  Teachers  of  Mathematics.^  -  \ 

Another  attempt  appears  in  Hilgard's  Theories  of  Learning ^  Ebsi^fcptidard 
and  authoritative  reference  in  the  field  of  learning  theory.  After  review- 
ing  .teri  theories  with  careful  documentation,  Hilgard^  develops  14  points 
of  agreement.  These  14  points  and  the  author's  statement  follow. 

It  turns  out  however,  that  many  of  the  quarrels  of  the  theorists  are  internal 
ones,  not  very  importaijt  in  relation  to  immediate  practical  problems;  thei*e  are, 
in  f:ict,  a  great  many  practically  important  experimental  relationships  upon 
which  the  theorists  are  in  substantial  agreement .... 

Hero  arc  a  few  statements  on  which  I  ^uld  expect  a  majority  of  learning 
theorists  to  agree  ... . 

1.  In  deciding;  who  should  learn  what,  the  capacities  of  the  learner  are  very 
important.  Brighter  people  oan  loarn  things  less  bright  ones  cannot  learn;  in 
general,  older  children  can  learn  more  readily  ^Jian  younger  ones;  the  decline  of 
ability  with  ago,  in  the  adult  years  depends  upori  \vha,t  it  is  that  is  being  learned. ' 

2.  A  motivated  learner  acqtiires  what  he  learns  imirc  readily  than  one  who  is 
not  motivated.  The  relevant  motives  include  both  K^neral  nn(l  specific  ones, /or 
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example,  desire  to  learn,  need  for  achievement  (general),  desire  for  a  certain 
reward  or  to  avoid  a  threatened  punishment  (specific). 

3.  .\rotivatioii  that  is  too  intense  (especially  pain,  fear,  anxiety)  may  be 
accompanied  by  distracting  emotional  states,  so  that  excessive  motivation  may 
be  less  effective  than  moderate  motivation  for  learning  some  kinds  of  tasks 
especially  those  involving  difficult  discriminations.  ' 

4.  Learning  under  th^pcontrol  of  reward  is  usually  preferable  to  learning  under 
the  control  of  punishment.  Correspondingly,  learning  motivat<*d  by  success  is 
preferable  to  k-aniing  motivated  by  failure.  Even  though  the  theoretical  issue  is 
still  unresolved,  the  prac'tical  outcome  must  take  into  account  the  soeial  bv- 
products,  which  tend;Urte  more  favorable  under  reward  than-undcr  punish- 
ment. 

5.  Learning  under  intrinsic  motivation  is  preferable  to  learning  under  ex- 
trinsic motivation.  " 

6.  Tolerante  for  failure  is  best  taught  through  providing  a  backlog  of  success 
that  compensates  for  experienced  failure. 

7.  Individuals  need  practice  in  setting  realistic  goals  for  themselves, -goals 
neither  so  low  as  to  elicit  little  effort  nor  so  high  as  to  foreordain  to  failure. 
Realistic  goal-setting  leads  to  more  satisfactor\'  improvement  than  unrealistic 
goal-setting. 

8.  The  personal  history  of  the  individual,-  for  example,  his  reaction  to  au- 
thority, may  hamper  or  enhance  his  ability  to  learn  from  a  giver^  teacher. 

9.  Active  participation  by  a  learner  is  preferable  to  passive  reception  when 
learning,  for  example,  from  a  lecture  or  a  motion  picture. 

10;  Meaningful  materials  and  meaningful  tasks  are  learned  more  readily 
than  nonsense  materials  nnfi  more  readily  than  tasks  not  understood  by  the 
learner.  ^ 

11.  There  is  no  substitute  for  repetitive  practice  in  the  overlearning  of  skills 
(for  insti  ince,  the  performance  of  a  concert  pianist),  or  -in  the  riiemorization  of 
unrelated  facts  that  have  to  be  automatized. 

12.  Information  ai)()ut  the  nature  of  a  good  performance,  knowledge  of  his 
own  mistakes,  arid  knowledge  of  successful  results  aid  learning: 

13.  Transfer  to  new  tasks  will  be  better  if,  in  learning,  the  learner  can  dis- 
cover relationships  for  himself,  and  if  he  has  experience  during  learning  of  apply- 
ing the  principles  within  a  variety  of  tasks. 

14.  Spaced  or  distribut(Kl  recalls  are  advantageous  in  fixing  material  that  is 
to  be  long  retained.  *  ,  ' 

.  /  , 

In  the  reniaiuing  pages  of  this  ehapter  these  fourteen-  points  will  be 
discnissecl  ^nder  11  headings,  and  their  implications  for  the  mathematics 
teacher  will  be  illustrated. 

WHKN  A  LKARNER  SEES  MEANING  IN  WHAT  HE  LEARNS, 
HE  IS  LEARNING  EFFECTIVELY 

Many  writers  have  emphasis  the  importance  of  meaning  in  learning 
mathematics.  Moreover,  many  studies  have  shown  that  when  students 
are  tauulit  mathematics  with  emphasis  on  its  techniques,  the  outeomes  , 
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are  far  from  satisfactory.  In  .arithmetic  and  in  elementary  algebra,  we 
have  Darticularly  offended'in  this  rega^.  Such  ^  topic  as  logarithms  can, 
for  example^  be  learned  very  mechanically.  The  rules  for  reading  and 
interpolating  for  the  mantissij  and  for  determining  the  characteristic 
are  often  memorized.  Then  they  are  applied  with  extensive  practice^' 
Even  after  much  practice  many  students  confuse  the  rule  for  negative 
characteristics  with  the  one  for  positiv-e  characteristics. 

'When  mathematics  is  learned  mechanically,  students  learn  many 
rules*6)r  the  numerous  operational  techniques.  Then  they  often  have 
the  difficulty  of  deciding  which  rule  or  technique  to  use  with  a  particu- 
lar ex.ercise.  All  kinds  of  clues  are  employed  by  students  faced  with  this 
difficulty,  and  often  the  wrong  cliie  is  employed — leading  to  absurd 
answers.  The  f^bsurdity  is  seldom  detected;  the  student  merely  sees  that 
the  answer  is  ^vrong.  Relearnin^e comes  a  matter  of  further  practice  in 
applying  the  several  steps  in  the  manipulation. 

Consider  the  operations  of  subtraction  and  division  of  fpctions.  The 
usual  algorisms,  with  their  steps,  are  illustrated  below.  - 

3  ^  ?  ^  6  '  12 

"^4,    8     8        3  ^  A  =  ?  V  ^  =  I  X  2 

-5  =  •  =  ^        5  •  10.  i      i  1X1 

.  ^88  ■    ■  1  1 

zr]  *  :  ■ 

Studeirps  who  merely  learn  the  steps  in  the  rules  for  these  algori^sms 
and  itHen  -practiifee  them  with  many  exercises  tend  to  associate  fittle 
mea/qn^vith  the  operations.  Tffey  often  confuse  the  many  rules  they 
must  learn.  For  example,  in  a  diagnostic  interview,  we  found  an  eighth- 
^rade  student,  of  average  ability,  who  correctly  used  the  subtraetion 
algorism  above  on  an  exercise  arranged  like  this: 

_9_ 
10 

•     "  "  ■   'i    ■  ' 

N 

but  incorrectly  used  the  division  algorism  above  on  a  subtraction  fexercise 
arranged  like  this:  %  —  %  =  This  student  had  apparently  come  to 
rely  on  the  arrangement  of  the  exercise  to  provide  a  clue  as  to  which 
algorism  she  would  employ. 

Teaching  proceclures  such  as  the  following  are  likely  to  help  a.  student 
to  perceive  the  nieaning  of  the  operation  of  subtraction  of  fractions. 
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1.  '  Help  students  see  that  all  of  the  following  involve  subtraction. 

How  much  more  is^o  than  ^? 
.  If  you  take  away  %  from        how  much  is  iS^t? 
5ow  much  must  be  added  to  ^  to_  get  ^0? 

^  To  . 

■'c 

Whatvis  the  difference  between       and  ^  ? 

2.  After  students  have  learned  successfully  to  identify  an  exercise!  as 
one  involving  subtraction,  have  them  try  estimating  the  difference.  For 
example,  in  —  K  a  student  may  think:  I  know  the  answer  will  be 
less  than  ]4  because  1  -  %  is     and       is  less  than  1.  V 

3.  Permit  and  encourage  each  student  to  think  out  a  process  for  find - 
ing  the  difference  and  to  employ  any  algorism  that  fits  his  thinking. ' 
One  student  may  think  this  as  equivalent  to:  ' 

9  dimes  less  3  quarters,  or  15  cents.  Intuitively,  this  is  * 
considered  as  ^^oo  or 
Another  student  may  think: 

H  =        tenths.  9  tenths  less       tenths  =  IK.  tenths, 
tenth  -  >^o,  1  tenth  =  %o  so  Mo  r  M  =  ^^o> 

Still  another  sticdent  may  think  more  in  the  conventional  manner  and.  record 
his  thinking  like  this:   '  ' 

^0  is  3^0  and  ^  is        so  Ko  -  ^  is       or  ^0. 

Of  course,  this  teaching  procedure  is  likely  to  be  more  successful  with 
fractions  if  it  has  been  used  throughout  the  study  of  whole  numbers  in 
earlier  grades.     .  \  ^ 

Consider  further  the  topic  of  logarithms.  It  has  been  pointed  out'above 
that  this  topic  is  often  taught  in  a  highly  mechanical  manner.  There  are, 
however,  other  procedures  which  are  designed  to  emphasize  the  nature 
of  logarithms  and  which  encourage  students  to  rely  on  tkcif'  under- 
standing of  this  nature  as  they  think  the  applications  of  the  rules  for  the 
characteristic,  and  the  like.  Some  teachers,  for  example,  have  found  it 
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effective,  in  making  meanings  clear,  to  begin  the  topic  simply  by  having 
students  build  a  table  of  powers  of  2,  like  this : 

*2o-l    2^  =  4   2^=16    2«  =  64     2»  =  256        =  1024    2^^  =  4096 

21  =  2/  2»  =  8   2^  =  32   2^  =  128   2»  =  512   2"  =  2048   2^'  =  8192. 

Then  they  have  students  use  this,  table  to  find  such  products  and  quo- 
tients as  the  following: 

16^X  128  =  ?        8  X  512  =  ?  64  X  64  =  ? 

4096      16  =  ?      2048  -^  128  =  ?      8192  ^  1024  =  ? 

2\X  2^  =  ?  23  X  2^°  =  ?  2^V-^  2^  =  ? 

Other  questions  such  as  the  following  may  be  proposed  in  an  effort  to 
stimulate  thinking  rather  than  manipulation: 

Could  you  represent  as  a  power  of  2  the  number  96? 

What  power  of  2  would  you  estimate  to  be  the  equivalent  of  20? 

Such  exercises  may  lead  to  the  generalization  that  any  positive  integral 
number  may  bh  expressed  as  a  power  of  2. 

Questions  about  other  powers  than  2  may  then  be  raised  and  a  base  of 
10  introduced.  The^  above  generalization  may"  then  be  expanded  to 
apply  to  powers  of  any  positive  integral  base.  The  convenience  of  base  10 
may  be  pointed  out,  and  further  work  with  it  carried  out. 

If  pupils  understand  scientific  notation,  this  understanding  may  be 
used  to  determine  characteristics  without  hatdng  to  depend  on  conven- 
tional fules.  For  example,  382.9  =  3.829  X  10^.  Hence  log  382.9  =  log 
3.829  +  log  102  =  5831  +  2  =  2.5831. 

Contrast  such  an  approach  with  one  that  starts  with  a  definition  of 
logarithm's  and  then  tells  students  that  every  logarithm  has  two  parts, 
a  characteristic  and  a  mantissa.  The  characteristic  is  determined  by  a 
rule,  and  the  mantissa  from  a  table.  Then  comes  practice  in  writing  the 
characteristics  of  several  numbers  and  in  reading  mantissae  frohi  the 
table.  Later,  students  are  taught  thje  rules  for  finding  antilogs  without 
interpolation.  Further  rules  for  interpolating  to  find  logs  and  antilogs 
'  are  presented,  followed  by  much  practice.  Still  further  rules  for  handling 
logs  and  antilogs  for  numbers  less  than  1  must  be  studied  and  more 
practice  in  applying  them  is  needed.  *  .  . 

The  goal  of  the  meaningful  approach  is  to  develop  students  who  will 
do  some  thinking  like  the  following: 

What  is  the  logarithm  of  7257? 
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Think:  This  number  is  between  1000  and  10,000.  That  is,  between  10' 
and  10*.  It  will.be  nearer  10*  than  10'.  Therefore,  the  logarithm^will  be 
3  plus.some  fraction  which  I  may  get  from  the  table. 

Or  students  may  think  like  this:  7257  =  7.257  X  10'.  Therefore,  the 
mantissa  will  be  the  log  of  7.257  and  the  characteristic  will  be  3. 

Find  the  antilogarithm  of  2.4892. 

Think:  10»  =  100,  10'  =  1000.  The  number  I  am  lookmg  for  is,  there- 
fore, between  100  and  1000.  W-^*^  is  about  half  way  between  10*  and 
10',  so  the  antilog  will  b^  about  500. 

Such  thinking  makes  work  with  logarithms  into  a  meaningful  activ- 
ity and  the  rules  are  a  convenience  but  not  to  be  used  blindly  as  a  substi- 
tute for  thinking.  o 

A  third  illustration  will  deal  with  helping  students  understand  the 
nature  of  direct  variation  and  how  to  express  it.  A  teacher  may  start 
by  asking  a  question  suqh  as  this,  'If  gasoline  is  priced  at  30  cents  per 
gallon,  how  much  does  it  cost  for  one  gallon?  for  two  gallons?  for  five 
gallons?  for  ten  gallons?  for  twenty  gallons?  Upon  what  does  the  cost  of 
gasoline  depend  when  the  price  is  30  cents  per  gallon?"  This  relationship 
m,ay  be  expressed  by  the  formula  C  =  30n  where  C  stands  for  the  number  . 
of  cents  cost  and  n  stands  for  the  number  of  gallons  purchased.  The 
teacher  may  now  follow  with  such  a  question  as  this,  "If  an  airplane 
travels  at  the  rate  of  300  miles  per  hour,  how  far  will  the  plane  go  in  one 
hour?  in  two  hours?  in  three  hours?  in  ten  hours?  How  may  we  write  a  \ 
fonnula  expressing  the  relationship  between  the  distance  a  plane  will 
travel  at  30Q  miles  per  hour  and  the  number  of  hours  it  travels?"  This 
question  may  be  followed  with  one  which  asks,  "In  a  20  per  cent  sale, . 
how  much  discount  will  a  person  receive  on  an  article  priced  before  the 
sale  at  $5?  on  an  article  priced  before  the  sale  at'  $10?  on  an  article  priced 
before  the  sale  at  $40?  How  may  you  express  in  a  formula  the  relationship 
between  the  discount  in  a  20  per  cent  sale  and  the  price  of  an  article  prior 
to  the  sale?"  Other  illustrations  may  be  used  but  soon  the  teacher  is 
ready  to  help  students  make  the  discovery  that  there  are  man>  examples 
of  two  variables  which  change  so  that  an  increase  in.  one  w^ll  produce  a 
uniform  increase  in  the  other  or  a  decrease  in  one  will  produce  a  uniform 
decrease  in  the  other.  This  simple  idea  is  now  given  the  name  direct  varia- 
tionr.  Moreover,  pupils  are  helped  to  see  that  in  evety  formula  which  has 
been  written  on  the  board,  expressing  the  direct  relationships  considered 
in  the  several  examples,  the  same  form  is  used.  This  form  expresses  one 
variable  as  equal  to  a  constant  times  the  second  variable.  This  discovery 
may  be  expressed  in  words  as  well  as  in  symbols. 
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IIWmOUAlJS  A)IFiTK  ,IN  THEIR  REGEPTIVITY 
A  FOR  LEARNING 

Possibly  no  other  characleristic  is  more  consistently  present  in  groups 
of  human  beings  than  that  of  wide  variation  from  individual  to  indi- 
vidual. This  fact  has  plagued  teachers,  always  and  has  sent  them  into 
meetings  again  and  again  to  discuss  both  ways  and  means  of  designing 
the  curriculum  better  to  adapt  it  to  the  differences  among  the  children 
they  teach  and  also  how  teaching  techniques  may  be  modified  to  stimu- 
late each  membep  of  a  group  to  work  up  to  his  potentiality  for  profitable 
learning. 

Hilgard  expresses  this  principle  of  individual  differences  in  capacity 
for  learning  in  his  first  point  of  agreement. 

We  know  these  differences  have  t\vp  general  causes.  They  are  the  result 
at  any  one  time  of  vkt^e  ability  and  of  experiences  of  living.  Much  has 
been  written  on  what  is  the  relative  effect  on  learning  of  these  two  causes 
of  variation  among  individuals.  Regardless  of  how  the  everyday  prac- 
titioner in  the  classroom  answers  this  question,  it  remains  important  for 
him  to  recognize  that  the  students  of  any  group  will  participate  in  any 
learning  activity  he  directs  in  various  ways  and  with  varying  results. 
This  will  be  true  no  matter  how  membership  in  the  group  has  been 
determined,  whether  it  be  by  measures  of  learning  aptitude,  by  prior 
learning,  or  by  inter^t  of  student  or  parent  or  by  alphabet. 

These  differences  ahlong  human  beings  as  they  learn  must  influence 
teaching  procedures  and  the  curriculum.  They  defy  attempts  to  con- 
struct a  standard  curriculum  unifomv  in  content  for  all.  The  conflict 
between  those  who  would  use  a  psychological  approach  m  curriculum 
design  and  those  who  woiild  employ  a  so-called  logical  approach  has 
been  intense  at  times  and  probably  never  more  so  than  at  present.  One 
side  glibly  admonishes,  *'Don't  forget  the  child";  the  other  emphatically 
replies,  "You  can't  make  bricks  without  straw."  In  learning  mathe- 
matics, there  must  be  a  subject  matter  Which  is  the  content  of  learning. 
This  content  must  be  arranged  in  the  curriculum  with  due  regard  to  a  se- 
quence that  is  inherently  mathematical.  Yet  it  must  be  remembered 
that  the  ceiling  of  educational  achievement  is  inherently  lower  for  some 
students  than  it  is  for  others  and  there  must  be  an  appropriate  modifica- 
tion in  curriculum  content  for  them.  This  fact  is  sometimes  hard  to  make 
agree  with  our  democratic  belief  in  equal  opportunity  for  all.  Yet  it  is  a 
purer  application  of  our  doctrine  of  democratic  belief  in  the  worth  of 
individuals  to  regulate  our  expectancy  of  their  learning  success  by  our 
knowledge  of  their  potential  than  it  is  to  make  uniform  demands  upon 
alL  Teachers  often  try  hard  to  bring  the  slow  student  up  to  an  arbitrarily 
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defined  learning  standard  that  is  simply  beyond  his  reach,  and  such  a. 
'  futile  attempt  ijs  a  highly  frustrating  experience  to  hpth  teacher  and 
student.  Slovr  students  may  gain  insights  into  the  ideas  of  mathematics  if 
the  ideas  are  simple  ones;  if  the  approach  is  gradual;  if  the  students  are 
given  enough  time;  and  if  they  are  effectively  motivated.  Moreover,  it  should 
be  recognized  that  there  can  be  different  levels  of  understandings — some 
intuitive;  some  very  logical  and" rational.  Clark  and  Eads^  report  these* 
differences  between  slow  and  bright  students  in  finding  the  sum  of  13.5  + 
26  without  paper  and  p^encil. 

Slow  child:  Take  5  dff  135;  you  get  130.  Take  6  off  26.  -130  plus  20 
equals  150.  Add  5  on-,  and  6  more  gives  you  161. 
Bright  child:  135  plus  20  is  155  and  6  more  is  161. 
To  illustrate  this  point  further,  consider  tk*^  topic  of  per  cent  taught 
usually  in  the  junior  hi'gh  school  grades.  Ifr  lequence  it  cannot  come 
much  earlier  beciause  an  understanding  of  common  and  dqcimaLfrac- 
tions  should  precede  the  study  of  per  cent.  This- mean.-?  that  regardless 
of  how  interested  a  student  or  class,  at  an  earlier  time,  may  get  in  an 
everyday  application  of  per  cent,  the  study  of  this  application  must  he 
postponed  until  the  necessary  arithmetical  background  for  using  per 
cent  has  been  acquired.  Yet  when  this  background  has  been  acquired  in 
its  minimum  essontjals  by  the  students  of  a  group,  a  teacher  may.  do 
niiich  to  vary  the  study  ofjlie  topic  of  per  cent  in  recognirion  of  the 
differences  in  learning  capac^ity  of  (ihiklren.  For  example,  she  m;iy  expect' 
narrower  generalizations  of  her  slow  students  than  of  her  bright.  With 
her  slow  students  she  could  emphasize  the  per  hundred  idea  of  per 
cent,  and  limit  her  exercises  to  easy  everyday  problems  such  as:  find 
5  per  cent  interest  on  $100  but  not  find  per  cent  interest  on  $376,  She 
could  recognize  that  the  so-called  third  case  of  per  cent  is  both  difficult 
and  seldom  used  in  practice.  Accordingly  she  would  give  scant  attention 
to  such  an  application  with  her  slow  students. 

Bright  students  studying  per  cent  can'be  taught  to  generalize  the  per 
cent  re!arif)nship  in  this  equation:  a/h  =  c/106.-They  can  recognize  that 
every  ,  per  cent  problem  gives  two  of  these  variables  and  requires  the 
third  to  be  found.  The  bright  student  ean  use  an}-*  value  for  the  variables 
and  he  can  locate  the  two  given  ones  in  the  most  difficult  applications. 
For  example,  .cf)nsider  these  three  per  cent  problems.  ' 

A  real  estate  aj^ent  sold  a  house  for  $18,2.50.  At  5  per  cent,  how  much  was  Iiis 
commission?  Here  a  =        ~  $18,250  r  =  5 

There  are  900  students  enrolled  in  Piainvi(>\v  Ilif^h  School..  Today  .'^O  were 
:tl)Hcnt.  What  per  cent  wiTc  al)scnt?  Hero  a  =  30  ^      000  c  =  ?.  . 

T^jist  ye.'ir  32  of  the  fatal  accidents  in  S:im's  home  town  were  aiitoniohilc  ncci^ 


414  GROWTH  .dp  MATHEMATICAL  IDEAS 

•    •   **    ■  „       ■  . 

dents.  These  were  80  per  cent  of  all  accidents  in  that  year.  How  many  accidents 
^  were  there  in  all?  Here  a  =»  32  6     ?  c  80 

Later,  perhaps,  such  bright  students  may  bchelped  to  see  that  a  similar 
relationship  exists  among  such  frequently  used  formulas  as  /  =  prt, 
d  =  rtj  and  others. 

Whether  or  not  this  kind  of  variation  in  content  for  slow  and  bright 
students  within*  a^  single  class  should  continue  in  high  school  is  a  nuich 

■  debated  question. 'Many  schools  now.  give  students  a  choice  of  courses^ 

■  in  mathematics  after,  grade  eight.  For  the  bright  student  with  interest 
:^nd  aptitude  in  mathematics,  there  are  the  usual  algebra,  geometry, 

trigonometry  courses.  Students  with  less  mathematical  aptitude  are 
offered  courses  in  general  mathematics  and  pracjiical  arithmetic.  In 
these  latter  courses  great  effort  is  made  to  keep  content  simple  and  to  use 
abundant  applications  from  the  everyday  lives  of  adolescents  and  young 
adults.  Some  mathematicians  discredit  this,  dual  offering.- T^ey  belieye 
all  high  school  students  should  be  taught  the,  same  courses  using  the 
same  content  topics,  but  that  the  treatment  of  the« uniform  topics  should 
\fary.  for  bright  and  slow  studqpts  somewhat  in  the  manner  dese^bed 
above,  fox  per  cent.  It  remains -to  be  seen  whether  or  not  this  view  will 
be  adopted  in  practice.  It  seems,  however,  pertinent  to  remind  the 
advocates  of  a  single  offering  in  high  school  mathematics  that,  if  it  ik  to 
do  the  whole  job  it  surely  must  meet  the  needs  atid  cateh"j:lie  ihterestfOf 
students  with  low  aptitude  in  mathematics  as'  well  as  the  bright  :ones.  " 
^^__Another  method  of  recognizing  differences  in  pu^)ils  whei^  teaching 
maffiCTi^tics  should  be  mentioned  even  if  briefly.  Many  teachers  of 
Mathematics  vary  their  level  of  expectancy  for  the  dull  anS'the  bright 
•  by  -insisting  that  .the  dull  must  be  taught  the  skills  and  operations  of 
mathematics  without  much  regard  to  rationalization  or  to  the/  develop- 
ment of  concepts.  The  appropriate  teaching  tecJiiViique  they  feel  is  one 
'  of  drill — motivated  as  best  they  c^n — with  frequent  testing,  and  retesting. 

■  They  leave  for  the  bright  th,e  goal  of  rational  insight  into' the  inherent^ 
meanings  of  mathematics.  Such,  differences  in  emphasis  have  not  pro- 
duced satisfactory  results. 

.    APPROPRIATE  MOTIVATION  IS  ESSENTIAJ.  TO  EFFECTIVE 

LEARNING  ^ 

Four  f)f  Hilgard's  fourteen  points  of  agreement,  bear  on  this  principle 
of  learning.  These  are  paints  2,  3,  4,  and  5: 

Much  of  the  time  and  effort  of  the  successful  classroom  teacher  is 
spent  in  implement! npcvt^nS  principle.  Indeed,  ynless  a  toucher  can  kindle 
a  desire  to  learn  in  pupils  who  have  little  of  it,  he  is  no  better  than  a 
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reference  work  as  an  aid  to  learning.  TKer^*  is  no  simple  and  standard 
formula  for  stimulating  pupils  to- learn.  Various  teachers  have  found 
different  techniques  and  materials  helpful.  Moreover,  it  is  often  difficult 
to  distinguish  cause  and  effect  here,  for  unquestionably,  successful 
learning  stimulates  most  pupils  to  further  learning.  Once  a  pupil  gains 
satisfaction  from  a  learning  activity,  he  is  likely  to  welcome  other  activi- 
ties that  are  related.  This  is  one  reason  some  pupils  elect  mathematics 
for  intensive  stady  and  others  avoid  it  with  a  passion. 

Little  good  comes  of  extrinsic  motivation  that  relics  on  lectures  to 
pupils  on  the  importance  of  mathematics  or  that  urges  pupils  to  think 
hard,  to  avoid  careless  mistakes,  to  read  problems  carefully  before  trying 
to  solve  them.  On  the  other  hand  a  resourceful  teacher  will  put  before 
his  students  learning  opportunities  that  are  appropriate  to  their  in- 
terests and  maturity.  He  will  work  hard  for  initial  success  at  a  level  of 
understanding  suitable  for  each  student,  and  he  will  recognize  this 
success  in  a  variety  of  ways.  A  mark  or  grade  is  only  one  meai\s  of  recog- 
nizing such  success.  Often  displaying  a  successful  piece  of  work  on  the 
class  bulletin  board  or  in  an  oral  report  to  the  class  gives  a  student  the 
recognition  before  his  eUissmates  that  is  highly  cfTective  in  stimulating 
further  learning.  This  point  was  amply  illustrated  in  an  experiment* 
with  fifth  grade  students  in  arithmetic.  . 

In  this  experinrient  pupils  were  encouraged  to  discover  various  ways 
of  performing  an  operation  in  arithmetic.  Their  discoveries  were  often 
completely  original,  and  were  reported,  and  defended  before  th^  class 
with  Kreat  satisfaction.  No  contest,  no.  grade,  or  material  reward  was 
needed  to  givc|these  students  genuine  enthusiasm  for  arithmetic.  For 
•  example,  this  js^an  exercise  given  to  students  early  in  their  study  of 
adding  fractions  ibo  sugge.st  wa^^s  they  might  do  their  thinking. 

Mrs.  Ames  bought  2^  yards  of  cloth  to  make  a  epat*  Later  she  found  she 

must  buy     yard  more.  How  much  cloth  did  she  buy  in  all? 

There  are  many  ways  you  may  think  in  finding  this  sum.         '■        .   •  .  * 
FirsLrYou  may  count  by  fraetions:  2^,  3,  3^i,  3^.  Mrs.  Ames  bought  33^^ 

yards  of  eloth. 

Second.'You  mny  think:  ^  -\-  ^.^  ^  =  l>f  Then  2  -f  1^  «.3>^.  v'  • 
Third.  You  may  think:  2H  -f  M  =  3.  And  'V^  more  ^  ^  .  ' 
Fourth.  You  may  think:  If  Mrs.  Ames  bought  3  yards  first  ancl^then  1  yard, 
she  would  have  bought  4  yards  in  all.  But  she  bought  H  y^rd  less  than  3  yards 
and  M  j'ard  less  than  1  yard.  Hence,  she  bought  in  all  4  yards  less  yards  or 
V  i  yards.  There  are  still  other  ways  you  may  do  your  thinking  to  get  this  sum. 
Deseribe  your  method. 

This  attempt  to  stimulate  independent  "thinking  was  continued 
throughout  the  experiment  and  pupil  interest  was  greatly^stimulated. 
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Individual  amT  successful  learning  is  highly  effective  in  motivating 
further  learning.  Moreover,  students  seldom  demand  that  learning  be 
useful  if  it  is  successful.  This  is  not  to  suggest  that  learning  that  has 
.practical  value  in  the  everyday  world,  is  less  valuable  than  that  which 
does  not  have  such  ready  use.  It  is  only  to  say  that  practicality  is  not,  for 
a^Z  students,  an  essential  criterion  of  effective  learning,  that  is,  lei^ming 
which  produee^  motivating  satisfactions  in  the  learner.  »  . 

Many  teachers  have  learned  to  use  all  kinds  of  physical  aids  in  teach- 
ing which  they  feel  are  effective  in  motivating  learning.  It  is  doubtful 
if  these  aids  in  themselves  provide  iriotivatio'n  because  students  like  to 
h^tndle  things  rather  than  work  with  abstractions.  Instead,  their  real 
worth  is  likely  to  be  found  in  the  help  they  give  the  learner  to  gain  a 
clear  idea  or  an  insight,  or  to  discover  a  generalization,  or 'to  formulate 
clearly  an  hypothesis.  The  successful  learning  that  results  is  the  real 
motivator  for  further  learnings  -  JP'or  example,  there  are  teaching  aids 
sometimes  used  by  elementary  teachers  to  match  such  a  combination 
as  9  +  6  with  its  sum,  15.  These  aids  are  designed  in  different  ways. 
Some  are  in  the  form  of  cardboard  wheels.  Others  merely  have  a  strip 
that. slides  by  a  i^lot.  It  is  doubtful  that  these  aids  do  anything  to  help  a 
i^tiident  think  with  numbers .^^fhey  are  merely  devices  for  making  drills 
palatable.  Teachers  of  geometry,  however,  sometimes  use  an  aid  which 
enables  s^tud^nt^^ to  discover  the  hypotheses:  An  inscribed  arigle  is 
measvrcd  by  half  Us  intercepted  arc.**  In  this  aid,. a  circle  is  drawn  on  a 
piece  of  eardboard  and  marked  off  in  arc  degrees.  One  chord  is  drawn. 
At  one  end  of  the  chord  a  protractor  is  placed.  A  piece  of  string  is  at- 
tached at  this  same  point.  The  string  is  then  stretched  to  make  an  angle 
with  the  chord.  The  degrees  in  the  resulting  inscribed  angle  are  read 
from  the  protraetor,  iihd  the  degrees  in  the  intercepted  arc  are  read  from 
the  circle.  The  readings  are  tabulated  and  studied  until  the  hypothesis 
becomes  apparent.  Thfen  a  dedugtive  proof  is  developed.  Such*  teaching 
aids  used  in  this  manner  can  be  helpful  to  the  learner  in  gaining  clear 
insights.  '  ' 

PRACTICE  IS  A  NECESSARY  BUT  NOT  A  SUFFICIENT 
CONDITION  FOR  EFFICIENT  LEARNING 

It  is  on  this  prineiple  that  Connectionist  and  Gestalt  learning  theorists 
have  argued  at  great  length-  Practice  is  a  keystone  in  the  arch  of,  the 
Conneetionist's  theory.  On  the  contrary,  as  pointed  out  earlier  in  this 
ehapter,,  the  Gestaltists  see  learning  as  involving  a  great  deal  of  mental 
rofleetion,  a  putting  of  things  together  to^arrive  at  an  insight  into  a 
problem,  a  principle,  or  an  operation.  They  accept  the  need  for  practice 
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in  the  learning  of  skills  such  as  are  involved  in  playing  a  piano,  operating 
a  typewriter,  or  in  skating.  Even  in  these  cases  they  tend  to  disagree 
with  the  Connectionists  in  their  notions  of  the  nature  and  results  of 
repetitive  practice.  .Hilgard's  statements  on  which  he  feels  learning 
theorists  would  agree  appear  in  his  11th  and  14th  points. 

It  has  been  pointed  out  earlier  in  this  chapter  that  in  recent  years  the 
views  of  the  Gestaltists  have  been  found  to  be  more  and  more  satisfactory 
explanations  of  learning  of  mathematics.  However,  there  are  still- many 
classroom  teachers,  in  elementary  and  secondary  schools  to  whom  the 
Connectionist's  view  of  practice  has  seemed  a  more  reasonable,  guide. 
Such  teachers  often  stoutly  defend  their  depefidence  on  a  great  amount  of 
practice  as  the  only  means  of  giving  proper 'attention  to  the  funddrrteri' 
tals.  They  suspect  the  advocates  of  insightful  learning  to  be  victims  of 
soft  pedagogy  and  are  sure. that  to  reduce  pracjbice  is  to  lower  standards." 

Experimental  evidence  is  scarce  relating  to  the  effect  on  learning  of 
applying  the  Gestaltist's  view  in  the  mathematics  classroom.  Such  as 
exists  gives  strong  support  for  greater  ^dependence  on  the  cognitive 
features  of  learning  and  less  on  mere  repetitive  activity.  Repetition  of 
basic  ideas  is  good.  But  this  will  come  from  the  frequent  use  of  early 
ideas  in  the  development  of  later  and  more  mature  ones  as  well  as  through 
use  of  thcj^e  ideas  in  many  applications.  This  view  is  supported  by  an 
impressive  array  of  authoritative  opinion  as  expressed  by  writers  who 
have  promoted  greater  emphasis  on  meaning  in  teaching  rnathematics. 
Samples  of  such  writers  and  their  works  appear  in  the  reference 

At  this  point,  we  feel  justified  in  advising  mathematics  teachers  at  all 
levels  to  work  for  undersUmcJing  on  the  part  of  their  pupils  of  the  central 
ideas  of  mathematics,  of  its  laws  of  operation,  of  the  nature  of  its  proof 
as  well  as  for  insights  into  its  p^'ohlems.  In  this  we  are  sure  that  practice 
is  necessary  but  not  suifficicnt.  We  also  strongly  suspect  that  excessive 
practice  may  produce  such  undesirable  by-effects  as  to  interfere  with  the 
more  important  outcomes  to  be  sought  through  mathematics  teaching. 
We  have  seen  top  much  of  the  meaningless  learning  that  seems  to  be  the 
usual  result  of  excessive  dependence  on  practice,  of  the  mechanics  of 
mathematics  to  take  any  other  view. 

It  must  be  made' clear  that  the  pragmatic  implications  of  modem  learn- 
ing theory  which!  7ce  are  trying  to  draw  for  the  classroom  teacher  of  mathe- 
matics do  leave  room,  for  practice.  In  the  first  place,  the  need'for  practice 
varies  ^vith  the  nature  ()f  learning  sought — more  used  when  skills  are 
sought;  less  used  when  understanding  of  ideas  is  souf^t.  Moreover, 
effective  practice  should  vary  in  nature  and  amount  from  individual  to 
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individual  in  a  group.  Limited  and  appropriate  practice  may  reinforce 
understandings.  ■ 

Hilgard's  fourteenth  point  calls  for'spaced  or  distributed  practice. 
In  algebra,  for  example,  teachers  must  recognize  that  all  the  necessary- 
practice  on  the  operations  with  signed  numbers  need  not  be  required  at 
the  time  the  topic  is  first  taught.  Students  will  add,  subtract,  multiply, 
and  divide  positive  and  jW^ve -numbers  throughout  their  study  of 
algebra.  There  will  be  abunSunt  opportunity  for  practice  of  these  opera- 
tions, but  it  should  1)e  arranged  with  decreasing  amounts  of  time  and  at 
increasingly  longer  intervals.'  The  same  may  be  done  with  fractions  in 
algebra.  / 

Consider  practice  on  the  multiplication  combinations,  such  as  3  X  4, 
5  X  7,  or  9  X  9.  Many  teachers  of  elementary  arithmetic  have  learned, 
that  they  cannot  get  100  per  cent  mastery  of  these  facts  with  all  students 
in  the  usual  heterogeneous  class  in**  the  elementary  school  when  these 
combinations  are^first  taught.  This  is  very  discoucaging  to  these  teachers, 
especially  when  the  teacher  of  the  next  gtade  assum'es  that  the  combina- 
tions taught  in  the  previous  grade  must  have  been  mastered  by  all 
students  who  come  to  her.  The  result  of  this  feeling  is  often  concentrated 
practice  for  all  rather  than  distributed  and  individualized  practice: 

Let's  assume,  we  have  in  a  fourth  grade  class*  25  students  who  have 
just  finished  studying  the  niultiplicatioiX^facts  involving  6  as  a  multiplier. 
They  have  now  studied  all  of  the  54  facts,  1  X  1,  1  X  2,  1  X  3,  ... , 
0  X  7,  6  X  8,  G  X  9,  although  many  ^if  them  were  studied  in  grade  3. 
At  this  point,  a  written  test  of  all  54  fuctk  are  in  order.  Each  student  may 
make  a  record  of  the  particular  combinations  he  missed.  For  example, 
the  records  of  three  students  might  be  like  this. 

'  Pupil  1  Pupil  2  Pupil  3 

4  X  7  '  "  .y^..3  X  p-       none  missed. 
3X85X4  . 
6X9  :  2X7 
5X76X8 
'  .6X9 

Now  the  teacher  needs  to  provide  further  study  and  practice  on  these 
particular  combinations  by  individual  students.  It  caiuiot  be  emphiisized 
too  much  that  s(>ine,ifurthor  stitdy  of  the  combinations  missed  is  needed 
and  that  contiiuioc?  practice  only. is  likely  to  be  inefficient.  For  example. 
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student  1  above  may  be  asked  to  find  in  a  single  table  of  products  all . 
the  combinations  that  give  28  as  a  product.  Then  he  may  be  given  such 
exercises as4  X  ?  =  28,  ?  X  7  =  28, 4  X  7  ?,  7  X  4  =  ?.  For  these 
he  should  be  allowed  full  use. of  the  products  table.  When  this  student  is 
.ready  to  be  tested  oh  the  four  combinations  Ije  missed,  he  should  not 
have  to  be  tested  at  the  same  time  on  the  combinations  which  he  showed 
on  the  earlier  test  that  he  absolutely  knew.  One  means  of  handling  the 
classroom  mechanics  of  such  a  situation  is  to  divide  the  class  into  pairs. 
One  inembe/  of  a  pair  n>^y  test  his  mate  whenever  the  mate  is  ready. 

Students  who  missed  none  of  the  combinations  on  the  original  54  facts 
should  be  required  to  do  other  work  while  their  classmates  are  working 
further  on  combinations  missed.  Much  of  this  other  work  should  be  en- 
richment in  nature.  For  example,  these  successful  students  may  now  deal 
with  such  combinations  as  5  X  11,  5  X  12,  5  X  15,  5'  X  25,  5  X  30, 
and  so  on.  Finally,  at  increasing  intervals  of  time  all  students  in  the  class 
should  have  short  practice  periods  that  include  any  or  gill  of  the  combinar 
tions  learned  to  date.  This  is  sometimes  called  maintenance  practice 
and^can  be  very  helpful. 

« 

EFFECTIVE  LEARNING  IS  CONTINUOUS  AND 
DEVELOPMENTAL  IN  NATURE 

This  is  an  especially  important  principle  of  learning  for  the  mathe- 
matics teacher;  for  the  field  of  mathematics  itself  uses  early  and  simple 
ideas  as  the  foundation  for  more  refined  or  niore  generalized  ideas  that 
follow.  Indeed,  it  is  the  central  thesis  of  this  book  that  there  are  concepts 
of  rtfathematics  which  begin  in  the  early  stages  of  its  study  and  continue 
to  expand  fan-like  into  more  and  more  refilled  and  often  n^^e  abstract 
'Concepts.  McConnell*  puts  the  case  for  arithmetit  in  t||pe  words: 
.  .  the  acquisition  of  arithmetical  abilities  involves  developmental 
sequences  and  continuous  reorganization  of  ^behavior  in  which  more 
mature  forms' of  response  are  substituted  for  less  mature  but  neverthe- 
less essential  or  useful  stepsin  understanding  and  skill." 

Children  often  enter  first  grade  able  to  count  as  their  parents  taught 
them.  Often  this  involves  merely  a  recitation  of  words  in  order,  without 
any  id^a  of  the. basis  of  the  number  system.  Later,  as  a  child  understands 
the  use  of  a  base  and  the  significance  of  place  value  he  is  able  to  count 
rati(^nally.  That  is,  he  is  able  to  rely  on  his  understanding  of  the  system 
ratffer  than  merely,  on  his  memory.  Indeed,  he  may  very  likely  discard 
largely  his  dependence  on  memory  as  he  now  is  able  to  begin  with  any 
number  and  count  forward.  Later  he  learns  that  he  may  combine  groups 
(add)  by  counting.  But  then  he  learns  that  he  niay  combine  groups 
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without  counting  by  regrouping  into  known  combinations.  Thus  9  +  8 
may  be  regrouped  into  9  +1  +  7. 

Many  other  illustrations  of  how  the  effective  learning  of  mathematics 
is  developmiental  in  nature  may  be  found  in  the  earlier  chapters  of  this 
yearbook.  For  example,  on  page  20  of  Chapter  1  there  is  an  excellent, 
illustration.  Under  the  heading  operations  with  natural  numberSy  it  is 
suggested  that  children  learn  early  that  the  coUeciim  of  7  is  the  same  as  a 
combination  of  collections  of  S  and  4y  of  5  and  2,  of  6  and'l,  and  so  on. 
Then  they,  irf  developmental  fashion,  lea'm  the  significance  of  the  equal 
sign,  positional  notation,  and  the  associative  law  of  addition.  This 
,a.ssociative.law  is  early  met  in  such  groupings  as  8  +  6  =  8  +  (2  +  4)  = 
(8  +  2)  4-  4  =  10  +  4  =  14.  Later  it  is  generalized  and  is  used  in 
algebra. 

Another  illustration  of  the  developmental  nature  of  effective  learning 
of  mathematics  appears  on  pages  68-70  of  Chapter  3.  Here,  Van  Engen 
and  May  show  how  a  teacher  may  start  with  an  actual  experience  of  a 
class  that  is  selling  tickets  to.  a  benefit  show  at  35^  each.  A  table  of  pairs 
of  numbers  is  prepared;  a  graph  is  niade;  an  equation  ?/'  =  .35x  is  written; 
the  idea  of  a  variable  as  it  is  used  in  mathematics  is  presented.  In  this 
instance  the  developmental  learning  sequence  is  again  from  a  concrete 
first-hand  situation  to  an  abstract  mathematical  idea. 

Teachers  genei'ally  recognize  this  developmental  nature  of  learning  in 
matKern&^cs,  -but  sometimes  become  too  impati^nt^to  let  the  process 
evolve.  An\meration  or  a  proof  is  explained  (told)  to  the  student,  but 
little  opportunity  is  given  for  the  student  to  evolve,  through  his  mental 
capPK^ty  afiiiy  drawing  on  his  own  maturity  of  development,  a  clear 
insidhtmto  the  principle,  proof,  or  operation.  This  is  the  reason  the 
succfessfyi  teacher  of  mathematics  uses,teaching  procedures  that  stimu- 
latdstLLQents  to  discover  principles  and  processes  of  mathematics.  In  this 
mJ[in^  each  student  brings  to  bear  on  a  particular  learning  task  his  own 
l^vel  of  maturity  or  readiness  and  irf  turn  acquires  new  meanings  needed 
in  a  successfuLlearning  sequence.  Such  encouragement  in  discovery  im- 
plies that  thexSacher  must  be  willing  for  students  to  develop  unorthodox 
procedures  and  proofs.  But  so  much  the  better  if  the  resulting  insights 
are  clear  and  sound  mathematically.  Moreover,  ttie  testing  of  ma  the-  . 
maticaf  soundness  provides  a  highly  stimulating  learning  activity. 

None  of  .Hilgard's  fourteen  points  touches  directly  on  this  principle.. 
However,  his  point  number  13  clearly  supports  it  at  least  in  the  first 
sentence  which  reads  like  this:  "Transfer  to  new  tasks  will.be  better  if, 
in  learning,  the  learner  can  discover  relationships  for  himself.  .  .  There 
seems  to  be  no  better  way  for  a  student  to  discover  relationships  than 
In  the  developmental  manner  illastrated  above. 


IMPLICATIONS  OF  PSYCHOLOGY  OF  LEARNING 


At  this  point  the  reader  may  be  interested  in  a  second  illustration 
from  an  experimental  study^  conducted  in  several  Virginia  elementary 
schools.. It  was  the  purpose  of  this  experiment  to  stimulate  students  of 
the  upper  elementary  grades  to  discover  independently  number  relation- 
ships and  operations.  First,  teachers  suggested  several  ways  of  thinking 
about,  refationships  and  operations.  Students  were  asked  to  develop, 
explain,  and  defend  others.  When  a  student  proposed  an  unorthodox 
method  of  operation,  he  enjoyed  the  acclaim  of  his  classmates,  and. his 
teacher  if  he  could  defend  his  method  against  their  probing  questions  aijd 
.Satisfy  them  that  his  method  was  really  a  correct  generalization.  Out  of 
one  class,  where  such  a  procedure  had  been  used  for  several  weeks,  came 
this  illustration.  The  problem  was  to  discover  a  method  of  subtraction 
in  an  exercise  like  this: 

■  -4  ■  . 


One  student  proposed  this  method-.  ^ 

.1.  Subtract  the  3  of      from  the  7  of      This  leaves  4. 
.  2.  Subtract  the  4  obtained  in  step  1  from  8,  the  denominators  of  the  fractions, 
and  write  ^  as  a  parj  of  the  difference. 

3.  Subtract  5  frSm  1  less  than  11,  or  10.  Write  the  final  difference  as  5^^  or 
5H.  '  ^  . 

'.l^.A  ' 

Classmates  used  his  method  on  several  other  similar^exerojses  to  see 
if  it  applied  only  to  special  cases.  The  student  then  explainccl'li!s  thinking 
like  this,  can't  take  %  from  but  I  can  take of.  the  3^8  frp"^  H- 
This  leaves  I  must  take  from  11.  So  I  borrow  1  wholdtgr^i?.  The 
numerator  and" denominator  here  are  the  same.  SOj  /or  coimjnierice,  I 
may  subtract  my  4  of  ^rom  the  denominator  of  my  original  fractions." 
This  satisfied  the  class  that  his  method  woulrf  wf)r{c  in  all^ichf^ub trac- 
tion exercises.  vfW'  ' 


Surely  this  kind  of  individual  discoverypep^serit,^  .e((f(^^ 

^:;XEiRNING  TO  USE  THE  LAWS  Aivfelj^f^^^,  

OF  STUDY  I^^OLVES  APPLYING 

OF  PRACTICAL  SITU;A^^  '  '    :  >  ^V: 

This  principle  touches  on  a  highly  controvcf;sia;V  plpin^^^ 
many  fields.  The  successful  mathematician  \Yha  h^t's  J^f a1ste;red  t4iq  Bubj^ci  ' 
at  advanced  levels  is  often  impatient  with  mnetv. attention  .to./^)p  ' 
.  He  gained  great  satisfaction  from  the  study  of;  al^stra^t-riodtk^ 
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per  se.  He  feels  that  his  subject  has  intrinsic  and  inherent  qualities  that 
will  be  appreciated  and  eagerly  sought  if  the  subject  is  properly  taught. 
.  He  even  si^pects  that  much  attention  to  elementary  applications  may 
divert  the  student  from  the  real  values  to  be  had  from  the  study  of 
mathematics  for  its  own  sake.  ^ 

Yet  many  schools  of  engineering  contjpue  to  teach  mathematics  filled 
with  applications  in  this  field  therebyexpressing  the  conviction  that 
handling  applications  effectively  must  be  taught  directly.  Elementary 
teachers  of  arithmetic  insist  on  giving  much  attention  to  problems  asso- 
ciated with  the  every  day  activities  of  their  students  toth  in  and  out  of 
school.  In  the  high  school  many  teachers  if  the  general  mathematics 
courses  are  especially  eager  to  use  applications  o^rithmetic  in  problems 
of  buying  and  selling,  of  budgeting  expenditures,  of  insurance,  of  taxation, 
and  the  like.  Even  teachers  of  algebra  courses  have  long  asked  for. more 
practical  verbal  problems  than  the  usual  age,  rate,  and  mixture  ex- 
amples: ^  .  ^      ^  ^ 

May  these  conflicting  view&  be  ri^conciled?  Perhaps  they  can.  First, 
let's  look  again  at  the  example  already  cited  from  Chapter  3  (page  20). 
Here  Van  Engen  and  May  start  with  a  situation  real  to  pupils  and  from 
it  lead  into  an  abstract  mathematical  relationship.  This  can  often  be 
done  and  where  pos.sible  may  represent  highly  effective  teaching.  In 
many  instances  of  high  school  mathematics,  however,  the  applications 
of  the  topics  studied  are  so  far  removed  from  the  experiences  ojf  adoles- 
cents that  it  is  highly  distracting  to  give  much  attention  to  them.  In- 
some  of  these  instances,  teachers  may  create  concrete  situations  in  the 
classrooms  which  start  students  on. the  road  to  an  understanding  of 
abstract  principles  of  mathematics.  In  the  earlier  chapter  on  probability, 
Page  uses  this  approach  when  he  has^  students  throw  dice  to  obtain 
data  for  study  in  deriving  generalizations  on  probability.  * 

Here  it  may  also  be  pointed  out  again  that  many  elementary  and  high 
;>.^chool  students  will  not  have  the  capacity  or  interest  to  go  all  the  way  to 
i-  example,  they  may  study  with  great  profit  problems 

•'^5^:^r^;^f%^^^^^^  consumer  credit  without  going  all  the  way  to  such  generali- 

i^:^>}^o|,^grtiany  topics  of  geomej^  can  be  taught  in  the  junior  high 
^i^^i^l^^  on  an  intuitive*  basis  and  applications  can  be  studied 

proofs  are  introduced  at  a  later  level.  For  example, 
''rmdiirect  measurements  may  be  made  some  time  before  theorems  on 
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similar  triangles  are  proved.  Another  example  may  be  found  in  Smith 
and  Henderson's  earlier  chapter  on  proof.  At  one  point  they  suggest  an 
inductive  derivation  by  junior  high  school  pupils  of  the  formiilas  for 
areas,  of  rectangles  and  parallelograiiis,  and  then  make  this  observation 
(page  117,  Chapter  4):  . 

regardless  of  how  convincing  these  demonstrations  may  have 
been  to  the  child,  this  process  of  reaching  a  generalization  still  does  not 
constitute  proof  in  the  mathematical  sense  of  the  word.  At  this  maturity 
level,  however,  evidence  gained  by  empirical  means  is  sufficient."  Hil- 
gard's  thirteenth  point  is  also  closely  related  to^is  principle. 

CONTINUAL  FAILURE  BY  AN  INDIVIDUAL  AT  ANY  LEVEL 
MAKES  FOR  INEFFECTIVE  LEARNING 

We  have  heard  much  about  educational  standards  in  the  extensive 
disc.u.^sion  of  education  in  the  lay  press  of  recent  years,  There  is  often 
the  implied,  if  not  stated,  conclusion  that  failure  is  necessary  to  high 
standards  in  education.  Indeed  one  gets  the  implication  from  much  that 
he  reads  that  the  higher  the  proportion  of.  failures  the  higher  the  stand- 
ards must  be  and  that  this  is  good.  Moreover,  we  hear  failure  jiistified  by 
the  claim  that  one  cannot  always  be  successful  in  life  outside  the  class- 
room, so  why  not  recognize  that  it  is  good  to  experience  some  failure  in 
school.  Perhaps  we  may  be  permitted  the  observation  that  a  single,  rigid 
standard  for  all  students  in  American  elementary  and  secondary  schools 
is  one  thing.  To  support  such  a  policy  is  to  raise  another  difficult  ques- 
tion. How  high  should  this  single  standard  be?  For  example,  should  it  be 
high  enough  that  all  who  meet  it  and  graduate  from  high  school  should 
be  prepared  for  college  mathematics?  Or  should  it  be  about  the  average  . 
of  achievement  in  the  schools  across  the  nation?  There  are  obvious  and 
serious  difficulties  that  arise  from  either  of  these  positions.  For  example, 
in  either  instance,  we  coul4  have  all  of  the  students  of  some  schools  in 
many  large  cities  who,  year  in  and  year  out,  would  be  quite  imlikely  to 
meet  either  of  these  single  standards  mentioned  above. 

Of  course,  there  are  other  views  possible.  For  example,  we  could 
concei^•e  of  miiltiple  standards  that  would  propose  as  a  goal  for  each  stu- 
dent, a  level  of  achievement  that  is  consistent  with  his  potentiality  for 
Teaming.  That  is  clearly  an  iheal  that  is  difficult  to  implement — so 
difficult  in  fact  that  even  if  it  were  widely  accepted  in  practice,  we  would 
still  he  likely  to  have  some  failure.  Such  a  goal,  however,  seems  entirely 
consistent  with  the  first  prineiple  of  learning  developed  at  the  beginning 
of  this  chapter,  viz.,  individuals  differ  in.  their  reccpiivibj  for  learning.  It 
is  tempting  to  engage  in  this  laymen's!  debate  of  tho  relation  of  f:iilure 
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to  Standards,  but  our  concern  here  is  to  find  what  authoritative  writings 
of  psychologists  have  to  say  on  the  influence  of  failure  on  learning. 

Hilgard's  sixth  point  relates  to  the  influence  of  failure  on  learning. 
Elsewhere  Hilgard^®  points  out:  .  , 

Some  tasks  are  much  too.  easy.  To  succeed  in  them  is  iot  to  experience 
success.  A  school  child  is  insulted  if  asked  to  spell  words  which  are  too  easy  or 
to  make  computations  interpreted  as  "baby  stuff."  Some  tasks  are  much  too' 
hard.  If  we  are  asked  to  give  a  construction  in  Russian  grammar  and  we  make 
no  pretense  of  knowing  Russian — that  is  not  psychological  failure.  It  is  only 
within  the  range  of  uncertainty — wherfl^oth  success  and  failure  are  possible — 
that  we  can  really  succeed  or  realb*  faiI^ExperieIlced  teachers  toow  how  hard 
it  is  to  keep  tasks.^t  an  appropriate  le-vel  of  difficulty  so  that  the  learners  re- 
main ego  involved^ 

We  may  add  that  the  same  lack  of  motivation— e(;o  involvement— 
results  when  we  attempt  to  compensate  for  failure  with  passing  grades. 
So  called  social 'promotions  often  do  not  deceive  students  or  parents. 
If  they  do,  the  goals  of  such  students  were  very  superficial.  The  real 
satisfactions  in  learning  come  when  the  student  himself  knows  that  he 
has  achieved  a  worthwhile  goal.  Indeed,  such  satisfactions  stimulate  the 
student  to  further  effort  even  though  the  next  effort  may  not  enable  him 
to  reach  his  new  goal.  This  may  mean  that  such  a  thing  as  fijth  grade 
arithmetic  is  at  best  a  vague  and  highly  arbitrary  generalization.  A  stu- 
dent may  have  satisfactorily  reached  reahstic  and  reasonable  goals  for 
him  throughout,  say  five  years  of  schooling,  and  still  be  able  to  handle 
with  understanding  only  the  simplest  notions  of  whole  number^  arid 
fractions.  Psychologically  he  has  been  a  successful  learner.  It  is  impor- 
tant that  we  recognize  him  as  such.  Likewise  it  is  important  that  we 
recognize  that  a  straight  A  student  may  not  have  been  truly  psychologi- 
callly  successful  and  may  have  not  remained  ego  involved  in  learning 
when  his  high  grades  were  attained  before  reaching  the  range  of  uncer- 
taintxj  for'him.  We  know  that  such  bright  students  often  become  bored 
and  seek^ther  outlets  for  their  ability. 

LEARNING  IS  IMPROVED  BY  PRACTICE  IN  FORMULATING 
REASONABLE  INDIVIDUAL  GOALS 

This  principle  is  closely  related  to  several  others— especially  those  per- 
taining to  motivation  and  to  failure.  There  is  a  superabundance  of  goals 
for  children  and  youth  which  have  been  pro^osed  by  parents  and  teach- 
ers. They  are  found  in  courses  of  study,  at.P.T.A.  meetings,  and  in  many 
books  on  teaching.  The  impQrtant  point  here  is  that  none  of  these 
goals  arc  very  effective  in  their  influence  on  an  individual's  learning 


IMPLICATIONS  OP  PSYCHOLOGY  OP  LEARNING 


425 


unless  they  become  his  goals.  Again  it  may  be  said  that  much  of  the 
job  of  the  teacher  is  that  of  helping  pupils  to  formulate,  and  accept  as 
reasonable,  goals  which  these  students  accept  as  worthy  of  achieving. 
Hilgard's  seventh  point  relates  to  this  principle. 

Consider  the  goal  of  accuracy  in  computation  as  well  as  in  other 
mathematical  work.  We  suggest  that  it  is  entirely  reasonable  to  help 
most  students  set  a  goal  of  100.  per  cent  accuracy.  At  first,  this  may 
appear  to  be  far  too  difficult  a  goal,  but  we  may  help  students  to  accept 
it  as  reasonable  by  proposing  some  very  easy  exercise  to  start  with  and: 
which  it  is  quite  likely  most  students  in' a  class,  with  care,  can  get  com- 
pletely  correct.  Such  an  exercise  with  100  per  cent  correct  as  the  goal 
can  be  very  stimulating  to  students — especially. if  they  are  allowed  to  do 
as  much  of  the  computation  as  possible  without  help  of  pencil. 

A  FAVORABLE  GENERAL  REACTION  TO  A  LEARNING 
^SITUATION  HELPS  LEARNING;  AN  UNFAVORABLE 
▼         GENERAL  REACTION  INTERFERES  WITH 

LEARNING 

Motivation  of  learning  in  any  subject  at  a  particular  level  is  much 
more  difficult  if  an  unsatisfactory  experience  with  the  subject  has  pre- 
ceded. Such  an  unsatisfactory  experience  is  frequently  associated  with  a 
.teacher's  attitude.  We  know  that  a  teacher's  enthusiasm  for.  a  subject 
is  likely  to  be  contagious  if  the  teacher  is  respected  by  the  learners.  It  is 
also  trup  that  a  teacher  who  feels  insecure  in  a  -subject,  ^lo  does  not 
understand  its  value  in  the  education  of  children  and  youth,  is  not 
likely  to  teach  the  subject  with  enthusiasm,  and  his  pupils  often  acquire 
a  general  dislike  for  it. 

Regardless  of  the  causes  of  an  unhappy  prior  experience,  in  the  study 
of  mathematics,  we  know  it  influences  adversely  subsequent  learning. 
Previously,  we  have  pointed  out  how  difficult  it  is  to  stimulate  students 
individually  to  their  potential  in  learning  mathematics — neither  boringly 
below  nor  cliscouragingly  above.  Influence  of  the  home  and  of  school- 
mates may  also  contribute  to  an  unhappy  experience  in  learning  mathe- 
matics. Teachers  of  remedia\^  review,  or  refresher  classes  in  mathematics 
know  this  story  very  well.  They  know  that  their  first  job  is  largely  one  of 
establishing  confidence  in  their  students  for  the  further  study  of  mathe- 
matics. Such  teachers  must  be  free  to  use  mathematical  content  at  any 
level  of  difficulty  that  accomplislies  this  purpose.  They  must  also  be 
free  to  vary  operational  procedures,  so  long  as  they  are  mathematically 
sound,  inijbheir  efforts  to  help  students  make  a  new  and  siiccessful  start 
in  the  study  of  mathematics.  For  example,-if  a  student  has  always  been 
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confused  by  the  invert-and-multiply  rule  in  dividing  fractions,  he  n^y 
simply  be  told  that  there  are  other  equally  good  methods.  One  such 
method  involves  reducing  the  fractions  to  equal  denominators  and  then 
dividing  the  numerators  in  this  fashion: 

a  ^  c  _  (id  \^  be  _  ad     '  ^ 
V      b  '  d~  hd  '  bd"  be  '  '  \  . 

Applied  to  this* exercise  ^  +      weget^  4-  —  =  ?  .  . 

12      '12  9 

Hilgard's  eighth  point  supports  this  principle. 

ACTIVE  PARTICIPATION  BY  THE  STUDENT  TENDS  TO 
PRODUCE  AN  EFFECTIVE  ISARNING  EXPERIENCE 

Hilgard's  words  on  this  principle  appear  in  his  ninth  point.  Here  it 
must  be  remembered — especially  by  the  mathematics  teacher— that 
active  participation  in  learning  does  not  mean  exclusively  overt  participa- 
tion in  learning.  Much  has  been  said  and  written  on  the  need  to  give, 
students  a  rich  background  of  concrete  experience  as  a  basis  for  under- 
standing the  basic  and  elementary  conGepts  of  mathematics.  Acceptance 
of  this  important  principle  of  learning  has  doubtless  ^ven  support  for  the 
so-called  activity  movement' in  American  education,  BotK  advocates 
and  critics  of  this  movement  have  often  given  much  too  nan^ow  a  view 
of  activity  in  learning.  When  a  child  sits  quietly  and  reflectively  and 
abstracts  from  numerous  previous  experiences  an  insight  into  a  principle 
or  operation  of  mathematics,  he  is  an  active  learner  quite  as  much  as  is 
the  student  in  the  elementary  school  who  plans  and  builds  (from  papier- 
mdch^)  a  relief  map  of  a  region.  Moreover,  listening  to  a  teacher's  ex- 
planation of  a  principle  or  process  of  mathematics  may  mean  qc^zi^e 
participation  of  a  learner  but  it  is  less  likely  to  mean  this  if  it  is  the  prin- 
cipal approved  learning  activity  day  in  and  day  out.  Moreover,  teacher 
talking  and  Student  listening  is  still  less  likely  to  stimulate  active  partici- 
pation in  learning  if  the  reputed  explanation  is  merely  a  recitation  of 
factual  ^infornajition,  perhaps  with  some  illustrations,  or  an  oral  array 
of  the  steps  in  a  process  which  students  are  to  imitate  in  working  as- 
signed exercises.  Much  more  likely  to  involve  students  actively  in  learn- 
ing mathematics,  is  a  teaching  procedure  which  asks  questions  that*, 
leading  one  from  the  other,  help  students  to  evolve  an  idea  for^  them- 
selves or  which  pose  jDroblems  to  be  solved  and,  with  a  hint  here  and 
there,  lead  students  to  explore  possible  solutions  until  a .  satisfactory 
one  is  found.  Such  procedure  must  give  every  student  in  a  group^a  chance 
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to  answer  every  question  he  can  and  to  find  solutions  to  problems  in  a 
way  that  is  understandable  to  him.  ^  . 

Consider  the  solution  of  a  pair, of  simultaneous  linear  equations.  A 
teacher  may 'simply  suggest  in  his  introduction  of  the  new  topic  that 
■  students  try  graphing  pairs  of  equations  siieh  !ds  these:  . 

.       3x  -  7/  =  6      2x  -  3y.=  4        x  -  2j/  =  1 

2x  +  7/  =  9       2x  -  3y  ^  7       3x  -  62/  =  3  . 

It  is  important  that  each  student  do  these  graphs  as  seat  work.  The 
graphs  should  of  course  reveal  two  intersecting  lines  for  the  first  pair, 
two  parallel,  lines  for  the  second  pair,  and  two  coinciding  lines  for  the 
third  pair.  Then  the  teacher  may  quickly  graph  at  the  blackboard  three 
more  pairs  similar  in  nature.  Then  he  is  ready  to  ask  some  questions 
about  what^has  been  done.  Such  questions  as  these  may  be  asked. 

1.  Do  the  coordinates  of  each  point  on  the  graph  of  3x  —  7/  =  6  satisfy 
this  equation?  Is  the  same  true  for  the  graphs  of  each  of  the  other  equa- 
tions? '  _  ,       ^  ^ 

2.  How  many  points  do,  the  graphs  of  the  first  pair  of  equations  have 
in  common?  the  graphs  of  the/second  pair?  the  graphs  of  the  third  parr? 

3.  What  are  the  coordinates  of  the  common  point  for  the  graphs  of  the 
first  pair  of  equations?  Do  these  satisfy  both  equations? 

4.  What  is  different  about  the  three  pairs  of  equations?  Why  do  their 
graphs  appear  as  they  do?  At  this  point  the  terms  simtiUaneous,  de- 
pendent, and  inconsisimt  might  be  introduced.  . 

5.  Students  may  then  be  invited  to  find  other  types  of  pairs  of  equa- 
tions. For  example,  they  might  sec  whether  the  graphs  of  these  three 
pairs  arc  simultaneous^  dependent,  inconsistent,  or  have  some  other,  gen- 
eral property.  » 

■    3x  -   //  =  2      4x  -  2y  -  5   ■   3x  +  57/  -  1  . 

X  -  57/  =  2       3x  -  2//  =  1       3x  -  2//.  =  4 

.  6.  Now  students  may  be  helped  to  make  some  generalizations  such 
as  this  one.  Equations  of  thic  form  ox  -f  .6?/  =  c  and  ax  +  6?/  =  d  have 
no  common  solution.  They  arc  called  inconsistent  equations  (if  c  zh  d). 

7.  How  might  you  write  the  general  f()rm  of  a  pair  of  linear  equations, 
that  arc  dependent? 

8.  How  might  you  write  the  general  form  of  a  pair  of  simultaneous 
equations  that  have  a  common  solution? 

Obviously,  a  teacher  who  uses  this  kind  of  procedure  does  little  telling- 
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or  explaining.  On  the  other  hand,  his  students  participate  actively  and 
evolve  understandings  under  the.  teacher's  careful  AVcdiorA. 

Teaching  for  understanding  of  key  . concepts  in  mathematics  means 
great  dependence  on  a'a.  evolutionary  method  such  as -that  illustrated 
above.  It  means  helping  students  evolve  meanings  through  active  exer- 
ci^se  of  their  individual  capaeitias:  Here,  the  teacher  operates  first  to 
center  attention  6n  the  problem*  to  be  solved  or  the  concept  to  be'un^er- 
stood.  He  uses  his  teaching  skill  to  motivate  students  to  seek  a  solution 
or  to  gain  an  insight.  He  recognizes  that  early  ideas  will  often  be  primi- 
tive and  solutions  of  problems  may  be  clumsy  and  roundabout.  He  also 
knows  that  the  ideas  and  solutions  will  not  be.  uniform  a^norig  the 
students  of  his  class  when  learning  is  directed  in  this  manner.  H6  is 
happy,  however,  to  see  individuality  ,  in  learning  mathematics,  and  he  . 
knows  that  refinements  of  crude  id.eas  and  solutions  is  a  golden  teaching 
opportunity.  When  such  refinements  have  Beeri^  made,  he  finds  little 
need  for  extensive  pnictiee  beyond  that  provided  in  the  , use  of  (jarly 
ideas  fo^the  discovery  of. later  ones  and  in  the  solution"  of  further  and 
uiore  involved  problems  of  mathen^atics.  .  ' 

^  This  kind  of  teaching  is  directly  opposed  to  that,  which  starts  by  telling 
students  how  to  perform  the  steps  in  an  operation  or  how  to  solve  prob- 
lems of  a  particular  type,  proceeds  with  an  illustrative  example,  and  . 
follows  with  assignments  of  numerous  exereises  to  be  done  like  the  sam- 
ple. Such  teaching  as  the  latter  depends  heavily  on  the  Connectionist's 
law  x)f^exereise  and  it  has  produced  discouraging  results  for  maay,  many; 

•years  in  the  learning  of  mathemy.tic3.  It  has  left  students  dependent 
upon  superficial  clues  ^in  deciding  what  operation  to  use  in  solving' a 
problem;  it  has  demanded^more  and  more  practice  on  specific  fragnjents 
of  mathematics  in  order  to  keep  alive..sj<ills  in  following  rules  of  pro- 
cedure that  were  never  cleauly  understood^.       ,  ' 

'   KNOWLEDGE  OF  ONE^S  PROGRESS  CONTRIBUTES  fo 
!     EFFECTIVE  LEARNING 

This  prineiple  means  that  frequent  and  eareful  evaluation  of  progress 
in  learning  is  as  important  to  the  student  as  to  the  teaicher.  It  alsO  sug- 
gests that  it  is  unnecessary  to  asj^ign  graded  to  all  testaor.  other  ev^iliiation. 
e.xercises  in  order  to  indieate  to  a  student  the  progress  he  is  making. 
Indeed,  a  gracie.  may  often  obscure  the  record  of  progress  revealed  by  an 
evaluative^exercise. 

Hilgard's  twelfth  point  of  agreement  relates  to  this  principle.       ,  - 
Many  goo4j  tcachejrs  make  extensive  use  of  student  self-evaluation. 
They  make  available  , to  students  cayefully*^  prepared  testsf  designed  to 
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measure  understanding  of  particular  principles  or  processes.  One  of 
these  testf5  may  be  taken  ])y  an  individual  student  any  time  hd  feels  ho 
is  read}^  for  it.'  Correct  answers  and  .solutions  are  Riven  the  student  after 
he  takes  the  test  and  he  determines  by  examining;  his  own  work  what 
•T^rogress  he  has  made  and  what  points  need  to  be  further  clarified  before 
hQ  takes  anothei*  test  with  the  class  which  vnll  he  graded  to  provide  a 
record  of  his  progress.  '         '  .  , 

Much  good  inventory  testing  is  done  in  this  way.  A  student,  say,  takqs 
a  test  .on  verbal  problen^s  in  algebra  atid  finds  he  had  difficulty  translat- 
ing the. problems  into  equations:  He  can  solve. the  equation  easily.  He 
spends  .some  time  on  his  particular  difficulty.  That  is,  he  writes  equa- 
tions for  many  problems— easy  ones  first  and  more  difficult  later.  In  this 
way  his  piractice  and  restudy  are^esigned  for  his  individual  needs.  More-** 
ovfir,  the"  student  assiinies  rff^ch  responsibility  for  directing  his  own 
learning  and  does  not  Waste  time  working  on.  the  deficiencies  of  other 
members  of  his  class  which  are  not  deficiencies  of  his. 

'  SUMMARY 

A^Iany  psychologists  have  proposed  varied,  theories  in  their  attempts 
to  explaiii  how  effective  learning  takes  place.  Thie  mathematics  teacher, 
seeking  practieal  help  in  his  day-to-day  teaching,  can  more  likely  depend 
on  the  agreements  present  in  these  theories  than  on  following  any  onp  of 
them  exclusively.'  As  he  does  this,  he  is  likely  to  conclude,  as  we*  ha  vie  ia 
this  chapter,  th'n^ffective  learning  in  mathematics  results  when: 
Meaning  is  emphasized  in  contrast  to  manipulation 
Teaching  is  adapted  to  the  variations  among  individuals 
.  The  learner  is  appropriately  motivated 

Practice  is  provided  as  needed  by  individuals  but  is  not  relied  ;upon  to 
develop  meaning 

The  learner  is  helped  to  discover  ideas  of  mathematics  through  de-" 
velopmeiital,  reflective  activities  /  .  / 
•  The  learner  is  encouraged  to  use  ^le  principles  and  processes  of /mathe- 
maties  in  a,  variety  of  applieations  «* 
A  reservoir  of  suecess  is  available  as  an  antido.te  to  the  deterrent  effects, 
•of  failure  /•  .  .  ' .  " 

Reasonable  goals  are  formulated  and  accepted  by  the  learner 
The  learner  has  a  favorable  general  reaction  to  his  learning  experienee^ 
in  mathematics  ,  '  •  .  ■ 

TFie.  learner  is  an  activtJ  prif^pipant  rather  than  nierely  a  passive 
listener  . 
The  learner  knows  jwhat  progress  he  is  making  toward  his  goal. 
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7  *Se'e  Chapter  11  fo^  further  referem^a  tnd  suggestions  for  extending  and 
applying  the  ideas  of  this  chcmterf 

*       ,  .1*,  ■  '  ■  ,  .  "      .  "  . 
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ROLUND  R,  SMITH,  AND  DANIEL  W.  SNADER 


Let  us,  then,  be  up  and  doing, 

With  a  heart  for  any  fate; 
Still  achieving,  still  pursuing, 

I^arn  to  labor  and  to  wait. 

— Henry  Wads  worth  Longfellow 

All  that  has  gone  before  will  be  of  value  only  if  it  is  effectively  trans- 
lated into  continuing  classroom  activity.  We  early  became  aware  that 
no  one  book  could  possibly  encompass  all  - of  the  continuing  or  central 
ideas  of  mathematics  nor  point  out  with  any  completeness  either  how 
they  recur  thi-Oughout  grades  K  to  12  or  the  classroom  procedures  for 
extending  the  ma.thematical  understandings  of  children  at  all  levels. 
The  purposes  of  this  final  chapter-are,  then :  (1)  to  pass  along  to  our  read- 
ers our  view  of  the  many  varied  ways  in  which  the  materials  and  con- 
cepts of  this  book  might  be  interpreted,  extended,  and  used  by  individual 
readers;  (2)  to  suggest  ways  in  which  individuals  and  groups  might  stud^ 
and  analyze  the  contents  of  this  book  more  thoroughly  than  comes  \vith 
a  ca.sual  reading,  and  then  go  beyond  the  lapok  to  further  study  and  to" 
the  incorporation  of  its  suggestions  into  classroom  activity  and  curricu- 
lum revision;  and^  finally,  (3)  to  sketch  in  summary  fashion  the  growth 
.of  the  continuing  concepts  which  have  been  able  to  discuss  in  this 
book  in  such  a  way  as  to  display  how  a  teacher  might  plan  for  continuity 
in  his  own  instruction  and  how  a  school  system's  staff  might  begin  to 
analyze  its  curriculum  for  continuity  in  grades 'K  to  12. 

To  do  all  this  we  have  written  this  chapter  in. four  parts:  (1)  Crystal 
Gaziyig  1965,  in  which  we  try  to  pass  along  our  vision  of  how  teachers 
might  use  the  ideas  of  this  book,  along  with^heir  own  perceptions,  to 
invigorate  mathematics  instruction;  (2).  Test  Yourself  which  will  help 
you  to  analyze  and  review  what  you  have  read,  and  includes  annotated, 
bibliographies  to  help  guide  your;  further  reading;. (3)  What.  Next?  in 
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which  are  listed  many  specific  suggestions  for  individual  teachers, 
department  chairmen,  supervisors,  principals,  and  all  concerned  with 
the  improvement  of  mathematics  instruction;  and  (4)  A  Flow  Chart 
of  Bade  Mathematical  Ideas  which  shows  the  growth^of  the  main  ideas 
of  this  book  from  grade  level  to  grade  level!         .     .  ^ 

CRYSTAL  GAZING  1965 

It  was  one  of  those  warm  fall  afternoons  just  before  the  opening  of 
school  that  Mrs.  Meade,  a  mathematics  teacher  in  Wake  City,  found  her*- 
self  leisurely  cleaning  out  some  file  cabinets  in  her  classroom.  **How  could 
I  have  accumulated  so  much  material  in  32  years?"  she  mused  as  she 
looked  at  a  student-made  booklet  entitled  Maihematics  in  Mitsic  by 
'  Sarah  Grimes.  How  well  she  remembered  Sarah!  Sarah  had  little  aptitude 
in  mathematics  but  so  dearly  loved  music.  Sarah  now  glays  the  big  pipe 
prgan  in  t}ie  church- across  the  street  in  addition  to  giving  weekly  music 
lessons.  "Ho\y  can  she  .fiiid  time  for  it?"  thought  Mrs.  Meade. 

Her  thoughts  were  interrupted  by  a  gentle  knock  on  the  door  and  an 
almost  whispiered,  "May  I  come  in?"  As  Mrs.  Meade  looked  up,  the  door- 
way seemed  to  frame,  as  if  it  were  a  picture,  a  smartly  dressed  blonde 
girl.  Her  big  blu^  eyes  twinkled  as  she  again  said  softly,  "May  ybome  in?" 
:*  "By  all  means,"  said  Mrs.  Meade,  as  she  quickly  laid  her  glasses  on 
'her  deJ^k  and  removed  some  old  examination  papers  from  a  chair.  "Do 
have  a  chair."  ■ 

*^  a;m  Norma  Larsen,"  said  the  visitor  as  she  accepted  the  chair. 

"Oh,  you're  the  new  graduate  from  Red  Oaks  College  who  is  to  take 
my  place  next  year." 

"From  what  I  hear,  no  one  could  take  your  place,  Mrs.  Meade." 

With  slight  embarrassment  Mrs.  Meade  replied, '"Oh,  I  have  some 
very  nice  pupils,  all  right.*  Miss  Larseri,  !  didn't  expect  you  until  tlie 
first  teachers  meeting  next  week.  I  told  Superintendent  Jay  that  I  would 
have  my  material  all  out  of"  the  room  \yhcn  you  amved.  I  should  hav^ 
done  it  sooner,  I  know,  but  it  seems  I  was  too  busy.  In  the  spring.it  was 
the  senior  prom.  I  was  their  sponsor  again."  . 

"That  was  nice,"  interrupted  Norma.. 

But  Mrs.' Meade  continued,  "The  nicest  all  was  the  EY-Gjrls  Sum- 
mer Camp.  They  selected  me  as^their  special  sponsor.  I  didn't  really  do 
much.  Miss  Bro\Mi  who  has  been  working  with  the  camp  for  two  sum- 
mers looked  after  most  of  the  details.  On  t|^e  last  night  at  the  campfire 
they  presented  me  with  an  order  for  (i  tilt-back  rocker  for  my  sun 
porch.  I  had  been  planning  to  get  one  for  a  long  time.  I  told  them  they 
shouldn't  have  done  it."  Suddenly  Mrs.  Meade, looked  over  at  some  pa- 

ft  , 
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pers  and  notebooks  on  her  desk  and  added,  'T\\  get  these  things  cleared 
out  right  away  8o  you  can  move  in.'*  ~ 

''Take  all  the  time  you  want.  I'll  not  move  any  of  my  material  in  un- 
til next  week.  I  really  jast  came  by  to  talk  with  you  today." 

'Til  have  lots  of  time  to  talk  from  now  on,"  commontcd'Mrs.  Meade. 
J' As  soon  as  I  close  these  windows  we  can  go  to  my  apartment  for  our 
visit  and  .  .  . 

''Oh,  no!"  interrupted  Norma.  "Let's  stay  here.  1  would  love  to  help 
you  pack  and  we  could  talk  at  the  same  time." 

.  "You  don't  need  to  help  me  pack.1  am  going  to  throw  most  of  Jhese 
things  away  anyway,"  said  Mrs.  Meade  as  she  picked  up  a  not(ibook 
from  the  window  iedge  and  tossed  it  into  the  wastepaper  basket. 

"What  a  pretty  cover,"  said  Norma  as  she  retrieved  the  notebook. 
'Vlher  Mathematical  Sy^stems;  that  sounds  rather  profound,",  commented 
Norma.  „■ 

"Well,  I  guess  they  are  not  really  other  systems  but  I  was  hoping  that 
Jim— it  is  Jim  Clark's  notebook  isn't  it?" 

"Yes,  his  name  is  on  the  cover." 

"I  was  hoping  Jim  would  understand  that  the  theorems  in  mathematics  • 
depend  on  the  axioms  and  definitions." 

"He  did  beautiful  work,;'  commented  Norma  as  she  thumbed  through 
the  diagrams  and  drawings. 

"He  was  neat  enough  but  his  emotions  got  in  his  way  in  clear  think- 
ing." *.  . 

"You  don't  have  much  that  is  emoitional  in  mathematics  so  he  should 
have  been  one  of  your  better  pupils. '' 

"Well,  Miss  Larsen — it  is  Miss  Larsen,  isn't  it?" 

"Yes,  but  my  friends  call  me  Norma  and  I  wish  you  would." 
•   "Norma,  Norma,"  she. said  thoughtfully  as  she  affectionally  stroked  a 
nearby  desk.  "For  two  years  a  girl  by  the  name  of  Norma  sat  here.  She 
had  big  blue  eyes  too," 

"Oh,  yes,"  suddenly  remarked  Mrs.  Meade  as  she  went  to  one  of  the 
file  cabinets.  "About  Jim  and  geometry!  I  wanted  Jim  to  use  the  methods 
of  deductive  proof  in  some  of  his  everyday  decisions.  He  could  find  the 
hidden  assumptions  in  a  state  political  campaign  editorial  but — I  am 
sure  that  paper  was  right  here,"  said  Mrs.  Meade  as  she  re-examined 
some  handwritten  papers  on  the  third  shelf  in  the  cabinet  "Oh,  yes, 
here  it  is.  Notice  how  he  omits  the  hidden  assumptions  in  Fred  Hurlew's 
talk  on  the  value  of  a  new  stadium.  Right,  here  it  is,"  asshe  points  to  the 
lower  paragraph.  "A  perfect  example  of  a  valid  conclusion,  but  so  untrue. 
Yoii  would  have  thought  he  woAj  have  seen  that,  wouldn't  you.  Norma?" 
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Without  giving  Norma  time  to  answer,  Mrs.  Meade  continued,  "Not 
Jim.  He  could  think  of  nothing  but  a  new  stadium.  In  his  geometry  he 
has  given  different  definitions  to  words  and  shown  that  the  theorems 
irre  then  quite  different.  But  there,"  Mrs.  Meade  said  pointing  to  the 
paper,  *'he  doesn't  notice  a  ,key  word  used  with  three  different  mean-  " 
ings."  \^  ■ 

As  if  to  change  the  subject  of  conversation.  Norma  remarked,  "When  I 
took  geometry,  I  don't  remember  doing  siidh  things.  How  did  you  hap- 
pen to  teach  that  in  your  class?" 

Well,  Norma,  that  is  a  long.story,"  said  Mrs.  Meade,  as  she  sat  down 
at  her  desk.  **Thirty-two  years  ago  I  started  teaching  here.  Yes,  it  was  . 
my  second  school.  I  taught  only  two  years  at  Lone  Oak  and  then  Mr. 
Spurson  asked  me  to  come  here.  Mrs.  Mac  was  just  beginning  teaching 
too."  Do  you  know  Fredia  MacCubbins?"  queried  Mre.  Meade.  Without 
wa'iting  for  a  response  she  continued,  ''She  retired  last  year.  No,  it  was 
two  years  ago.  Dan  Shai'rpe  took  her  place.  He  is  a  fine  young  man.  Will 
.make  some  girl  a'jQice.husband.  He  knows  a  lot  about  moderu.mathe- 
vmatics  too,  but  wh^en^it  comes  to  basic  fundamentals,  it  will  be  hard  to 
b^at  Mrs.'  iMac.^  'r    v  '     ^  ■  ■  : 

''Now  al^OuJi  the  gi&ometry," 'said  Mrs.  Meade  as  she  neatly  arranged 
sonie  pencils  on 'hm  dti'^k.  ^^^^JRvpn  when  I  ^  fi^^^  here  we  teachers 

were  talking  about  teaching ''cfitJtel^thipkin^  but  I  didn't 

do  much  about  it  until  I  read  the  two' 3''earl)09ks  of  the  National  Council 
of  Teachers  of  Mathematics.  /  ' 

"I  remember  in  a  discussion  on  necessary  inference  the  suggestion  was 
made  that  wlien  the  pupils  are  studying  the  parallel  line  postulate  the 
teacher  could  encourage  them  to  take  different  postulates  and  definitions 
and  see  what  the  theorems  would  be.  I  worked  up  my  nerve  and  tried 
it.jEred  was  very  confused  on  that  unit;  but,  when  he  got  the  hang  of  it, : . 
he  worked  out  the  two  booklets  he  called  Fred's  Geometnj  I  and  Fred's 
Geometry  II,  each  based  on  different  definitions  and  assumptions. 

"When  he  came  back  on  a  vacation  from  college,  he  told  my  geometry 
class  about  the  experience  and  how  it  helped  him  in  understanding  his 
college  math. 

"My  roommate,"  said  Norma,  "had  a  course  in  foundations  of  geome- 
try and  they  made  up  what  she  called  a  miniature' geometry.  I  couldn't 
work  the  course  In  my  schedule,  so  .  .  .  ."    ^  ^ 

"I  don't  remember,"  interrupted  Mrs.  Meade,  "such  a  course  in  my 
day  but  there  are  several  books  listed  in  the  National  Council  of  Teachers 
of  Mathematics  yearbook  that  I  found  helpful." 

"But  when  did  you  find  time  to  read  them?" 
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"Sometimes  I  was.amazed,"  said  Mrs.  Meade,  "at  the  ainouiit;L:>vou^^^ 
read  by  spending  only  a  few  minutes  each  night."       .  :  ^ 

''What- if  you  came  to  topics  you  didn't  understand ?'^;qu'e§tiq^^ 
Norma.     %  - 

'1  usually  reread  or  got  another  book  on  the  samatopicyi-remem 
the  first  time  I  read  about  sets.  I  just  couldn't  seem  to  ilnderstai^d^t^^^ 
That' was  when  Professor  Barr  was  giving  an  extension  coui-6e,;jniai|e^r%j 
down  at  the  superintendent's  office.  I  asked  Professor  B^ri': i^ 'h^^^^ 
come  early  some  evening  and  explain  sets  to  my  college  jDifep;se']ft^ 
didn't  tell  him  1  didn't  understand  it  myself,"  laughed v3^It:s:{^^^^^^ 
''He  said  he  was  very  busy  but  if  1  would  give  him  4  6r5  iyoek$,;fe 
come.  Sure  enough  one  noon  Professor  Barr  caii(b(f4--i^ili^^ 
Professor  Barr?"  ':\^}:^('%  ' v'* 

"Yes,"  replied  Norma.  ''He  retired  last  year."      ':/V  ^-^^ 

"When  he.  taught  the  class,"  continued  Mrs.  M^Ml&r^'.-I  -fe 
every  word.  When  he  asked  for  questions  I  told  lum;\tke.  puj^^^^ 
■a  little  bashful  so  I  would  ask  some  questions  I  wa^iurfethey;^^^^ 
t6  know.  They  were  really  about  points  I  didn'^^iirid^i-S^^ 
Mrs.  Meade.  ''Do  you  think  I  was  j^o.deceitfii?";^^;    '  p^'^^  V".     \  f 

Norma  assured  Mrs.  Meade  that  she  had  .done Khe^'cbf-re^^^^^^ 
'then  ^usked,  "How  did^  Mrs-  Mat  feel  about  th.esQm^^^^ 
words  you  had  in  your  class?"  '  ./  .  v^'.' ■* 

"Well,  you  see  Norma,  at. thai  time  we/had  twp'fW^^ 
Grs— Mrs.  Mac'and  I.  Mr.  Jenkins,  |lle' coachy  Av^^^^^^^^ 
fore  I  staftcd  anything  nc\v^^in  my  xlass:  I  woiild^.^^^^ 
.me.  At. least  I  would'ask.her  to  help  me  plan  thb  tic\v;woi'lc;;M 
"we  had  planned  a  unit  Mhs.,  Mac  sbmetlmes  thQugtoi^^iy 
with  a  twinkle 'in. her'eyc,  "the  priginal  idcit.  av/^^^^^ 
with  Mr.  Jenkins' but  he  was  usuaHyVbusyiAyilih^th^.b^^^^ 
or  football;     "  .    .  ■     ^  V     .   ,  .  ■  ■■'V^V.:;'';  V';\:\;;v^^ 

"This , "  said  M rs.  MiwKfe  she  withdrew  a'^txbiefebp^^  bottom 
left  hand  drawef  of  her*doskf  "contains  th;e';first;n'ait  I 
worked  out  t9g^thor;  It  is.  on  'probability ^.:^;We';^^^^^^  one 
of.  the  National.  "Council- of  Teachers  of:  M^^ 

was-...."  ,  -/i^     :  .''■V^f-'^'.  ''^ 

"Perhaps  it.was  the  $4th  Yearhook]"  added  Nor)n^^  ^  r 

"Ye§,  that  as      but,"  sliding  her  chair  ji. little;  lower- 
ing her  voice  ^He  said,  "it  iJi^  'iibput  dicc  aui^^^^A^^^^  dice  in 
this  school."     a          ■.    ";  ,  .  '    ■  ':**>   ^       ,  ■  ■• 
"What  did  you  do?''  queried  Nc)irnla..  V;.^^ 
'.'It  was  e.asy."  smiled  Mr.<  Meade,  "pur  pencila  dll'b^ 
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like  a  die.  Many  of  them  were  loaded  which  made  it  more  fun  for  the 
pupils."  '  '  ~' 

"I  5till  don't  see  how  you  had  time  for  all  this,"  said  Norma  as  she 
thoughtfully  looked  at  the  many  units  in  the  notebook. 

"If  you  really  want  time  for  something  you  think  is  important,  you 
will  find  it.  Norma,  one  winter  Mr.  Spurson,  our  principal,  said  we  would 
each  have  to  take  a  college  course  to  have  our  certificates  renewed.  The 
course  that  was  to  be  offered  was  one  on  history  of  efducation  which  I 
had  in  Clarmone  College.  Mrs.  Mac  and  I  got  permission  to  study  the 
24th  yearbook  together.  You  may.  remember  it  has  questions  over  each 
of  the  chapters.  We  wrote  out  the  answers  to  all  those  questions  instead 
o£  taking  the  college  class."  Mrs.  Meade  smiled  as^he  said,  "There  were 
two  or  three  questions  we  had  to  ask  Professor  Barr  about,  but  we  turned 
'  in  answers  to  every 'question." 

"I  don't  seem  to  be  helping  you  get  these  things  packed,"  remarked 
Norma  as  she  straightened  up  a  stack  of  papers.  "May  I  help  you  sort 
this  material?"  ;  -  r  ! 

"I  don't  thir^-any'of  Jt,is.Qf  yalue;  however,  if  you  see  6ome  personal 
item,  place  it  in  the  big  carton;  otherwise,  discard  it,"  said  Mrs.  Meade 
.>as  she  began  cleaning  out  a  drawer  in  the  desk.  . . 

Norma  began  quickly  to  leaf  through  the  pages — ^many  yellow  .with 
age— as  she  discarded  them.  Suddenly  she  said,  "Non-Euclidean  geome- 
try. Do  you  teach  that  too?" 

"Not  as  a  separate  course,"  responded  Mrs.  Meade,  "but  we  usually 
have  a  unit  on  it  in  j^lahe  geometry."  ' 

^'I  guess  I.would  .have.*fo  leave  that  out  since  I  didn't  take-itin  college," 
shrugjged  Norma. r  .   .         .    '  /  . 

"I  really  didn't  complete  ja  formal  course  in  it,"  replied  Mrs.  Meade 
as  she  deposited  an  arm  load  of  test  papers  in  an  already  filled  waste- 
basket.  ■ 

"Can  we  use  this  large  carton  as  a  wastebasket,  Mrs.  Meade?"  asked 
Norma  as  she  got  several  cartons  from  the  other  side  of  the  room." 
'    "Thank  you,  I  nm  sure  most  of  this  should  be  thrown,  away,"  said 
Mrs.  Meade  as  she  hastily  looked  through  stacks  of  papers. 

"Don't  see  how  3'ou  taught  non-Euclidean  geometry  if  you  didn't 
know  anything  about  it,"  half  mumbled  Norma  to  herself. 

"I  just  said  I  didn't  complete  a.  formal  ^course  in  it.  When  Mrs.  Mac 
and  I  were  writjpg  out  the  questions  in  that  yearbook,  the  idea. came  up 
of  having"  other  geometry  besides  Euclidean.'  We  enrolled  in  a  corre- 
spondence course  in  non-Euclidei^n  from  the  State  College.  We  never 
did  complete  all  the  courses — that  wiis  the  year  Mother's  arthritis  was 
so  bad- — but  we  did  learn  a  lot." 
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"Modern  mathematics  concepts/'  said  Norma^as  she  brought  some 
papers  from  one  of  the  files  to  Mrs.  Meade.  **Numbers,  numerals,  re- 
lation— what  is  all  this — another  unit?"  . 

"Oh  that,"  said  Mrs.  Meade,  adjusting  her  glasses  as  she  read  the  title 
of  the  first  page.  "It  Ls  some  material  we  ased  in  our  mathematics  club. 
It  is  based  on  the  24th  yearbook.  There  was  a  lot.  of  interest  worked  up 
by  that  material.  The  pupils  got  to  see  that  there  was  a  different  way  to 
define  terms  and  to  look  at  concepts  from  tKat  presented  in 'their  text- 
book. In  fact,  many  of  the  ideas  were  entirely  new. 

"Mr.  Dan  will  have  the  mathematics  group  next  year,"  added  Mrs.. 
Meade. 

"Who  is  Mr.'Dan?"  asked'Norma.  .  ^  , 

"Oh,  I  should  have  told^you,"  replied  Mrs.  Meade.' *^The  music  di- 

rectoi^r  who  has  been  here  for  years,  is  Mr.  Sharpe  and  we  call  Dan; 

Sharpe,  who  took  Mrs/'Mac's  place,  Mr.  Dan.  Have  you  seen  Mr.  Dan's-.: 

classroom?" 

"I  believe  not,"  commented  Norma. 

"Ydu  must  see  it.  This  much  of  the  room  is  tables,"  added  Mrs.  Meade, 
indicating  nearly  one  third  of  the  room,  "if  really  looks  more  like  a 
laboratory,  than  a  classroom.  Mr.  Dan  says  pupils  get  their  owii  data 
from  experiments  for  graphs  and  equations.  His  pupila  spend  a  lot  of 
time  on  inequalities.  He  says  that  it  is  sometimes  just  as  important  to 
know  things  that  are  unequal  as  to  know  things  that  are  equal,  I  was 
going  to  ask  him  more  about  that  this  year,  but  I  didn't  seem  to  find 
time." 

"This  material— oumbers,  numerals,  notation  systems,"  asked  Norma, 
"why  didn't  you  use  it  in  a  class  and  you  wouldn't  have  needed  a  mathe- 
matics club?"  ^ 

,  '"I  enjoyed  the  club  because  we  could  explore  things  there  we  didn't 
have  time  for  in  our  class  and  there  was  no  courfje  of  study  to  follow," 
smiled  Mrs.  Mead^-  .        .  ^ 

"Do  you  want  to  keep  these?". Norma  asked  as  she  pointed  to  a  stack 
of  ditto  sheets.  *  . '  ^   

"I  guess  hot.  They  are  only  work  sheets  I  give  to  some  of  my  superior 
pupils  in  algebra,"  answered  Mrs.  Meade  as  she  cbntinjied  to  clear  out 
her  desk.  *  .    ^.  ^ 

"Give  another  definition  of  function?  See  the  24t]b  yearbook  page  two 
hundred  .  . .  ,"  read  Norma  to  herself.  "I  see  Mrs.^-'Meade  that  you 
used  the  yearbook  frequWtly.  How  did  you  use  these  sheets  in  youi" 
class?"     '  ^ 

Mrs.  Meade^slowly  walked  over  to'the  shelf  filled  with  the  ditto  work- 
sheets as  she  said,  "Norma,  you  will  nptice  that  they  are  filed  according 
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.-to  the  topics  that  are  normally  in  the  high  school  textbook.  For  example, 
under  graphs  there  are  these  sheets  containing  suggestions  of  places  to 
find  things  about  graphs  that  are  not  in  their  textbook. 

'Tou  will'  notice  the  ques,tion/'.  continued  Mrs.  Meade,  "'What  is 
another  way  of  thinking  of  abscissa  and  ordinate?'  also  refers  the"*  pupil 
to  the  24th  yearbook.  To  the  superior  students,  I  assigned  the  task  of 
finding  answers  to  these  questions,  and  in  many  cases,  they  reported 
their  findings  to  the  entire  class.  Thus,  tHey  learned  about  the  term 
'ordered  pair'  even  though  it  did  not  appear  in  the  textbook." 

''I  notice  in  the  next  question,  Mrs.  Meade,  you'ask  when  the  idea,  of 
ordered. pairs  first  appears  in  arithmetic.  Do  you  think  high  school  pupils 
are  interested  in  elementary  school  mathematics?"  queried  Norma. 

''My  pupils  were  not  only  interested  in  knowing  that  many  big  ideas 
in  mathematics  occur  quite  early.but  they  began  to  see  for  the  first  time 
that  there  arciunifyirig  concepts  in  mathematics." 

"I  notice  that  you  have  some  sheets  on  geometry.  Do  they  refer  to  the 
yearbook  too?"  asked  Norma  as.  she  glanced  at  the  topical  index.  . 

"Oh  yes/'  answered  Mrs.  Meade  removing  one  of  the  sheets.:^"Here'is 
one  with  several  references  to  the  yearbook."    '  .  \  '  <  V. 

J  "WTiat  does  that  mean,  'file  under  geometry  or  algebra'?"  asked 
Norma,  pointing  to  the  corner  of  the  sheet.    .  •        ■  .  . 

"You  will  notice  that,  the  heading  is  'symbols'  and  a  fundamental 
kno\vJedgp  of  symbolism  is  helpful  to  beginning  pupils  in  both  courses," 
said'Mrs.  Meade.  "There  is  a  whole  chapter  in  the  yearbook  on  sym- 
bolism but  the  numbers  on  the  worksheet  refer  only  to  particular  pages 
that  answer  the  specific  questions.  Yes,  Norma,"  said  Mrs.  Meade 
partially  ;to' herself,  "I  have  found  the  yearbook  a  valuable  source  of 
enrichment  materials."  .  - 

"Mrs.  Meade,"  asked  Norma  shyty,  "may  I  have  these  ditto  ,work- 
shoets?''     •     '  '  , 

"Of  course  you  may,  dear,  if  you  think  they  will  be  of. any  use  to  you, 
quicklyresponded  Mrs.  Meade. 

As  Mrs.  Meade  continued  to  clean  out  an  adjoining  file.  Norma  looked 
at  some  of  the  worksheets.  Soon  Norma  sa|d,  "I  notice  several  prob- 
lems. Did  they  come  from  the  yearbook?"  ^ 

"Perhaps  some  of  them  did;  but-matiy  came  from  recent  text*books 
for  college  freshmen  and  Universal  Mathematics,"  replied  Mrs.  Meade 
as  she  pushed  back  licr  hair' with  the  back  of  her  hand.  "On  the  top 
shelf,"  continued  Mrs.  Meade,  pointing  to  the  other  side-  of  the  room, 
^'are  sonic  of  the  books."        '  •  . 

Using  a  chair  for  a  ladder.  Norma  was  soon  investigating  the  top  slielf. 
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It  wasn't  long  until  Norma  said  rather -disgustedly,  ''Well,  I  didn't 
study  any  of  these.  I  studied  algebra,  trigonometry^,  analytical  geome 
try,  and  calculus.  Oh,  yes,  I  had  one  semester  of  topology." 

'^I  didn't  either,"  added  Mrs.  Meadej  ".but  they  were  used  last  year 
at  the  university  and  five  of  my  boys  were  there."  - 

"Are.  you  going  to  take  them  with  you— I  mean  the  books?"  haltingly 
asked  Norma.  . 

''Oh,  I  don't  think  I'll  really  need  them;  however,  if  thev  are'ihHoiit 
way,^I....."     .   .  ■  ^    '  ■  '  -  ■ 

"No,"  interrupted  Norma,  "they  will  not  be  in  the  ^vay.  Perhaps  I  had' 
better  look  them  over.  You  know,  Mrs.  Meade,"  Norma  sajd  staring  at 
the  empty  seats,  "I  have  so  nauch  to  learn  this  year!" 

"I  have  heai-d  tLat  the  county  math  teachers '  are  going  to  foi^u  an 
association  which  will  meet  one  night  a.  month  at  the  courthouse.  I  am 
surp  they  would  like  you  to  join  them,"  said  Mrs.  Meade  as  she  dusted 
out  the  bottom  flesk  drawer.  iTerhaps  if  yo.u  wouldrsuggest  it  they  might 
study  the  questions  in  the.  yearbook.  Mr.' £)an  is  the  new  program 
chairman;  why  not  chedk  with  him?"  , 

"I-think  I'll  do  just  that, ""Norma  slpwly  said  to  h'erself.  Then  suddenly- 
looking  at  the"  clock  across  the  room  she  exclaimed,  "See  that  clock?  My 
bus  back  home  will  be  leaving  in  ,15  ilninutesj  Oh  Mrs.  Meade,  I  am  so 
glad  I  got  to  see  you.  Don't  throw  any  of  your  things  away.  I'll  come 
early  next  week  and  put  theni  away."  f 

".'Bye."  With  that  farewell,  a  blue  suit  and  white  blouse  disappeared 
down  the  hall.  Mrs.  Meade  slowly  closed  the  windows,,  picked  up  her 
purse,  and  started  for  the  door.  She  hesitated,  looked  back,  then  turned 
again  tb  the'^dooras  she^said  to  herself,  *;\Vhy  not  leiive  the  Bnaterial 
just  as  it  is?  I  (cannot  use  it  and  I  just  believe  she  ought!"  .  ^ 

That  evening  Norma 's'diary  contained  the  following  entry:  "Learned- 
so  much  today.  Must  remember  to: 

1.  D.evelop  special  projects  for  my  pUpils  such  ns  mathematics  in 
music  and  other  mathematical  . systems.  - 

2.  Emphasize  the  nature  ofgeoinetryby  encoyraging pupils  to  (;lev6lop 
their  own  geometry  and  change  basic  assOmptidns  to  see  the  result  in  ^ 
the  theorems.  "  .     •      *  - 

3.  Show  use  of  geometry  in  everyday^  living  situations. 

4.  Show  the  nature  of  proof. 

5.  Show  the  effect  of  hidden  assumptions. 

.6.  Prepare  some  material  on  probability  for  superior  students. 
7.  Study  some  non-Euclidean  geometry  so  I  can.  include  it  in  the 
plane  geometry  courses  for  the  better  pupils. 
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8.  Make  a  file  of  reference  materials  for  the  various  topics  I  t^ch. 

9.  Prepare  "fepeciat  assignments  for  superior  pupils.      v  '.' 

10.  Get  a  recent  college  mathematics  freshman  textbook  to  see.  if 
there  are  new  ideas  or  terms  that  I  should .  introduce  to.  the  college 
preparatory  students.  f  ' 

11.  Arrange  for  one  of  the  college  teachers  to  talk  to  my  college  pre- 
paratory seniors.  , 

12.  Plan  some  experiences  so  that  the  pupils- can  get  mathematical 
data  from  real  experiences. 

13.  Get  a  copy  of^  the  24th  yearbook. 

14.  Get  books  for  a  book  exhibit  of  modern  mathematics  for  superior 
students. 

15.  Plan  .with  the  other  rndthematics  teachers  on  ways  we  can  intro- 
duce modern  concepts  in  mathematics. 

^  16.  Cheqk  the  reading'Ust  in  the  24th  yearbook. 

17.  Examine  the  concepts  that  are  really  unifying  and  emphasize 
these  in  my  classes. 

•  18.;' Read  a  few  minutes  each  night  on  a  new  topic  or  ide%  in  mathe- 
matics. 

,19.  Ask  Mr.  Dan  if  we  can  study  the  24th  yearbook  at  the  County 
Teachers  Meeting. 

Sure  am  glad  I  saw. Mrs.  Meade  today.  Almost' wish  I  could  teach 
with  her  for  a  year. 

P.  S; — I  wonder  if  Mr.  Dan  is  good  looking." 

TEST  YOURSELF 

From  the  beginning  it  has  been  the  hope  of  those  responsible  for  the 
production  of  the  twenty-fourth  yearbook  that  the  book  would  form 
the  basis  for  wide  discussion  iand,  thus,  that  it  would  have  some  per- 
manent influence  on  the  organization  and  teaching  of  mathematics. 

In  order  to  facilitate  study  and  discussion  of  the  yearbook,  extended 
lists  of  questions  have  been  prepared.  Each  list  centers  attention  on  some 
of  the  principal  ideas  developed  in  one  chapter.  It  would  not  be  feasible 
nor  desirable  to  spotlight  every  idea;  it  is  well  to  leave  to  each  individual 
or  professional  group  the  privilege  of  selecting  their  ,  own  questions  for 
consideration  or  discussion  to  A  large  extent.  However,  the  questions  that 
follow  will  serve  to  initiaie.  discussions,  that  may  be  expanded  to  cover 
most  of  the  ideas  suggested  in  the  yearbook  

Of  course,  there  Is  no  one  best  answer  to  most  of  the  questions.  Each 
person  has  the  right  to  contribute. his  own  solution  to  any  question  raised. 
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whetlier  or  not  this  is  in  iagreementwith  the  solution  offered  by  the  au: 
thors.  Honest  differences  of,  opimon  often  lead  to  better  sofutiotis  of.prob- 
lems  than  ready  acceptance  of  formulated  ppnouncements./Hence,  it  is 
:  expected  that  group  discussions  of  this  vblume  will  result  in  a  diversity 
of  opinions,  and  the  discussions  will  in  themselves  be  of  Value. 

i;        Number  and  Operation 

'    .  I.  The  system  of  real  numbers.     .  ^ 

1.  What  are  real  numbers?  Which  of  the  following  are  real? 

2;-  .What  i5  a  rmtoiral  number?;.  : 

5.  /'^xplaia  t^^  irieanihg  of  a  closed  system.  Which  of  the  follow- 
•  irig  is  closed  under  a.^ditioii:  The^set  of  all  even' numbers? 
Tne*"set  0^      npgatives?  The  set  of  allVpure' imaginary  num- 

y         bers ^. Which  of  the  alcove  are. closed  iinde 

4!.  Is /the  system,  of  *natiu*al  numbers  cl^^  addition?  For 

/    multipHcation^  Fqf  subt^^^ 

.  5.  What  kind vof  n.umbers  were  created  in  order  to  have  a,  system 
'    that  is  closed  fpr  Subtraiction  of  natural  numbers? 

6.  What,  kind  of  gumbers  were  created  in  order  to  have  a  system 
tha,t  is  closed  '£or  division  of  natural  numbers?  ■ 

■  '      V7.  'Review  Euclid's  proof  that        is  irrational.  Use .  the  same 
process,  to  prove  that        .is  irrational  where.  AT  is  any  prime \ 
.    nuiTiber.  Sh6w  that -if  the  ViV  is  irrational  then  3  H-  Viv/ 
are  all  irrational.  * 
r  ;    •     8.  ' What  class;  of  nu&ibe^^  belong,  in  the  system  of  real 

'     -      numbers?  ^  . 

9.  What  is  the.  meaning  of  .bi;xe-:tQ-one  correspondence?  In*  what 
.  situations  does  the  ch;ld  naturally  come  into  contact  with  this 

•  concept?        '      :  '  "     ;  .  • 

.  .10.  Which  of  the  following  are  true,  false,  neither,  or  uncertain? 

.  ^2  >  -3,:--5  >  2/2V2  >  8,  ^  ■ 

I/V2  >  i/>/3^i  >/f,;(2  +  3z)  >  a 

II.  The  decimal  and  other  systems  *of  numeration.  j 
11 .  What  are  the  characteristics  of  the  decimal  system  of  notation 
that  m^ike  some  people  think  it  is  the  besfidver  devised?  Why 
.  do  Kome  people  think  the  duodecimal  systdn>*  is  better? 
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,  •:    12.  Comp5^re  in  detafl  the  Roman  system  of  notation  and -the 
Hindu- Arabic  system.  For  example,  show  the  difference 'in 
•   •.  place  .value,  .additive  relations^  tjie  number  of  symbols used, 

■    •     s^d  so  on. 

^       -    .  (2^  =  i2xio  +  7;5cmi^=x  +  x  +  v+^r^^ 

13.  Is  it  educationally  valuable  to  acquaint  yoiyjg**children)  with, 
the  history  of  our  number  system?  Why?  How?        '  "  ; 
-14.  Show  how  to  convertvfrom  the^decinvx.l  to  the  binary  system, 

*  .    ■  and  how  to  convert  frbrii.  the  binary  to  the  decimal  system,  y 

15.  How.  many  symbols  would  be  needed  in  a  system  fhat  hais 
/  base  12?  What  might  these,  symbols  be?  ■  ^, 

A'     V  1^..  Explain  standard  or'^scientifk;'' notation.  .  What  persons 'have 

'.  .  '  ,      .  •  f   •  most^^^frequent  use  for  this  systehi?.  Wher^  in  the  learning 
\    ,   .    .        '       process  shoilM  this  sysfem  be- in%?duced?  ;  "  .  '■ 

17.  WTiat  is  the  sexagesimal  systferii^  of  notation?  In  wi^^ 

tions  do^s  it  still  survive?         ^'  .  r^^--  ^' 

'  III.  Number  sets.  ; 

•  ..  18.  What  i^a  set?  Illustrate;'    ^  ' 

19.  How  early  in  his  life  does  the  child  get  some  idea  of  set?i  ■ 

20.  What  is  an  ordered  pair  of  numbers?  illustrate.  . 
;  - .      .       21.  What  is  a  set  of  ordered  pairs  of  numbers?  Illustrate.  ^ 

. .        22.  What' is  an  equivalence  class  of.  ordered  pairs  of  numbers?  Illus- 
"  ,  trate.  '  ..  »  ' 

23.  What  is,a.  fetatidafd  *set,  apd  what  is  the  usual  syirfbol  for  a 
'            '  ■  "         standard  set?  ,  .  „ 

24.  Is  there  any  place' in  high  sch<5ol  paathepiatics  where  the  ele- 
mentary theory  of  sets  might' be  introduced  profitably?  ' 

— ^  IV.  Operations.  .  .     .    .  •    .  :. 

•       25.  What  principle  is  operating  in  ail  of  these  situations?  ' 

:  h  .911:268  =  9.112:68;^ 

.  .        ,  (i.+  i)'  '■'^•2  .     .  -.;  . 

'  ■  26.  What  principle  is  operating  in  all  of  these  situations?  ' 

rf  2i^:  =  2(.a  +  b)]    ,  2a.+  3a  =  (2  +  3)a  =  5a;  \ 

..f28.-      -  .  .  ■ 

3  X  28     ,|,3  ;      3  X  (5°1G')  ='15°48';      0(2  -  i)  =  1-2  -  Gi  ' 
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27.  What  principle  is  operating' in  aU  of  .these  situatb  / 
8  +  5  =  (8  +  2)  +  3  =  10  +  3  =  13s;  - 
7  +.<-3)  =  (4  +  3X+  (-^3)-  4  +'[3  +  (-3)]  =  4+  0  =  4; 


4ff 


28.  (a)  What  is  the.  distributive  (or  associMve,  or  commutative) 
■  law?  ' 

(b)  How.  and  where  is  it  used  in  the  work  of  your^rade? 

•  .     ^ffibliographij  .. 

Foundations  of  the  number  system..  _^  .' 

.1,  DuBiscH,  Roy.  The  Nature^/  Numhersy  The  Ronald  Vress 
Company,  New  York,  1952.  .  \  ' 

Begins  with  very  primitive  ideas  of  counting  r^nja  ordinary 
arithmetic  and  reveals  the  abstractions  which  lead  to  modern' 
mathematics.  ■        ■  V 

2.  Levi,. Howard.  Elements  o/ yl/j/e^ra,  Chelsea  Publishing  Com-/ 

pany^  New  York,  1956. 
■  '  Beginning  with  sets, -statements,  and  variables,  this  treatise 
constructs  the  real  number  system  and  the  algpbra  of  poly- 
nomials  and  linear  equations  in.an  abstract  fashion.  Designed 
as  li  text  for  a  college  freshm^in  course.  ■  ■ 

3.  Nation'ai^  CouisrciL  of  Te.\chers  of  Mathematics.  Insights 

Into  Modem  Mathematics,  Twenty-Third  Yearbook,  Wash- 
ington, D.  C,  1957.; 

Chapters.  II,  III,  V  are  titled  *'The  Concept  of  Number," 
''Operating  with.Sets,"  and  "Algehra"  resp«;ti\^y;  Chapters 
1      II  and  V  are  an  excellent  supplement  to  this  topic. 
*4..  ReId,  Constance.  From  Zero  to  Infinit7j,  T\\e  Thomas  Crowell 

Company,  NeiW  York,  1955.  "  , 

5.  RiNOENBERG,  Lawrence  A.  A  Portrait  of  2y  National  Council 
'      of  Teachers  of  Mathematics,  Washington,  1957, 

A  nice  discussion  of  2  as  a  member  of  the  sets  of  natural 
numbers;  integers,  rational  numbers,  and  complex^ntimbers.  * 
O.^^'^'ABLER,*  E.  R.  An  Introdjiction  to  Mathematical  Titought, 
A(idisou -Wesley  Publishing  Company,  Cambridge,  M«;gs.,' 
1953.     -  ..K  ^    ^  ' 
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,0.      An  apjl^oaclipto  tl^logjcal  structure  o£  mathematics  vith 
emph^is  o^ostulational  f.oundationg and  logical  reasdning, 

7.  THURSTON,',avA;Tij^A^wm6er-5y^ 

•     ^         Inc.,  ^Tew.  York,  1956^  p.  v 

.   ^  Presents  a  detailed  c^tfuction  of  tlfe  liumber  system 

starting  from.  Piano's  axiomsi^he  explanatory  chapters  in 
•*the  first  part  of^the.  book  expki^^  the  axioms  and  definitions 
"T:    .       *  as  a  foundation  for  the  syst^c^ic  treatment  which  follows,*/ 
i.  ILvHistory.     ^  .     *  US. 

8.  Dantzig, -Tobias.  ^mber/oThe  Language  vf  Science,  The 
•  MacmilW  Compa^ny,  New 

^  y  ■■  An  interesting  add  very  reada,yie  book  jvhicji  is  now  also 

^'  available  in^a  pftperbound  editi<to  jniblished  by  Anchor  Books. 

9.  Smith,  t>AjiD  E.,'  and  Ginsberg,  Jek^hieu  Nurrtbers  and^ 
.     ,     Num^ats,  National  .  Council  o^  lieachers  oMMathematics, 

,     ;W*a^ygton,  D.  e.,  1937.  ^  ' 

p  '  \  A  conci^  hib^r3)'^  of  the  integers  and*"rational  friictibns.^* 

III.  Professional^^  subject  mg^tor;-^    ■  *     ^  . 

The' following  TOoks  are  written  to  give  a  basic  understanding  of 
arithmetical-mathematical  ciOncepts.  I^^erial  in  these  tooks  does  not 
Require  theVeader  to^ave  studied  beyoli^.  elemehtary  arithmetic^How- 
ever  some  kno\^ledge  of ;,^lgebra  is  helpful  "  .  " 

.10.  Banks,       HgifsTON.  Elements  of  ,^athemaii<iip  K&yts  and 

.    .  Bacon;  I^G.T^^eW  York,  1956.  p.  . 
11.  BucKlNGHAii,'  BuRDET^E    R.    Elcm^itary  Arithmdi^-^its 
Meaning  and  Pract^b,  Qjnn        Company,  Boston,  1947. 

■  ..     .-p.  1-455.^;.  ■  ■ 

^2.  Mueller,  JFrancis  J^Arithmeti^Its  mructure  and  C<^c&pts; 
^        Prentice-Hall.^itj.;  Englewood  Gfiffs,  .N.  J.,  1956.^  ; 
^  .  ,    13.  Swain,  RoEy^RX  L.  Understating  Aritkrmdic^  Ripehart  and 
:*pompanyi  Inc.,  New^'^orU,  1957.  ^ 
I  v..  Methods  of  teaching  about  nuiftbei-s.  ^.  ^ 

The  following :  bbbks  present  sugggsted  procelclures  for  developing 
mathematical  undefstandy^ng  in  the  elpnentary,scho(y,i       .    ^  . 

^^.^14.  Bru^ck15^i,  lifeo  J.,  and  Gross^^ckle,  Foster  Maizin^' 
'  Arithmetic  Meaningful,  John      Winston  C6mpany,  Phila- 

v:    delpWa,  1953.  -        \  . 

15.  Clark,  J;ohn  R.,  and  Bads,  Laxjra'^C.  GuMfig  Arithme^ 

Leamin^^,  World  Bdok  Company,  ydnkers-oSuTudson;  NeW 

■  '      :     York,  1954.,    /  '  y 

16.  MgRTON,  Robert  Lee.  Tedching  Children  Arithmetic,  Primary, 
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^   \  ■    .  .  • 

Intermediate,  Upper  GradeSi  Silver  Burdett  Compviny,  l>ie\v 
York,  1953.  ^  W 

^47.  Spencer^  Peteh  L.,  and  Brydegaard,  Marguerite.  Build- 
ing Mathematical  Concepts  in  the  ElementSh^  School,  Henry 
.  ;^  Holt  and  Coni'pany,. New  York,  1952,  ^ 
18.  Spitzer,  Herbert  F.  The  Teaching  of  Arithmetic,  Houghton 
Mifflin  Company,  Boston,  1954.  ^ 
V.  Extending  horizons. 

I9..C0URANT,  Richard,  and  Robbins,  Herbert.  What  is  Mathe- 
maticsf  Oxford  University  Press,  New  York,  1941.  4th 
edition,  1947.  . 
<9.       ,      . In  pages  1-1^  this  book  gives  a  goodf* popular  accounT  of 
transfinite  numbers  as  well  as'irrationals  and  some''introduc- 
tion  to  sets  and  their  algebra,  some  number  theory,  complex' 
and  tran.scendentnl  numbers,  and  some  relation.sfups  between 
algebra  and  ^geometry;  Later  chapters  treat  topology  and  the 
\,        basic  ideas  of  calculus.  -  . 

20.  ^raenkel,  Abraham  A Integers  and  the  Theory  of  Numbers, 

'The  Scpipta  Mathcmatica  Studies,  Number  5.  Scripta 
Mathematica,  New  York,  1955.  .  ' 

This  book  discusses  the  relationships  between  cardinal  and 
or/iinal  numbers  a^id  explains  the'process  of  successive  exten- 
sions of  the  nui^er  system  using*  ordered  pairs.  ^ 

21.  Ore,  Oybti^is. /Number  Theory'and  Its  History.  McGrfiw-Hill 

Book  Company,  New  York,  1948. 

This  boblv  isf  largely  classical  number  theory  or  the  theory  of 
.  '  integers.  Some  work  on,  number  bases  and  factorization  is  closer- 

.  .^5^        to  secondary  school  material. 

»  '  Relations  and  Funsetio'ns  - 

I.  Sets  and^ariables.  ^ 

1.  NanjjDvSomQ^^situatiohs^which  illustrate  early  fanriilihrity  with 
pairing  of  numbers  and  objects. 

2.  Show  how.graphs^nci  J:ables  illustrate  pairing  of  numbers. 

3.  What  is  a  set?;^Givje  examplls.  *  ).      .  ■ 

4.  OVhy  is  a  scheme 'for  identifying  elements  necessarily  associated 
with'  a  .set?  What  are  sbrTie.  pf  the  ways  of  specifying  the  elements 
of  a  set  of  ordered  pairs?  ■■  . 

#  5.  What  is  a  mathematical  varian^?  Discuss  in  detail,  pointing 
out  the  (iiTferonces  between  the  defTiiitipn  given  in  this  chapter 
^    and  those  given  in  selected  textbooks. 
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6.  What  is  meant  by  saying  that  a  mathematical  variable  is  a  place- 
holder? V  ,  . 

7.  What  is'  a  mathematical  constant?  Are  II,  4  —  2,  the 
same  numeral?  Do  they  represent  the  same  number?  Give  other 
numerals  that  represent  the  same  number. 

•8.  What  is  an  unknovm  in  mathematics? 
9.  What  is  a  parameter} 

10.  What  is  the  meaning  of  the  symbol  6  ?  Illustrate  its  use. 
[I.  Relations,  and  functions.  " 

11.  Wliat  is  meant  by  wnzyersfi  o/ c?z5ccmr5e? - 

12.  Suppose  that  the  universe  of  discourse  is  the  setvof  all  real  num- 
bers. Find  the  subset  described  by  the  following  symbols. 

•  (a)  >|2x,+  1  =  0:1       (b).{x|a:»  =  2x}  . 

(c)  {x'lx^  >  0}  .(d)  {x|x  +  (~x)  =  0} 

13.  The  rule  for  pairing  numbers  is  y  =  ,2x  — ^  1  and  the  domain  is 
1-1,^0,  1,  2,  3.  4,  5,  6}.  What  is  the  range?     .  ' 

14.  Graph  the  s*et  of  number  pairs  defined  by: 

(a)  {{x,y)\y>x\      .(b)  J(x,     |  y/x  >  1).  " 

Are  the  graphs  identical?  Consider  your  answer  carefully. 

15.  Which  of  the  following  define  (1).  functions,  (2)  relations,  (3) 
neither  functions  nor  relations? 

.     '  (a)  {(x,  y)  I X  ='y]  - 

^  •     -  (b)  {(x,7/)  |x^  =>l      .  ; 

,     (c)  \^{x,y)\x  =  y^  .  • 

(dVx  +  27/  =  6        ■  ^ 

(e)  Kerf)  Ic^fc  2d+l\ 

(f)  {(l,m)|m'=  P+n 

(g)  1(0,  1),  (2,  3X  (4,  1)1  ' 

(h)  {(1,1)1  r 

16.  Plot  th^  relations  defined  by  the  rules  ^ 

(a)  2/  >  2x  +  1  and  y  <  x 

(b)  2/  =  2x  +  1  and  7/  >  x    .      .  ' 

(c)  y  =  2  and     =  1 

id)  u  =  2  orx  =  I  .  . 

■(e)^?/  >  2x  +  I  or  jj  <  X.  '  .  ' 
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17.  y  =    aa;  +    2.   Classify   *y\    *a'y         -and  according*, 
to  whether  each  is  a  parameter,  variable,  .unknown,  or  constant. 
Remembe^,  in  this  case,  it  is  possible  to  classify  one  symbol  in 
more  than  one  way.  ,  *  L 

18.  The  rule  =  x  defines  a  relation.  (The  domain  of  the  relation 
*  .  is  all  positive  real  numbers  and  the  range  is  all  real  numbers.) 

This  relation  can  be  exhibited  as  the  union  of  two  functions  in 
a  number,  of  ways.  Write  the  rules^ defining  one  pair  of  these 
functions.  >  "v 

19.  Plot  the  set  of  number  pairs  defined  by  (a)  y  =  Ml,  (b) 
y  >  I X  I  ,  (c)  I  X  \  +  I  2/ 1  .=  10,  (d)  (x  -  yy  =  x^  -  2xy  +  y\ 

20.  Theruley  =.  x^  +  1  defines  a  function  in  the  y-x  plane.  Find  the 
inverse  function  and  plot  the  set  of  pairs  thus-' obtained^ 

21.  Form  the  union  and  intersection  of  the  pairs  of  the  sets  listed. 

(a)  {cat,  dog,  fish}  {fish,  dish,  pail} 
'(b)  {1,2,3,4,5,6}  {2,*4r6,  8,  10,  12} 

22.  Write  out  in  full  .4  X  B  if 

/   (a)  ^  =.  (1,  2}  a'nd  B  =  {1,2,3,4} 
'   (b)  ^  ^'\c,d\  and^  =  {1,2,3},  ^ 

23.  If  X  and  y  can  be  replaced*  by  any  element  of  {  —  10,  —9,  —8' 
-7,  -6,^-5,  -4,  -3,  -2,  -1,0,  1,2,  3,  4,  5,  6,  7,  8,  9,  10}' 
write  a  condition  in  x  and  y  for  which  the  solution  set  is: 

(a)  the  null  set  ^ 

(H)    {(1,0),  (0,1)}  .        ^  ^ 

^   (c)  {(-^10,  10)  (-9,  9)  •  •  •  (-1,  1)  (0,  0)}.' 

24.  Write  pairs  satisfying:  '  '        .      .  * 

(a)  y  =  arcsin  x       (b)  y  =  Arcsin  x. 

What  characterizes  the  difference  between  the  two  sets  of  pairs 
one  can  obtain  from  the  above  rules? 

25.  Plot  the  number  pairs  obtained  from  ,     .\.  -a^- 

(a)  2/  =  Vx2       (b)  y  =  |  x  |. 

■*         '  ■ 

What  differences,  if  any,  do  you  note?  "  ■  .  . 

^2G.  Plot:     "  ^  .  '  : 

.  :        ,,(a)  y  =  x;   .  /  >  1  .  .  - 

(b)  y  =  2x-r    0  <x<  i.^  • 
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Does  this  define  a  function?  relation?  two  functions?  » 

27.  /Plot:       .  ■.   ...    '  ".y"':-,  .,  V:'. 

,    '  (a)  y  =  x;  .    a:  an  integer    ■.  V  ■     :  •  ^^■ 

(b)  y  =  5x;      i  a  multiple  of  i.      . .     ;   •> '  >.  • 

Is  this  a  function?  relation?      '  .     '  :    •  :.  •    .      ;  . 

28.  If  y  =  fix)  is  given  by  f{x)  =      +:2x/find  jQ;t),  /( -1)^/(6^^ 
Also  find  the  set  of  x  such  that  /(a:)  i=  0,'/(z)      -1.    •  ;  -     . . 

29.  A  function  is  given  by  y  =  j^-^^,  What  is  ita' domain?,  It^^ 
range?  What  number  must  we  exclude  from  tlie  domain?.  ■  ■ 

I  «r 

30.  Repeat  29,  but  use  y  = 


31.  If/(x)  =  2x,find/(2x+  l);/(-z);/f22/).   :  V    '  : 

32.  What  is  the  domain  and  range  of  the  functian./:  (z,.7/)  defined  by 


X 

1 

2 

3 

y 

6 

8 

2 
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Company,  ^^fi^rid;ge^Ma^;^^^  j    V  >  '        '  ^ 

■v.-       4:  i-' ^^^^^ 
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V  Chapters  1,  3,  5  deal  with  ''Basic  Ideas  and  Teiriiis"  (coil$ta;nts. 
variables,  sentences,'  proof,  and  so  on),  V'Elemeritaiy^ 
Sets/' and  "Relations"  respectively- 

5.  SuPFES,  Patrick.  Xntroductidn  to  LogiCy  D/ Van  Nost^aiid  Gompany, 
•  ■   Inc.,  j^nncetpn,  N.  J.^IQST,  Chapters. 10  and  11:  :  •  •  ,  ■.    -  : 

■ :    These  cbapt^rs. of  tliis  college  textbook  on  modern  logic  deal  \vith^ 
' '  J^'^Rc|at^on^^\arid;''*^^^ 

•  fcTHiELAiAi^^  Functions,"  American. M athe- 

* ii  the  st^leinefxt:  "AlJ  Assertions  of  advertisers,  are  suppbrted 

■ ..    Hy  prboTf;; '  Areitie  assertions-of-adver^^^^     supported  by  proof ?  , 

:  .-  3.  '\\Tiat  |s:  the  ulfci^      gain  fpr.  the  average  persSn  who  is  given  traiii- 
.  /  *    in'g  in-fo'^ical  thinking  iii  pi^ctliejfiati<^? 

.  .4V:  Can  experience  in  f6rihal*.;)jrpft)f 'be  provided  i^       study  of  algehras  '^:^^" 
.s  i'^  ^&ywell;as.in  the  studylqf  gejcJmGtry?  Iffust^^^  . 

5;'Shpuld  planned  training  'ln  syiBtQiYiatic  tlum^  to  the 

-  v^v'h'igfi, school  years P;^.^^^  .    ..j^"*!;^!?       ;      ;     -  . 

6:  'What  is  the  meaoing  of -^ha^ord^^«^|o^fi^  as  used/in  the  discu^ion 

\  7^*"  What  iir^, tacit" ifesum^t^l^  atid^^yljat  ToUe  .dojipsy  play  in  jna the-. 

V  .tfiatip^^^^  i'\ 
;.v;8>'What  i^  a  co^jectuji^bf      ^vhi^ij^pa/t'do  conjectures  play  in  mathe-  '  ■  t  '^  '^ 

' poatics  and  s^         Illustrate!'     •  .         •  '■'  ,  ,  '  v ;  . .  V   .•  \    '  ^  \ 
of  .tfie  ^xyui^pn  ba^^for  cQncltisions  that  characterize  7 ,  ' 
y  -  J.?^^^^^  #•  . 

■ ' .  ";?i?ii^bce^i0a^^^^^  me^i;ireraGnt,'^  personal  judgment,  statistical      v    -  > 

"  ■  '-^.^^fP^^^^^^^^  igf  foVto^^  ^  :  "  .  -  ■  ' 

;  the.d^ejoijment  of  ^ence?:  .  ^^^^  .      .  :\  ^i^J;^. 

i."  f Iv:  Shojiid' stu^^^^^^  ehcotoged;  to  make  tfieir  owti  • 

■       copjectUres^fore^'feft^^  statedj  and  pisaved?  Why?       ,  ^^"^Ss 

understood  ip.  '^'^  " 
'  ■  15.      matTieiTO tic$ Jft^^^^         '  GiJi^i^Sw?"''^^^^^^!^       or  with  validity .jor 

\'':\::with'bQtK?:.:;^\:;^^  \ 


1.6;  Al:e  •  meiL^iiKa  applied  in' anghmetic,  accepted  on 

i  -J} ' 


'  the  1msi,s:6f;^^^^^  y^^^*' 
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17.  What  are  Euler  circles?  lUustrate  their  use. 

18.  Illustrate  how  indirect  proof  is  used  in  mathematics;  in  nonmatiie- 
matical  reasoning. 

19.  Give  an  example  of  a  probable  inference  established  by  the  process 
of  simple  enumeration. 

20.  Cite  instances  of  reasoning  by  analogy  which  you"  have  recently 
read  or  heard.  Which  of  these  instances  were  good  reasoning?  Which 
were  poor  reasoning?  Why?  ■  '\     '  ■ 

21.  Whaf'are  son\e  linguistic  signals  for  recognizing  a  reason?  A  con- 
clusion? ,  . 

22.  What  do  you  consider  the  five  most  important 'idea:s  in  the  chaptei: 
on  proof?  Why? 

23.  Which  of  th6  ideas  in  th6  chapter  on  proof  should  be  understood  by 
all  pupils,  that  is,  be  a  part  of  general  education?  Which  should  be 
understood  only  by  some  pupils,  that  is,  be  a  part  of  special  educa- 
cation?  *  " 
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empirical,  and  postulational  tkinking.  He  lays  bare  the  mathematical  ' 
mode  of  thought — -'the  postulational  method — and  its  dependence 
upon  assumptions,  which  are  unproved  .propositions  accepted  without 
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guessed.  The  book  is  full  •  of  illustrations  from  the  discoveries  of 
mathematicians— their  lines  pf  thought,  and  their  ingenious  methods  •* 
of  proof  in  the  face  of  new  problems.  The  frequent  lise  of  exqrcises 
helps  the  reader  £o.  experience  frustrations  and  triumphs  similar  io 
those  of  the  mathematician.  Polya-'s  two  volumes  give  the  most  com-- 
prehensive ^analysis  now  available  of  the  use  of  plausible  reasoning  in 
the  realm  of  mathematics. 

6.  SUPPES,  ^Patrick.  Introduction  to  Logic,  D.  Van  Nostra pd  Company, 
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i  *  . 

Measurement  and  Appi:oximatioQ 

.1.  Design  a  test  for  your  mathematics  class  which  incllides  questions  on 
estimating  in  computation. 

2.  What  are  the  recurring  ideas  in  making  estimates  of  computations? 

3.  What  are  somei.of,  the  difficulties  encountered  in  making  ^estimates 
of  measurements?  v.^ 

4 »  What  types  of  problems  on  estimating  computations  are  appro- 
priate for  grades  K  -  3>^4  -  6?  7  -  9?  10      12?  , 

5.  How^^an  you  help  pupils  to  understand  betweenness  as  it  relates  lo 
,  estimates  of  computation? 

6.  What  implications  are  there  for  the  teacher  of  arithmetic  in  this 
statement:  **The  main  purpose  of  estimates  of  computatiqn  is-  to 
help  pupils  deal  with  numbers  sensibly'.'?  ^  ' 

.",  7.  Whatsis  meant  by  a  standard  unit  of  measurement?  How  do  you  • 
teach  the  nature  and  variety  of  standard  units'pf  measurement? 

8. .  What  is  meant  by  the  toleratice  interval?  How  do  you  find  it? 

9.  What  is  meant  by  the  error  of  measurement?  How  is  it  related  to 
.    .  the  unit  of  measurement?  .  •  "  ' 
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■    ■  . '       ' '        *  •■"      ■  ■  ^  f 

10:  What  is.  pieant  by  the  precision  of  a  measurement?  Which  of 

measurements  is  the  mogt  precise?  2i6  iii.;4.73  ft.;  8,0  miles;  96,000  S 
y  ft:^  ■  I  \         ..        •  •  .  .  '\ 

11.  Are  significant  digits  ari:  ihdicatiorf'o'f  Ihe  precision  ^ or  the  accuracy 

oi  a  measurement?  How  manysignificant  digits  are  in  each  of  these  ' 
numbers:  806^  80,000  (if  measured  to  nearest  ten  thousand);  4.7  X 
10»;  .004;  8.7  ±  .005;  93,W0,000  (to  nearest  million)?.    '  _  , 

12.  If  each  number  represents  a  measurement,  to  what  preci^on  should  .... 
each  result.be  rounded?  (a)  6.73  ft.  +  "4^.2  ft.f  (b)  96.47  cm.  ^..80 
cm.  ;/c)  8.675  in.  +  4.7  in.  •  ""  ^^  V 

1 3.  How  many  significant  digits" should" be  written -j'n  the  result  forf^^'^ 
(a)  the  area  of  a  rectangle,  647.-ft.  X  3.4  ft.;  (b)  the  circumference  of 

a- circle,  3.14  X  8.2  in.;,(c)  thq  ratio  of  675  yds,  to  .031  yds.;  (d)  • 
the  side  of  a  square  whose  area  is  \^632  8q.  ft.? 

14.  Which  appro}dmation  for  r  shoulcj  you  use  to  find,  the  circumference 
of  a  circle- whose  diameter  Js  8  ft;,  measured  to  the -nearest  foot? 

^l^i^l^  measxu*ed  to  the  nearest, .1  foot?- 

15  How  is  scientific  notation  used  to  mdicate  the  number  of  signifiojant  ^ 
digits?  Illustrate  .'with:  63,000 '  (to  nearest  thousand);  .00068 ;"' 
3,072,000  (to  nearest  thousand);  300,000  (to  nearest  thousand). 

16.  What  approximation  for  \/2  would  you  vise  to  find         if -s  is  6.3 

ft.? 

17.  Try  these  exercises  out  on  your  students.  (Computation  should  be. 
done  mentally.)    >  - 

a.  6:2  X  42.8  is  about  (a)  2.4;  (b)  24;  (c)  240;  (d)  2400.  •  ' 

^    .  .  b.  863  -r  37  is  about  (a)  2;  (b)  20;  (c)' 200.  -  ^ 

^  ,     c.  The  sumi  S.69  +  $,89.  +  $1.45  +  .$.33  is  about' (a)  $3.00;  (b) 
$3.25;  (c)"$3.50;  (d)  $3.75.       '  vi  ^ 
d.  The  product  8.2  X  7.6.  is  between  ..(a)  56  and  72  but  hearer  56 
ttan  72;  (b)  56  and  72  but  nearer  72  than  56;  (c)  greater  than 
72;  (d)  less 'than -56. 
'  e.  The  area  of  a  triangle  with  an  altitude  of  10^'  in.' and  a  base  of  ' 
.  :  4^  in.  is  about  (a)  40  sq.  in.;  (b)  42  sq.  in.;  (c)  10  sq.  in.;  (d)  20 
' .    .  ,sq;  in..  '  -  '  '  ■ 
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Title  is  self-explanatory.  The  chapter,  "Decimalization  of  English 
Measures  and  Computation  with  Approximate  Data,"  by  Carl  N. 
.  Shuster/pages  233-5%  ii5  both  appropriate  and  good. 

5.  ^WAiN,  Robert  L.  Vkderstanding  Arithmetic j  Uinehart  and  Company,. 
.     New  York,  1957.  p:  264  plus  .xxi.  Chapters  11  and '12. 

V  Chapter  .  11,  "Using Units,''  and  Chapter!  12,  "Computational 
Topics/'^contain  a  discussion  of  the  nature  of  the  measuring  process 
and  rules  for  computations  and  apppoximations.  'High  school  teachers 
.shotird;^find  (Chapter  12  interesting  and  helpful.. 

Probability^  ^ 

The  thebry  of  probability. 
/     I.  What  are  the.  characteristics  of  u  mathematical  theory  of  proTj- 
-       ability?  ^         ■     '  >  .  ■ 

2.  -"Is  it  feasible  to  teach  probability  theory  in  elerhentary  school? 
,  In  high  sqhool?       ,.  . 

3.  In  what  vocations  or  professidri.s  is  the  theory  of  probability 
lilfely  to  be  useful?  .  - 

11- -Experiences  leading  to  an  intuitive  understanding  of  probability: 
.4.  What  aims'  justify  introduction  of  experiences  relating  to  prob- 
ability? .  ? 
5.  What  are  snfce  of  the  e^i^eriences  that  can  be  introduced  to^ve 
students  some  \mderstariding  of  probability?  .  " 

^  0/  What  are  some  of  the  questions  that  should  be  raised  in  order 
/^^o.  cause  students  t/)  gain  some  appreciation  of  the  fact  that 
reasoning  as" well. \fls  e>cperimen t  enter  into  an  understanding  of 
^     probability?       ./  ^ 

7.  Should  one  try  to  give  a  fornial  definition  of  probability  in  in- 
trpducing  young  students  to  experiences?  Why? 

8v  What  are  some  effective  ways  of  recording  results  of  experiences 
.  in  order  that  they  ,  may  form  tho^basis  for  valuab^  thinking 

•.     ■     about  them?.  .  .  ti 
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can  probability  experiences  lead  to  aii  understanding  of 
'  the  concept  of  ordered  pairs  of  numbers?  ' 

10.  How  can  the  results  of  prol^ability  experiences  be  used  to 
introduce  the  concept  of  symmetry? 

11.  In  what  grades  is  it  feasible  to  introduce  experiences  relating  to.. 
■  an  understanding  of  probability? 

12.  Does  it  seem  likely  that  introduction  to  coin  ,  tossing  in  school 
would  have  undesirable  consequenQ,es  for  students?  " 
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■  "   Statistics*'    ■•  ^  ,f  V' 

'.U-  :.What  is  statistics?  What  are  the- particular  features' of  statistical 
r '"problem' solving?  '  '*  * 

•J^.  Discuss  the.  difference  between  descriptive  and  inferential  ^statistics. 
- '3.  What  statistical  concepts  are  usually  considered  in  elementaty  abd 

junior  high  schools?  Which  ones  are  largely  ignored? 
;  4.  If  the  inferences  from  statistics  are  usually  uncertain  why  should 

one  rely  upon  them?     .    '  '  -  , 

'  5.  Why  is.  probabihty  an  essential  part  of  statistics,  and  what  i;ole 
,      does  it'play?     ^  • 
,  6.  Outline  the  steps  In  a  statistical. approach  to  the  study  and  solution 
of  a  problem.  »  . 

7.  'What  are  the  important  reasons  for  using  sainpies? 

8.  What  iTieanings  do  you  attach  to  the  words  representative y  biased,  . 
and  random  when  applied  to  a  sample?,  Give  examples.  -     '  • 

9.  Do  all  samples  give  reliable  infomiatibn  about  the  whole,  population  ^ 
from  which  they  are  drawn?  Why?  ' 

^10.  Discuss  several  ways  of  securing  randomness  in  samples  and  under.; 

what  circumstances  the  different  methods  m.ight  be  appropriate. 
1 1 :  What  would  be  a  good  method  of  forecasting  a  presidential  election  ? 

JVhat  restrictidna  on  the  sampling  would  be  important?  .. 
12.  What  is  the, purpose  of  grouping  data,  and  under  what  circumstances 
I    should  it  be  done?  ^  *      .       •     ^  • 

:^13.  Distinguish  between  median,  mode,  and  mean  of  a  set  of  figures.  Is  . 
one  of  these  more  valuable  than  the  others  in  studying  the  fi^jwfe^?^^.-^ 
Why  ?  Under  what  conditions-does  each'have  advantages? 
14,  Find  the  mean,  grade  for  each  boy  in .  the  exaqiple  on  p^^^&t^i^^ 
.       Find  the  weighted  mean  grade  for  .each  boy.  "^^^"^^^^^^^ 
.15.  Find  the  weighted  gr^nd  average  of  the  grades  H8ted'onjpage:^9i^"'  ' 
.  weighting  by  the  number  of  thours  per  week  of  class.  Do  this  by 'two 
diff^ent.method3  and  check'that  the  results  are  identical.     *  . 
,16.  Find  the  average  absolote  deviation  and  the  standard  deviation  of 
the  grades  in  each  of  the  classes,  i.e.,  mathematics,  art,  English,  and 
so  on.        ;         '        .  / 

17.  What  are  two  irjiportiint  tfypes  of  statistical  inference?  Howdo'they 

.   *   differ?    :     '  .*  .  '  ^    .■    '       ■    •  ■ 

18.  Why  are  the  rules  of  proBablhty  stated  as  axioms? 

19..  Suppbse  for  a  given  thumbtack  P(U)  and  suppose  you  toss' 

four  tacks  at  a/time.  Determine  f{x  .=  2);  f(x  <  2);  /(x  >  2).  Do 
'    these  add  up  to  1  ?  If  hot , 'explain  why.  *  .  - .  "   * . ' 

.20/ What  is  meant  hy  a -probab^ilit^y  .distribution?  Deternaihe  the  bi- 
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'nomiul  probability  diistrilmtion  ()f  tacks  landing  point-up' in  tSScase 
•  where  you  throw  six  at  a  time  arid  PiD)':^  }4'ioT  eafch  taek.  ^ 

21.  What  docs  confi(^mc€  'level  t^ietiu  in  making  estimates? 

22.  What  does' level iopsigntficanSe:  mean  investing  hypotheses?  When. 
\vould,you  eiioose  high  level  and  when  low?  Why?  , 

23.  Are  the  results  of  statistieal  reasoning  as:^co.neiusive  a^the  results  of,' 
geometric  ,  reasoning?.  If  not j  why  do'  most  life  jrisuraiiee  cpmpaniei^. 

"<    romain'f^olvjbht?^   .  .  ■      '    •   '    ,        /  '  • 

'2i,'  The  statement  h:us  been  riKidc:  jljat  i|nos^        of i-pljysies. are  really 

^  statistical  JavVs.  What  doe^^  tfiis;nipan?        ^  [  '  , 

^o.'  Why  js  it  iniportjinbifor  stuclorfts  in  tlu^IJlodem>>^^^^ 
'  ^    ct^nceplion  of  Statlsticiil  methods  and  ideas?^^  "  ■       -    .  V 

'       -    ■  'I  ':    ■■;    ''  ■•^  -  ■ 

•  ■  ■  i    ,      .      '    Bibliography   '        '  •  "         r  • 

\.  ('oMMissiON'  ON,MATflE\i.\Tics.  ■  hUrodjictQr^  Trobability  and  Stqlis-. 

\  ileal  *[7ifcrfnce  for  ^fcon^^     Schools^  An  Experimental  Course, 
.     Priiliminary  Edition, -CoUcge  Entraiiee  Examination  Board,  New- 
York,  1957. .     ■     ..  .  ■■     ./  '    ;  ^         ■■  ^ 
A  short  book  dosigjied  to  introduee*statistiodl  eoacepts  and.  ideas 
at  an  elementary  loi§!i(|.::^:^  ^             .  ■      '  ^  ^ 

2.  MoRONKr,.,  NX.'j...  f'ach  Fro??i  'Figairefi/Pci\gu^^^  Baltimore, 
■■  1957.    J , . .     :  ,      ■  .  • 

AnsinaxpiHisive  bobk'  with. good  qui  ter  mis  Tor  further  study.  Not^ 
'  too  easy/tq'f.olldw  after  th.c first*  few  chapters.  .  ; 

,3. 'Sprowls,  R.  Cy Elemcritdry  StatistiGSj  MeGraw-Hill  Book  Company, 
■  \     Inc.,  Newt^'o^k,  1955.    '    .    •  '■  . 

A  book  which  partieularly  empha.si'2es  testirfg  hypotheses  and 
.  .-planning  experiments.  The  introdutrtion  isXvell  worth  careful  reading. 
^.-Sutton-;  O-G.  Mathematics  in  Action,  QoverJ?.\ibHca'tions,. New  York; 
■•■  ■1957.. :  '  ■.       ■■■■  1  .  \    '       ■  v  '   ■  V 

.  Chajjler T).>ives  an  .o\^rrview  of  several  applications  .of  statisties. 
5/;\yALKER,  TIfxen.     alkchuiiics.  Essential  for  Elementary- Statistics, 
.       H(^nry  fIolt  and  C«mj3an>%' Now  Yoj;k,- 1951^  .  • 

.\  review  of  somie  of  the  olenientary  methods  of  mathonratic§  with 
^    u«:»mphasis  on  their. application  to  statistics.    >  ■  —      '  .  ' 

/>.  Wai.lis,  W.  A;^M  Roberts,  H;  V.  Statistics  ■;/{; Ncio  Apprqvch,' 
-Froe^ Press,  Inc., :"Gloiic(fe,jy^  195G.  .      -'^  /; 

A  good  l)0«1>  for  an  over-all  look.  ,  •  *  . 

7.  W,iLKs,  R,  ,S.,,  Eleyneyitary  Stdtistical  ^nah/s2S.  Prineoton  University 
-  Press,  Princeton,  N.  J.,  1951 .  ^  * '  f 

.  A  text  1)ook- for  college  freshmen.  It  uses  a  little  calculus  in- twh 
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or  three  proofs  which  l^a^eoi^  be  omitted  without  disturbing  the 
;  continuity.  ' /-y'  ^'^'-y-'i}::-^  '    .  ^ 

■ ■     ■  ■  ■■'   ■-.  ■ ' .  •  ■*  '''^-v^iV 
Language  arid  Symbb.lisni  in  Mathematics 

■1.  Explain  why  some  students  think  .that  .16589  is  larger  than  .23. 

2.  Discuss  0  as  a  place-holder. 

3.  Which  is  more  strictly  correct?  (a)  15  is  a  two-digit  number?  (b) 
-j;i5*  is;ar-two-digit  numeral.   .  " 

it,  if  any,  is  the  difference  between  }4  and  1  -r--2? 
possible  to  add  ^  and  ^f?  3x  and.St/?  anA\/^=? 
the  mathematical  statement,  (x  +  1)  (x  —  1)  =         1,  describe 
*tl)6.grammatical  fflnction  of  each  symbol.  ^ 

7. ^  Discuss  the  phrases  'literal  number'  and  'general  number'. 

8.  Following  the  usual  definition  of  *binomiar,  is  x  +  5  a  binomial 
"  or  is  *x  +  5*  a  binomial?^  *  .      ,  '      •  ' 

9.  In.  what  sense  is  it  not  pos.sible  to  have  ft^JO.  equal  numbers? 

10.  Is  it  possible  for  a  fractional  numeral  tcwiame  a  whole  number? 

11.  What  is  meant  by  the  statement       =  .257 

1.2. 'Discuss  the  difference  between  a"  number  and  a  numeral,  In 'par- 
ticular, between  the  number  4  and  t]pp  numeral  *  < 

13.  Discuss  the  statement  that  the  same  nimber  can  he  added  to%oth 
sides  o^n  equation  without  destroying  the  equality.  How  would  * 
you  phrase  it  so  it  would  be  consistent  with  the  spirit  of  this'chapW? 

14.  Whiit  is  the  function  of  a  quantifier  ip  a  mathematical  sentence, 
for  ex^imple,  in  *For  every  x  and  every  ijj  x  +  y  =  y  +  x'? 

,15.  The  phrase  *two  equal  circles'  is  frequently  used  in  geometry  text- 
books. Explain  what  is  meant  by  this  ph/ate.  ^  • 
16..  Point  out  various  meaningsi  which  piay  be  assigned  to  the  expression  . 

'4,-4-  2  -  3  X  2  rr-  T,  -  : 

17.  Suppose  you  are  confronted  With  the  numeral  *1^  without  bemg 
told  the  base  of  the  numeration  system  used.  What  is  the  smallfest 
possible  basCvOf  this  system?.  Can  you  tell,  regardless  of  what  base 
is  used,  whether  *13'  names  an  even  or  an  odd  ntfmber?  If  you  are 
»  told  that  *13'^s  written  in  a  system  to  an  even  base„  does  it  nam,e 
ash.  odd  or  an  even  number?  Vi^at  if  it  is  written  to  an  odd  baSe?  v 
..Is.  13  always  a  prime  number?  '  :r 

'         ^     Bibliography  ;    .  i*^. 

1.  Brune,  InviN  H.  '*Languag(2' in  ^MathomaticS'/\TAe'VLearn2729  of 
Maiheynaiici^  lL%  Thi\ory.  and  Frociice,  .21s\  ^Yearbook,  National  . 
'       Counci^of  Teachers^f  ^Iatheniaties,-Washm 
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A  thorough  discussion  of  the  language  of  mathematics  "with  im- 
pBcations  for  teaching.  Teachers  who*believe  in  teaching  mathe- 
matics so  that  students  imderstand  it  will  find  a-  great  deal  to 
think,  about  when  reading  this  Jchapter.  v  ' 

2.  IBrunp,  Irvin  H.  "Let's  Look  Jt  Language,"  The  Matheniiuics  Teacher^ 

February  1956. 

\  A  brief  and  clear  explanation  pf  two  meanings  in  whicli  the  word 
'tangent'  is  ufeed'in  geon\etry  and  trigonometry.  ■  • 

3..F0UCH,  Robert's.  "The  Un-sahity  of  Mathematics  and  its  Teach- 
ing," ETC:  A  Review  of  General  Semantics,  No.  2;  Winter  1954. 
The  author  points  out  common  fallacies  in  the  treatment  of  con- 
■  -oepts  of  zero,  fraction,  equality,  and  other  concepts  in  the  fields  of 


analysis. 

of  Mathematics,  Illinois  Institute 


algebra,  geometry,  and  elementary 

4.  Menger,  Karl.  The  Pasic  Concepti 
'y.  of  Technology,  Chicago,  1957. 

jf  .-'T':  This  book  represents  a  thorough  attempt  ,  at  clarifying  such  im- 
portatit^  concepts  as  number,  formula,  variable,  unknown,  equation, 
and  polynomial.  ^  \  « 

5.  Menger,  Karl.  "Why  Johnny;  Hates  Math,"  The  Mathematics 
'    Ti?a<:/ier,  December  1956.        .  * 

'  The  author  placfj^  the  blame  for  students'. dislike  of  mathematics 
on  the  inadequacy  of.  the  current  symbolism  and  prevailing  basic 
.  ^prdcedures  of  ijjathematics  found  in  the  textbooks. 

6.  Pap,  Arthur.  "Mathematics,  Abs^^t  Entities,,  and  Motlerri  Se- 

manticsY'  Scimtific  Monthly j'i^A^^  ■■  , 

A  scholarly  article  on  the  .meamngfulness  of  words  and^their  rela- 
tionsljip^to  the,  entities  named  byH^e^^ords. 

7.  SuprES,  Patrick.  Introduction'^io  Logic^i  Vvlu  f^ostrand  Company^ 

Inc.,'Prmc6ton^.N.  J.,  1957,  . 
'   In  . this  textbook  on  logic,  teachers  of  mathematics  t^ill^hd  some 
iS^Vparts  of  great  interest  because  of  their  direct  tjelationship  ti  mathe- ■ 
matics  teaching.  Chapter  :  3  should  prove 'of  especial  usefulness. 
Teachers  .  and  students  -of  mathematics /;,will ,  profit  by  searching 
.thrc||gh  other  textbooks  on  logic.  ' ' . 

8.  UIGSM  Project  Stai^f.  "Words,  'Words','"Word^","  The  Mathe- 

matics Tca<:Aew,  March  1957.    '  \  ^  "  . 

In  this  article  the  authors ^reat  ih  simple -langua^" the  distinction 
between  things  and  names  for  things,  and,  °in  particular,  thg^  dis- 
tinction between  numbers  and  their  names.  ^ 
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Mathematical  Modes  of  Thought 

1.  Can  you  .  list  five  problems  or  questions  suitable  to  your  students 
which  might  challenge  some  of  .  them      develop  and^extend  some 

.  mathematical  ideas  new  to  them?  If  not,  seek'  problems  in  other 
textbooks,  in  books  on  mathematical  recreations,  in  texts  on  the 
history  of  mathematics,  in  semipopular  books  on  mathematics. 

2.  Can  you  suggest  ^  jxrohlein^discoveTy  Sipproach  to  each  of  the  major 
topics  of  each  of  the  courses  you  are  teaching? 

'3.  What  are  some  of  the  steps  iA^probl^jwj^lving  sug|^ested  by  other 
writers?  Compai;e  and  contrast  heuristic,  genetic,,  and  ,  Socratic 
teaching  procedur^s^dlliistrating  your  points  With  a  dejiailed  heuristic 
lesson  plan  for  a. ttt^c.jvou  teach.  ,  .  m^J^^  ^ 

Bibliography  -  ^ 

.  1.  Hadamard,  JACQltfES?rTAe  Psyckologu^  of.  Invention  in  the  Mathe- 
matical Field,  Priuic^ton  University  Press,  Princ^tqn,  N.  J.,  1945. 
'   An  interesting  ^iis'cussion  of 'how  Research  ma theTnaticians  get 
their  ideas.  Makes  much  use  of  the  earlier  work  in  this  area  of  Henri 
Poincar^.  ,     .    .  ^  -  . 

2.  ' PoLYA,  G.  How  to  Solve  It,  Princeton  University  Press,  Princeton, 

N.  J.,  1945.      '  "  -  / 

This  book,  written  for  mathematics  ^studfents  at  libout  th^  under- 
*  graduate  level,  should  be  familiar  to  every,  teacher.     V  .    *  • 

3.  PoLYA,  G.  Mathemsitics  and  Plausible.  Reasoning,  Vol.  I,  Iridvttion 

and  Analogy  in  Mathematicsy  Yol.  tlj  Patterns  of  Plausible  '  Ih- 
ference.  Princeton  University  Press,  Rrincetom  N.  j.,  1954:  *  *^ 
This  is  much  more  elaborate  ami  extended  than  the  volun>e  cited 
previously.  I      "  '    -      /  . 

4.  Wertheimer,  Max.  Productive  Thinking^-  Harper  'and  Brothers, 

New  York,  1945.      '  > 
'  Although  not  solely  devoid  to  thinking  in  mathematics  o 
^directed  to  mathematics  teachers,  this  book,' if  carefully  read,  wi 
stimulate  n)any  ideas,  for  helping  students  (develop  their  prob- 
lem-solving abilities. 

See  also  the  bibliogrA^iphVs.  oft  the  *Tmplications  of' 

the  Psychology ''of  Learninj^:If(ii;l^^^  of  Mathematics.'' 

.  Very  useful  in  findii;^^;  fniitfurproblems^re  books  6n  the  histoVy  of 
mathematics,  sucR  as  Tin  Introduction  to  the  History  of  McLihcTrf^tics,  by 
'Howard  Eves  (Rinehart  ^Company,  New'  York^l953);  on  matheniati- 
cal.'^recreatidns,  such  as  vgKfovcited  in  the  notes  following  Chapter  9  and 
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in  Recreational  Mathematics,  a  bibliography  by  William  L..  Schaaf 
(National  Council  of  Teachers  of  Mathematics,  Washington,  •  D.C., 
1958);  on  teaching  aids,  such  as  Multi-Sensory  Aids Jn  the  Teathing  of 
Mathematics,  the  Eighteenth  Yearbook  (National  Council 'of  "Teachers 
of  Mathematics,  .Washington,  D.C./  1945);  and  popuferizatiojf^^  such 
ViS  What  1 8  Mathematics?  by  Richard  Courant  and  Herbert  R^bf^ijis 
(0;cford  University  Press,  New  York,  1941).  •  W  ^jjj^'^ 

Implications  of  the  Psychology  of  Learning  for  the   *  ^ 
Teaching  of  Mathematics  '  ^ 

1.  One  teacher  approaches  the  division  of  fractions  :by  explainijijg  the 
steps  in  the  'invert  and  multiply'  rule.  Then  he  works  .some  |ample 
exercises  carefully  by  each  type.  Next,  he  assigns  many  exe^cis^H  in 

^dividing  fractions,  being  sure  to  group  them  by  the  ..same  types. 
Then  he  tests  the  pupils  with  several  of  the  same  kinds  of  exercisi^': 
IL  the  results  are  not  satisfactory,  he  repeats  the  process^  usin^.'some- 
what  less  time.  Is  thiB  an^  example  of  tciiching  that  agrees  morti 

•  closely  with  the  Coanectionist  or  tshe  Geslaltvie^  of  learning5{  Explain. 

2.  Mi^s  Jones^has  been  trying  to  help  one  of  her  backward  pupils,  ^e 
tells  her  that  he  just  is  not  good  in  mathematics.  In  fact,  lie  relates, 
this  is  also  true  of  his  older  hrotherjf^It  is  feis  belief  that  itj^is  a  trait 
of  his  family  not  to  do  wt^l.in  inathema'tics.  Which  of  Hilgard's^. 

•  points  bear  most  closely  on  this  situation?  Have^'ou  hafl  'sin^aiir 
experiences  with  any  of  your<^upilsi!!        >  ^ 

3..  Set  forth  some  advantages  and  som^  limitations  of  a  standard  c^f- 
riculum  in  i?iathematics  that  is  uniform  in  content  for  all  pupils 
from  kinclergarteri  throftgh  ^ade  14.^  -   -  f  ^  - 

4.  What  is  your  opinion  of  the  vali^  of  contestSj^in  motivating  the 

V  study  of  mathematics?  Which  of-'Hilgiy-d's  14  point'^bear  m<^t 
closely  joh  this  question?  * 

5.,  Some  teachers  of  first  course  algebra  prefer  to*ilvoid^rawiiig  com- 
pad^oiis^at  the  beginning  between  (/peratioi^  in  jj^lgebra  and  in 
arithmetic.  I'hese'^teacteers  prefer  to  have  their  students  look  upon 
algebVa  as  an  opportunity  to  make  a  fresh  start. in  the  study  of  n^athe- 
matics.  What  do  jou  thinly  of  this  point  of'vie\v?  What  princij^^e 
treated  in  this'chaptcr  is  most  cloSbly  related  to  your  view? 

0.  Cite  an  example  from  earlier- chapters  of  this  book  of ;;how' math^i^. 
rnatics  may  be  taught  developmentii,J|<^.  Avoid  illustrations  already 
used  in  this  chapter.  '       "  i.      •  .  .         , ' 
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Btbliogrtaphj 

1 .  4liLGAHi),  EuNEST  R.  Theofics  of  Learning,  Seconc^ edition,'  Appleton- 

Century-Crofts,  Inc.,  New  York,  1956.      ^  : 
This  is  an  extensive  survey,  comparison,,  and  evaluation  of  modern 
learning  theories,  without  particular  r^ference^to  the  teaching  of 
mathematics.       •  ^"^  >  ^ 

2.  McCoNNELL,  T.  R.  "Recent  Trends  in  Learning  Theory,"  Arithmetic 
A  in  General  Education,  16tK  Yearbook,  National  Council  of  Teachers 

of  Mathematics,  Washington,  D.C.,  1941. 

3.  Fehr,  H.  F.,  e'dtitOT.' The  Learning  .pf  Mathematics.  Its  Theory  and 

Practice,  21st  yearbook.  National  Council  of  Teachers  of  Ma  the 
■  matics,  Washington,  J).C.,  1953.  " 

In  addition  to  the  first  chapter,  which  attempts  to  relate  lea 
theories -to  ikhe  teaching  of  mathematics,  there  are  chapters  on 
'tivation,  formation  of  concepts,  sensory  learning,  language^  dri: 
'     transfer  of  training,  problem  solving,  individual  differences,  and^ 
planning  of  instruction.      *  .  , 

The  books  by  Hadamard,  Poly-a,  and  Wertheimer  cited  in  the  pre- 
ceding bibhography  for  Mathematical  Modes  of  Thought  would  also  be 
appropriate  and  interesting  reading  for  persons  interested  in  .  the  rela- 
tionsfiips  between  the  psycholcrgy  ofelearning  and  th^  teaching  of  mathe- 
matics. .  ■   ■  ^  .     >  ■    .    ,  ■ 

^.  { 

:  '.  s  ^-  ,    •  ■      ■.    '  .      ■  , 
WHAT  NEXT?    /  /  ^ 

After  studying  the  unifying  concepts  in  this  yearbook,  one  iSay  wish 
not  only  to  learn  more  about  these  modern  ideas  but  also'  to  'implement 
them.  .        '  'f-V 

The  mathematics  teacher,  head  of  the  departl^ficnt,  supervisor,  cur- 
riculum chairman,  principal,  or  geheral  educator  may, Salt,  /^hat  cfin  , 
I  do  to  Kelp  others  carry  out  the  theme  of  this  yearbook^'  To  assist' 
teachers  in  finding  answers  to  this  and  similar  questions,  iJ^he'|^!Lirpbse  , 
of  this  section  of  the  chapter.  Although  the  suggestions^r^^iviS^"^^!^^ 
several  categories,  it  is  not  implied  that  thq^t-categotl^s^V^^^^ 
nor  mutually  exclusive.  It  may  bel  that  ^mdu^^he  sug^esi^QnS^rideir 
What  i^he  Individual  Teacher  Can  Do  are  ajB^^^         f or  bther  persoFis"» 
interested  in  improving  mathematics  teac|ijm|gl^9r^  tfi^iuggestions 
will  stimulate  other  ideas  especially  appff^^gi'^o  your  s^cific  school 
mtuations.  It  is  to  this  end  the  suggestions given.    '  '  • 
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* .    What  the  Irifimdual  Teacher  Can  Do         '  \ 

.   •      Iriyestigatie  -in  the  library  some  of  the  references  mentioned;  in  the 

■  bibliographicis.  Follbwing  thie  list  of  questions  on  each  chapter  are  ^listed- 
''ref^encea;  especially  pertinent,  tp  the  subject  of  that  chapter."  Each 

V 'referehce^i6  diescribed  .b  reader  can  tell  quickly 'which 

/  y  Wiir-be^'^seiful  -for^a  pariiculaf  purpose.  Many  of  the  books  have  very 
■.  ^  recent \popyjigh^s  and' it  may  be  necessary  to- request  the  librarian  to 
'■}  buy  them^  .H  your  Utrary.  does  not  have  a  certain  book,  there,  is  the 
.  '  <jpo^ibil4ty,6f  securing  i|i  on  interUbrary  loan.  Aiso,  your  state  Hbrary 
'\    m^}Chflyeit;.;   '  '-/^         v;'/ '  '  ^  ^  .' ■  ' ■ 

.  Mk  ^oux  schpol  prhaciiml/to  buy  ^  of  the  books  from.jthe. 

^  •  .ibil)HofeiiEipbie^:..(of  ch^ptei;s  which  apply , 'particularly  well  to  .ybur  work. 

?rj|i9ijki8  are  taking^^'u.  special  ^inte  'm  'keeping  the  mathematics 
\  ' .  curpiculuriis  ^yp  tb'*date,j'  wit^  emphasis  on:  science  and 

^^math§r^aticsJor  tHis.teQhRold^^^  the  imminent  cJiangeB  in 

t^^.C^fUege  E^{^ance^Eacartlina^^^  urgent  to  .keep  the'curricu- 

.  Jui&:ig' Une  with  ;  . 

/Sectire  ,a^easfi  :one^  good -mat^^^ 
■^f  i^pi?i  >  th^/ecoinmended  •  lii^t s  ■  a nd  -  study .  it .  thprpaghly >  Sin ce  it  is '  your 
^yn',vyou  can  nhake  iiia,ny:m^  do  as  much  coniputation 

m^tfte  maf gin- ahd'^as;  n>uGh  ■  .yoii  .  please..  Tli^  advice  of 

i^'^pbocles  (450.Rp,y;is'^^^^^  leara^by  doing;  the  ■ 

^  -  tWng^else  JhowSvili.^y^  iS;<iuite'  a  vairiety: ; 

.  -  of  books  listed -in ;;the.;biM^  booksVgivie^a  popular- 

■  jgtjtle  treatment  tc^;  subjects  ili^  be  leiss  interesting. 
.Get  c<he  good 4ieW-  tcxiboptoirf  the  nbis^t'higherlevel  thaijj  the  one  you 

.  ;  :  npj^ch,  andsStiidy  it  carefuU       that  you  can  prepare  yoqr^pupils  Ifi^ter 
^   for  that  lev-el. airfd  sp-that  the;  growth -of  mathema-Ut^^^  concepts  conlBues 
'  ..'."beyond  pupils' .  high  .  school  AVbrk.  ^-y^^^  giving  the  students  "a 

V    glimpse  beyond  the  subj  ects ' tbcy  are  studying  whiets  their  appetites  or 
■ :  's'timulates.  their  curiosity.  ;gu^  beyond  the  subject  at  hand 

:  •  '.•Lpreyeht  statemieii.ts  such,  as  one  student  was  heard  to  make  when,  at  : 
thc;jefiid  of  a  year's  study  of  geofnett^^  he.  said,      fiStished.gqometij^'  ' 

Sxamine.  culr^at  popular  magazines  for  articles  on  mathemamr. 
!^Iag^)^^nes  such  as  jSczcnii/?c  American  and  Fortune  often  contain  articles, 
of  interest  to  the  teiKiher  of.  mathematics.  '  , 

On^(ig^  441  to.  401.  will  be  found. questions  on  each,  chapter  which^ 
can  be  used  in  various  wia,ys.  They  might  serve  as  self-tests  ^hich  the  ' 
reader  could  use..  , to  .s^^  whether  he .  had  mastered  the  ideas  of  the 
chapter.  Many'of  thd  questions  can  be  Used  for  discussion  with  students 
to  help  them jappj;^iate  the  fact  that  certain  concepts  appear4hroughou.t 
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■      •  ■■  ••"•^y^^'^^s  v.v'^^^^^^^  ' ' .  '■■        '     '.'  •••"'if*'".-- '•. 

\  mathematics v-at^^^  ^ncil|vdj^lop. .  in  ■  .eacK  niatl^^^tical  , isubject  .  ; 

'■studiedHy\;  -V^;;;--:.^^^^^  ^  ■  .'•  ■     V  '.' ■  :  ■  ■ 

4  Rc6<)ihrhe  a  coniinittee  be  appointed' to 

study  rheanb-of  pa||£^i^  developed  in  the  yearbook- 

/  .  .  Perhaps  yqii  Ju-e  theypri^^       itiyyciuij' school  who  has/read  the  yearbook.  .  : 

Let  others '-kiiow  ixh6^i^^^^^0  l]ikv^^{^  work  can  be  4one.  '  .  . 

■y  :  In  your  cla^rpo^n,  :pfc^^  illustrate  the  gl-o^yth  ' : 

•  'of.  an  idea^^uqT^:i^  i|urnber,  starting  with  counting  nuiti- 

■  /bers  and  gojjig  9;n  feii^^^^  of  numbers  used  both  before  and 

beyond  the  l6M0l^^itii^^  a  display  could- help  pupils  appreciate 

\^ihe^;c.o^tinu^(j^^i^  ol^'alhematics  and.  could  ,  prepare  tjheiri.  bet^s^ 
r^*;^  their,  n  on  the  subject  of  symbolism  could  . 

."  ill^lj^tratcvti^^  sophistication  in  symtols  so'that -the 

..  fir^jb;'€;Ieme;ntai^^teg'^  will  be  possible  by  grade  twelve. 

;  .  T^^^^^  written  by  Lawrence  Ringenberg,  and 

■ /VpiubU|ii^^^  ^-aiior^l  Council  of  Teachers  of  Mathematics,  givos  ■ 

'  5?^de;.ils  a  splen^jd^^^^idea  of  the  growth  of  a  single  concept  such  as  the 
;}'<^weip^'^^ 

which  you  think  your  pupils  should  know 
courses  that  you  are  teaching,  and  include 
^' test  i^^S^H  thc%o  Concepts  to  see  whether  puplis  are  comprehending 
.■;>them.'i;|^^Vi,s^^.^^^^  any  discussions  of, the  new 

ijieas;  merelj^,:as|:jy»g  pupils  if  they  understand  is  not  enough.  Some  of 
^5v.#Si*r^M^^^^  on  pages  44rto  401  should  be  useful. 

t^t%-^^tk)ll^^^  course  that  implements  some  of  the  new  idea6  in 

mathematics;; AI^  mathematics  has  been  developed  since  the  turn 

iV,'?^{.t\ie  cenji^^  especially  in  the  last  two  decades.  And  the  technology 
;|S;;(>f:''^^^^^^  requires  additional  kinds  and  qilantities  of  mathe- 

matics thi{t?.'\^^erc  not  r«quired  a.  few  decades  ago.  For  instance,  a  knowl- 
ej][ge  of^th§ 'binary  number  system  is  essential  to  work  with  modern 
electrofifle.  c'omputiition,  and  yet  was  rarely  taught  until  rather  recently, 
."^"if  n^(^tcO'urses  are  being  ofTered,  ask  for  them  and  help  create  a  demand, 
^lany:  iii-seryice  cla&ses  are  being  olTered,  and  many  are  sponsored  and 
financed  by  the  Natib^al  Science  Foundation.  If  such  courses  are  not^ 
^ofTe'rcd  in  your  area,  incjulre  about  how  they  cr^be  set  up.. 

^Btudy  materials  that  are  put  out  By  the  Ntuional  Council  of  Teachers 
'  of  .Mathematics  and  by  natiofpal  commissions  ^yhich  might  supplement 
the  ideas  presented  in  this  yearbook.  The  Nat^ional  Council  of.  Teachers 
^  i)f  Mathematics  regularly  puts  out  a  Publications  List  which  contains 
;  excellent  helps  for  teaching.  The  Commission  on  Mathematics  of  the 
College  Entrance  Examination  Board  is  making  available  the  results  of 
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its  work  in  preparation  for  revision  of  the  College  Entrance  ExaminT^ 
tioits.  The  recent  report  of  the  Mathematical  Association  of  j^erica's 
CUP— Committee  on  th«  Undergraduate  Program — maki;^|raluable 

•  recommendations  to  schoofe  along  the  lines  of  the  content  c^ffik  year- 
book". ^  V 

Write  to  the  College 'Entrance  Examination  Boarcl/ and  ask  to  08^ 
placed  on  their  mailing,  list  in  order  to  keep  informed  of  changes  and 
proposed  changes  in  the  College. Entrance  Examinations.  Use  sample 
jiuestions  in  their  publications  as  guides  for  further  study  of  topics  which 
appear  to  be  important.  The  address  is:  425  West  117, th  Street,"  New 
York  27,  New  York. 

Contact  the  colleges  which  .your  students  will  attend'  to  learn  what  is 
expected  of  students  in  the  new  freshman  courses  so  that  illustrations 
mary  be  given  to  students  of  the  ^extension  of  the  same  principles  of. 
mathematics  studied  ia  the  secondary  school.  Then  the  students  will  be 
better  prepared  for  the  new  programs  in  modern  mathematics  which 
are  being  offered  in  many  colleges.. 

Get.  books  and  laboratory  manuals 'from  technical,  vocational,  and 
other  training  schools  that  your  students  may  attend,  so  that  samples  ' 
of  the  mathematics  work  may  be  presented  which  illustrate  the  use  of 
the  same  concepts  and  principles  which  have  been  developed  in  the 
present  mathematics  classes.  Usually  .the  , new  j)robl6ms  contaii|{  the 
same  mathematics  although  in  different  context.  Help  pupils  to  make 
generalizations  and  state  general  principles  so  that  they  see  that 
mathematical  doncepts  remain  th6  same  but  are  merely  used  in\new 

•  kinds  of  applications.  '  . 

Read  one  of  the  new  books  for  college  freshmen  which  emphasizes 
and  extends  the  unifying  concepts  as  developed  in  this  yearboftk.  With 
the  changing  types  of  mathematics  being  used  in  this  nuclear  age  have 
com^e'  some  radical  changes  in  books  which  mariy  colleges  are  using. 
Reading  one  such  book  will  sugge;st  ways  in  which  the  new  vocabulary 
and  .new  ideas  can  strengthen  and  enrich  the  teaching  of  traditior]^l 
topics  in  secondary  mathematics.  ■ 

Join  another  teacher  or  two  from  your  building  to  study  the  y6arbj)bk 
and  discuss  the  questions  on  each  chapter  together.  At  the  end^of  the 
section  on  questions,  you  will  find  references  conta^iiag  ans\vWs  and# 
hints  toward  their  solution.    '  ^  *  ^ 

Invite  teachers  in  your  building  to  meet,  and  to^iscuss  how  the  iinify-  * 
ing  concepts  can  'be  brought  ijito  the  class  work  to  supplemem^the 
regular  textbooks.  In  a  particular  schooj,  teachers  of  elemefftary  alpbra, 
for  instance,  could  get  together  to  discuss  ways  of  clarifying  defin^ious, 
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improving  vocabulary,  and , developing  the  unifying  concepts  in  all  of 
the  classes  in  elementary  algebra. 
.;■  Confer  with  your  colleagues  in  the  previous  and  following  grades  or 
^.subjects  to  insure  the. development  of  unifying  concepts  for  the  pupils. 
t  v&iu^  thc  yearbook  as  a  guide,  teachers  can  compare  notes  on  how  much 
■can. be  done  in  each  grade  or  subject^  developing  and  extending  some 
of  the  fundamental  concepts.  .  ^, 

lAvite  other  mathematics- teachers,  whose  pupils  later  come  to  your 
school,  to  meet  with  teachers  in  your. building.  At  such  a  meeting,  the 
.  opportunitffes  and  respon^iibilities  of  different  school  levels  can  be  dis- 
cussed, r:--  J 

Confer  w;th  science  teachers,  who  teach  your  students,  to  see  how 
your  work  can  complement  theirs  in  developing  the-.iinifyingMdeas  in 
mathematics.  Mathematical  concepts  of  number,  syiribolism,  measure- 
ment; and  approximation  apply  particulaffy,  to  science  courses  in  the 
elen(}entary  and  junior  high  schools  while  the  concepts  developed  in  the 
other  chapters  apply  more  to  lat6r  science  courses. 

Initiate  special  projects  for  gifted  or .  specially  interested  students 
which  might  include  follow-up  of  topics  developed  ip  this  yearbook, 
such  as:  /  .  "  / 

Other  systems  of  numeration  ^thiijii- tlie  :decimal  -system 
-■^  .  Theory  of  sets  -v  .  * 

Statistical  studies 
Symbolic  logic 

Other  geometries  and  algebras  than  the  traditional 
Graphs  of  inequalities 
Graphs  of  unusual  functions  and  relations 
Mathematics  iii  the  sciences,  music,  and  so  on. 
Enqourage  groups  of  talented '  students  to  conduct  experiments  in 
such  areas  as: 

Probability     ^  "  > 

Mathematical  statistics.  '  /^'^ 

Encourage  pupils  who  are  working  on  projects  for  science  fairs  to 
develop  one  of  the  ideas  presented  in  the  yearbook,  such  as  other  numera- 
tion systems  than  the  decimal,  statistical  iij^ference.  Boolean  algebra, 
and  the  like.  .r  ;  ■  ■ 

Prepare  for  pupils  worksheets  and  stilcly  guides  with  modern  references 
.to  supplement  and  go  beyond  the  regular' textbook!  Often  a  student  cart 
be  encouraged  to  make  a  st'iyEsf^3|  some.guidance  in  the  form  of  references, 
outlines,  and  so  on,  are  givto-c)n  worksheets. . 

Examine  the  textbooks  being  used  to  see  if  the  definitions  and  vo- 
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cabulary  are  in  line  with  modern  accepted  practice  as  presented  in  the 
yearbook.  Discuss  with  the  students  the  ideas  that  need  modification. 

Keep*  a  shelf  of  books  on  mathematical  subjects  beyond  the  work  of 
your  particular  grade,  including  one  or  more  referred  to  in  the  yearbook 
bibliographies  to  stimulate  the  pupils  who  can. go  ahead  on  individual, 
study.  Student's  who  have  intellectual  curiosity  are  often,  interested  in 
going  ahead  on  their  own,  and  many  in  this  way  prepare  themselves 
better  for  placement  examinations  in  colleges.  . 

Encourage  students  to  subscribe  to  the  Mathhnaiics  Student  Journal 
{ isa  the  magazine  for  reports,  discussions,  and  programs.  • 

Start  :i  mathematics  club  for  ybur  advanced  students  who  are  in- 
terested in  preparing  themselves  better  for  their  college  matherhatics 
work.  This  yearbook  and^  the' pamphlet  Mathematics  Clubs  in  High 
Schools  published  by  the  National  Council  of  Teachers  of  Mathematics 
may  be  helpful  to  the  club  members. 

Encourage  students  to  develop  their  own  mathematics  magazine. 

Secure  speakers  for  your  mathematics  club  or  your  college  preparatory 
groups  who  will:  ►  ■  ,       '  r 

(a)  prcsent**^ne  of  the  modern  points  of  view  in  niathematics 

.  (b)  show  how  'the  general,  unifying  concepts  in  matljematics  are 
used  in  some  phases  of  applied  mathematics. 

Sponsor  an  assembly  program  entitled,  '.*The  New  Look  in  Mathe- 
matics." ' 

Write  up  sorne  phase -of  your  classroom  work  for  The  Mathematics 
Teacher  magazine  or  The  Arithmetic  Teacher ,  and  thus. share  your  ideas 
with  many  other  teachers.^ Also,  the  section,  ''What's  Gpihg  On  In' 
Your  Classroom"  in  The  Mathematics  Teacher  is  an  excellent  place  to 
report  on  projects  which  you  have  worked  out  with  a  class  or  with  a 
group  of  students. 

Help  to  inform  parents  about  what  is  going  oh  in  mathematics. 
Cooperjlte  in  planning  programs  for  organizations  such  as  the  Parent 
TeaeherrAssoeiation  and  the  Homeland  School  Association  to  let  par- 
ents know  how  the  »mathematies  curriculum  is  changing. 

Organize  a  group  or  committee  to  put  on  a  mathematics  program  or  a 
series  of  programs  on  the  local,  educational  television  station"  on  a  sub- 
ject such  as  "Patterns  that  Appear  in  Mathematics'*  *or  "Old  Friends 
in^New  Places"  aiJid  so  on.  There  is  so  much  interest  in  mathematics  on 
",thc  part  of  the  jijejieral  public  that  they  would  welcome  any  mathematics 
programs  which  they  could  understand  easily  arid  \Vhieh  would  bring 
out  some  of  tlie  beauty  and  underlying- principles  in  the  mathematics"* 
that  they  studied.  '       '      .  '  ^ 
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What  the  Chairman  of  a  Departmeflt  of.  Mathematics  or  d  City  Supervisor 
Can  Do  , 

.  No  individual  connected  with  the  matheitiatics  program  of  a  sedond-, 

■  ary  school  or  a  system  of  Schools  is  in  such  a  favorable  position  to  get 
systematic  consideration  of  the'  contents  of  the  twenty-fourth  yearbook 
as  is  the  supervisor  or  the  chairman  of  the  department  of  mrttbematics. 
Certain  specific  steps  are  ^^fe|sted  for  these  individuals  lo  take  in 
order  to  make  sure  that*  te'JSff s  know,  the  contents  ^of  thjs  book  and 
give  full  consideration  to  them.       .  ' 

.  Copies  of  this  yearbook  should  be  provided  for  tfxe  school  or  depart- 
mental libraries:  Many  teachers  will  have  their  own  copies,  but-others 
will  not.  Even  those'  teachers  who  have  personal  copies  will  sometifnes 
wish  to  consult  the  library  copy  during  a  conversation  with  other  teach-  . 
/  crs  or  while  making- preparation  foi;  participation  in  a  group  discussion. 
Also.  it  may  be  desirable  to  refer  students  to  certain  sections  of  this 
yearbook.  Other  "books  relating  to  the  subjects  treated  in  this  volume 
should  also  be  added  to  the  librafy  so  that  they  can  be  consulted,  for 
various  points  of  view  or  for  fuller 'treatment  of  the^unifying  concepts 
presented  in  this  yearbook.  ,The  bibliographies  given  in  tlie  yearbook 
are  suggestive  of  additional  books  for  the  library. 

Many  of  the.  ideas  presented  in  this  yearbook  can  be  clarified  and 
fixed  !iu  mind  by  m^ans  of  multiscnsory  aids,  such  as,  slides,'  motion 
pictures,  charts,  and  models.  Aids  should  be  provided  a nd^in formation  « 
should  be  available  on  sources  of  material.  There  arc  many  slides  and 

■  films  that  :can  be  purchased,  rented,  or  obtained  free  relating  to  our 
system  of  numbers  and  its  applications,  but  some  teachers  are  hot 
aware  of  them.  The  chairman  of  the  department  of  city  supervisor  could 
provide  the  teuichers  with  such  information,  especially  that  relating  to 
rtew  Content  in  matfiematies,  J  »  . 

.  '  One  of  the  principal  obligatioW  of  the  supervisor  or  chairrnan  will  l^e 
to  acquaint  himself  thoroughly  with  the  contents  of  this  yearbook  and 

.'ito  evaluate  its  suggje^tions  in  the  light  of  local  needs.'^A  closely  related . 
obligation  is  that  of  providing  oppor^  anities  for  systematic  consideration 
of  the  recommendations,  of  the  book  in  group  meetings,  either  eity-^yid(^ 
or  school  departmental  meetings.  A  teacher  or  a  few  teachers,  could  be 
asked  to  outline  the  contents  of.  ,  one  or  more  chapters  and  present 
these  to  teachers  who  could  then  take  part  in  a  general  discussion, 
criticizing  the  conclusions  of  authors,  relating  local  experiences  ^to  the 
geueral  statements,  and  laying  plans  for  incorporation  of  suitable  fea- 
tures into  local  practice. 

At  departmental  meetings  it  might  be  well  t^y  take  up  the  appropriate 
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lists  of  questions  based  upon  the  chapters  under  consideration^*  read 
these  one  by  one,  and  call  on  teachers'to  give  prepared  ariswers  and  make 
comments.  It  would  be  a  mistake  td* assume  that. one  discussion  of  this. 
<type -would  be  sufficient  'to  insure -proper  adjustment  to  the  program  of 
modification  suggested  in  the  yearbook.  There  should  be  a  number,  of 
such  discussions,  not  only  to  e?^tend  knowledge.to  other  chapters 'of  the 
book,  but  also  to  interpret  local  experience  and  Smooth  the  way  for  / 
jnore  satisfactory  adjustments.  /  '  .  .  : 

One  of  the  responsibilities  of  the  supervisor  ^nd' chairman  in  this,- as 
in  all  othfer  curriculum  and  teaching  readjustments,  is  to  4ceep  theosuper- 
intendent  and  principals  informed  about  what  is  being  done  and  to  try 

■  to  get  sympathetic  cooperation  in  the  program.  Some  of  this  informa- 
tion can  be  transmitted  by  means  of  bulletins,  but  much  of  it  can  come 
only  as  the  result  of  personal  over-the-desk  discussions  at  which  the 
administrator  is  given  opportunity  to  raise' questions  and  make  com- 
ments. .  ' 

The  supervisor  and  chairman  of  the  department  may  find  ft  helpful 
to  talk  with  teachers  individually  as  well  as  in  groups,  to  observe  their 
teaching,  and  provide  individual  help  as  they  adopt 'certain  ideas  from 

.  the  yearbook.  \       \^ ; 

-   It  will  be  well  to  arrange  for  demonstration  lessons  to  be  taught  by  ^ 
selected  teachers  as  the-basis  for  discussions  and  as  the  m'eans  of  making 
clear  .to  some  tochers  just  how  the  new  concepts  are  to  be.  put  into  class-, 
room  practice,  .  . 

Upon:  the  chairman  of  the  department  and  city  supervisor  will  fall, 
in  lar^e  measure,  the  responsibility  for  leadership  in.  experimental  re- 
search at  the  local  schod  Jevel.  the  desirable  methods  for  teaching  the 
modern  unifying  concepts  have  not  been  determined.  They  will  be  dis- 

.  covered  and  developed,  as  the  result  of  team  etfort  and  wise  leadership. 

*^  .  ■  ■  ■  "  /  ■'<''  J  •  . 

What  the  Chairman  ando  Members  of  the  Curriculum  Committee  Can  Do 

A  recent  natiotrill  survey  indicated  that  one  ^ird  of  the  secondary 
schools  expected  to  make  some  curriculum  re|^ia*on  in  mfathematics. 
This  implies  that  iryiny  local , curriculum  comm.ittees  will  be  formed.  A* 
curriculum  coitimittee^may  study  recent  teaching  guides  and  courses  of 
study  developed '.by  bther  $c]liools;  howeve^,this  pfocedure  alone*  will 
lead  to  a  status,  pip  curriculum  for  the  natiormAdvances  will  be  made  by  ' 
ijreativeriess  of  the  curriculum^'orkers  and  other  frontier  thinkers  jri 
mathematics  education:  TKis  i;5l!arbAok  m^y  be  helpful -to  curricuMm 
committ(Jfes  in'the  task  of  idoififyiri^^^^  ideas  anH  efTectivo  ' 

methods  of  pi'esenting  tlf^..  /H  \  . 

■.  -   ?>■•      ■  .       .  V. 
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Although  the  chaimiaii  and  members  of  each  cutriculum  conmiittee 
:  will  find  many  ways  in  which  the  yearbook  can  contribute  to  successful 
completion  of  their  task,  a  few 'suggestions  are  listed  below: 

Use  the  yearbook  to  identify  the  important  unifying  concepts  that, 
should  be  emphasized  in  ^e  local  school  curriculuni.  Each  member  can 
carefully  study  one  or  ni ore  chapters  and  report  to  the  curriculum 
committee.  .  .  *  .  . 

Study  the  flow  chart  to  see  ^ow  the  concepts,  appear  at  the  different 
grade  levels.  The  concepts  develop/throughout  the  educatioiiai  experi- 
ence of  the  pupil;  t&ey  may  not  be:t:ohfined  *to  the  time  the  pupil  is  in 
grade.s  1  to  12  ^r  the  time  ha- is  iirschool.  -  ^ 

Encourage/wide  representation  of  grade  levels  on  the  comniittee.  \Vide 
-.representation  v/ill  help  to  insure  that  certain  rpodern  unifyirig  concepts 
are  not  omitted  from  a  specific  grade  level,  but  they  will  be'ext-ended  as 
the  jpupil  studies  mord  mathematics.  .  • 
-  Compare  the  modern  unifying  concepts  iirthe*^yearbook  with  those  in 
the  local  sehool  guides  and  textbooks.^An  exanriination  of  the  teaching 
guides  and  the  textbooks  nmy  reveal  discontinuity  in  the  developxnenr 
'  of  (he  basic  concepts.  This  discontinuity  shoiild  be  corrected. 

Compare  the  methods  suggested  in  the  local  teaching  guides  and  tbxtr 
books  with  the  methods  suggested  By  the  modern  theories  of  learning  in 
Chapter  10.  Point  out  to  the  teachers  certain  content  and  methods  iS  the 
yearbook  that  need  greater  emphasis  in -the  local  curriculum. 

Suggest  to  the  administration  that  study  groups  for  teachers  be  Set  up 
on  specific  phases  of  the, yearbook.  ^  ■  , 

%      Request  the  administration' to  secure,  consultants  fpr  the  purpose  of 
^  provfding  additional^  assistance  in;  identifying  an^  implerfienting  other 
unifying  concepts.  These  consultants  may  be  aj^ailable  from  convenient- 
colleges  or  uniyersities  or  a  neighboring  school  for  periodic  conferences. 

Usa  the  questions  on  the  self-test  as  a  basis  for  discussion  when  new 
topics  are  introduced  into  the  mathematics  courses!,' 

What  the  l!Jlcm(mtary  School  Supervisor  Can  Do  '        '  -^z 

"  Many  of  the. activities  that  have  been  mentioned,  Wliich  secondary" 
--J^chobl  supervisors  mn  dp  (pages  Aiu  to  4()S)',  apply  also  to  elementary 
■  schoot  ^vork^^jjowever,  there  are  special  contributions '^vhich  the  ele- 
mentary school  supervisor  can  make.  For  instance,  many  p'eople  think  of 
jthe  responsibility  of  the  elemfentary  schools  in  arithmetio.as  the  teadiing^ 
of  the  fQur  fundamental  operations  of  computa,tion  with  whole  numbers, 
and  common  apd  decimal  fractions.  An  examination  of  the  flow  chart 
wjii 'show,  however,  that  the -iunifying.  basi(!f  concepts,  of  mathematics 
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have  their  roots  and  foundation  "in;  the  early  elementary  school  grades. 
.  Thu&;jit  becomes  increasingly  important  that  elementary  school  teachers 
become  aware  of  the  nature  of  this  fpimdation  and  the  iii^rtance  of  ' 
laying'it  correctly.  ^  , 
•    The  elemental^  school  supervisor  then,  has  the  responsibijity  af  (1) 
helping  teachere-tq  become  awjtre  of  the  ftindamental,  unifying  condepts 
/of .  afithmetic  and  (2)  helping  them  find'.the  best  ways  of  deyelopjng  . 
'an  understanding'of  them  in.pupils.  .     ^  '    ■  '\  ^  *'  - 

Following  aj-e  some  suggestions  fbr  elementary  school  supervisors  of 
ways  of  imprementing  the. ideas  of  the  yearbook:     '  ^  , 

Arrange  ior  a  conti^tteg  of  elementaiy  school  tetvchers  to  examine  the 
course,  of;  stiudy  lA.  ^thmetic'lp  secPif  it  includes  fundariientaf,  unifying 
concepts  as  3ivpl6pied  in  the  yearbook,  and  if  their  growth,  from  gra'de 
•to  grade  is  made  clear.  ,    ■  " .  \ 

.Make  the  yearbobk'.available^to  teachers  either  through  a  professional 
.library  in  a  centml  'location^Tr  in^indiviaual  buildings.  If  it  can  be  ob-  . 
tained  easily,  teachers  are  more%keiy  to,use  it.  -  .   *  . 

Make  available',  in  a  . central  office  or  in  a  traveling  lilD]rary,  books  and' 
supplementary-materials  which. can  be  used'by  teachers  and  pupils  to  " 
'learn  more  aboilt  the  growth  of  aritlirhetic  and  its  essential  continuity.  . 
Mat(^rialsTnight  include  sucH  a  reference      The\PortraiCoJ2  ffom^the;^ 
/National  Cqoincn  of  Teachers  of  Mathematics..         '  . 

TCncourage  small  groups  of  elementary -^cHool  teachersln.  a  school  or  [■ 
a  small  area  to  meet-ahil  discuss  how  thi^P.  unifying  concepts  caij  best  be 
developed  in  their  particu^aV  grades.  *  ' 

.  ^  Use  the  yearbook  in  conferences  with  n^w  teachers  to  show^  how  the 
arithmetic  work  of  their  particular  grade  or  grades  fits  into  the  general 
pattern  of-grdwth  of  iconcepts  in  rfiathematics.,  .  . 

Arrange  for  Study- gtoups  to  explore  together  such  subjects  as  number  ' 
'or  m"fea8urement  in,ordec  t(f  enrich  teaching.  The  bibliographies- in  the' 
yearbook  will  give  helpfujvreferences  for  sucH  study*   /  ^. 

If  there  is  a^^jj^eulum  library,  Arrange  to. have  the  yearbook  "added  * 
tb.it.  -.  ..     V  '  Ait'-'W^  ■        '  \    '  '/ 

DevcjftQ  some  tjiTO^^IrpfessiQ^^^^  meetings  to  a  stud^  of  the  yearbook. 
In  this  way  all  tca3|ers  will  Icar^'abput  the  book;  they  wiH  get  k  clearer 
idea  of  h(>\r  tKe  ari%jrietic  of^e  particular  grade  they,  are  teaching  fits 
into  the  total  mathematics  picture,  .and  some  tc^ichers  will  thus  be 
stimulated  to  study  on  their  own.  '  .      '*    '  '  '         ;  -  '  j 

.- ^  Assist  "elementary  school  teachers  in  t)iQ  underitanding  of  un5fying' * 
rconcepts'of  mathematics  by  arranging  for  consultants  who  will  develop 
with  teachers  sbme  of  the  ideas  presented  in  the  yearf/dok.  . "  j  ' 


Keep  princitMils  and  other  adminfctratort  informed  of  publications' 
stich.  as  this  yearbook  so  that  they /Can  keep  abreast  of  the  "trend  of 
events  ii^  the  teaching  of  mathematics  and  also  keep  the  teachers  in- 
formed of*  such  trends.  \ 

In  meetings  with  parents,  ac(iuaint  them  with  the  emerging  coptent 
elementary  mathematics  and  the  new  emphasis  on  certain  phases  Of  • 
'  njathemhtical  laws  and  structureu 

What  the  Generdl  Education  Lecuisr  {Superinfendeni^  Principal,  General 
Supervisor,  and  so  an)  Can  Do  To  Help  Teachers  in  -Understanding  qrfd- 
Teqdiing  Modem  Unified  CorCcepts  in  Maihematicsi 

Many  educators,  although  not  specialists  in  matheipatics,  are  keenly 
interest^iiij^  the  improvement  of  instruction  iri  the  fundamental  concepts 
of  mathen^ics.  It  js  helpful  to  the  school  system  if  superintendents, 
^principals,  and  general  supervisofs  understand  the  ideas  of  modem 
mathematics  in  order  to  encourage  and  support  mathematics  teachers 
in  their  attempts  to  improve  instruction  and  revise  content  material. 

*  \  0f  course,  the  exceptioiml  administrator  who  is  trained  in  modem 
mathematics  can  make  a  unique  .contribution.  However,  there  aremiany 
things  each  administrator  or  supervisor,  irrespective  of  his  mathematics 
training,  can  do  to  help  teachers  in  imderstapfling  and  iieachinig  modem 
unifying  concepts  in  mathematics.  Suggestive  of  the  contributiotis^f  the 
general  jeducatibn  leader  are  the  following: 

Provide  copies  of  this  yearbook  for  the  School  professional  ^library. 
In  sbm6  schools  the  professional  library,  if  any,  consista  of  only  a  fe\<r 

^4>tfi-of-date  edupation  textbooks.  Even  a  library  with  .only  a  few  well- 
chosen  ciirrent  books  inspires  teachers,  to  develop  their  own  specialized 
libraries.  1[  ^  . 

Provide  time  for  the  teachers  to  study  this  yearbook.  A  recent  study 
shoVed  that  some  mathematics  teajbhers  are  regularly  ^heduled  for  a 
period  to  be  used  in  lesson  preparation  or  activities  for  professional 
growth  while  other  teachers  are  assigned  ^JftssfeiB^r  study  halls>  A  definite" 
amount  of  time  in  the  schedule  for  in-service  education  indicates  to  the 
teachefs  that  th^administratioh  feels  educational  advancement  is  im- 
portant. A-  systematic  study  of  the  yearbook  wo'iild  be  a  desirable  part 
of  the  in-service  program.  ^  ^ 

Provide  a  place  at  the  school  for  tfeachers, to  study  and  to  hold  small 

"  conferences  on  the  topics  of  the  yearbook.  Ii^  some  schools  a  teachers' 
conference  room  had  proved  to  be  valuable  in  providing  a  place  where 
•  teachers'with  free  periods  may  «tudy  and  plan  ways  of  improving  mathe- 
matics instruction. 

,  '•./»■■■  *   ■  • 


Encourage  teachers  to  attend  summer  institutes  and  workshops 
unifying  concepts  are  studied  and' are  further  developed.  "JThe  Natiolial 
Science  Foundation,  stfite  departments  of  education,,  industry,  and 
universities  have  sponsored  institutes  and  workshops  where  teachers 
have  developed  units  on  modem  mafheigatics  and  studied  mor(B;^ective 
Avays  of  presfenting  diflScuIt  mathematics  concepts.  It  would  appear  that 
in  the  future,  the  number  of  such  institutes  may  be  increased.  Since  this 
type  of  (education  does  not  necessarily  meeH  |he  requirements  for  a  gr^du- 
^  ate  degriee,  colle^ate  credit  is  not  always  given.  Recognition  of  at- 
tendance at  ^summer  institutes  by  increased  salary  .increments  would 
enqourage  teachers  to  sacrifice?  for  continual  MM)rovement. 

Assxune .  mcreased  responsibility  for  guiomg  the  teachers  in  their 
appraisal  of^the  mathematics  program  in  light  of  the  unifying  modem 
concepts.  Mathematics  has  been  developing  rapidly  and  at  the  same 
time  teaching  loads  have  increased.  These  conditions  have  made  it  diffi- 
icult  for  aj^^  teacher  to  keep  up  to  date  and  also  evaluate  her  iiastmction  ip 
teaching  modern  mathematics.  Active  cooperation  of  the  administration 
in  developing-^  mathemjiAics  appraisal  program,  t^nd  wkys  of  providitfg, 
more  effective  instmctiMi  in  tjie  unifying  concepts  stressed  in  the  year- 
book would  be  most  Stinmlating  to  Che  teachers. 
N  Assume  the'  leadership  ^li  starting  a  study  of  the  local  malhematics 
curriculum  in  light  of  t^  unifying  modern  concepts  in  the  yearbook. 
The  high  school  mathematics  may  have  been  taught  without  change  fot 
several  years.  A  critical -study  of  the  content  should  be  made  to  see- 
whether  modem  developments  are  Reflected.  Perhaps  the  algebra  con- 
tains an  excess/of  exercises  on  complicated  factoring 'and  l^tle  on  in- 
equalities, or  t^e  stmcture  may  be  hidden  in  obsolete  consunjer  prob- " 
lems.  In  £fny  case,  the  leadership'^ of  the  principal  in  studying  the  content 
of  the  mathematics  courses  would  be  encouraging  to  busy  teachers.  , 

Provide  mathematics  consultantis  to.  assist  teachers  iij  modernizing' 
th^r  courses.- Many  colleges  have  icoptipet^t  persons  available  for  this 
ser\ice.*In  some  cases  it  may  be  nepesssLry-mr  the  local  school  to  provide 
travel  exp(Jnse3  for  college  consultants  to  meet  with  the  mathematics 
staff  on  thg  revision  and  evaluation  of  the  local  mathematics  <50urses, 
The>Wgh  school  administrator  has  the  opportunity  to  point  out  the 
possibilities  of  consultant  service  and  assume  the  lead  in  securing  assist- 
ance as  it  is  noeded.  Some. state  departments  of  education  have  special-, 
ists  in  this  area  or  ^they  will  seCufe  temporary  consultants  for  local 
.bools.  Although  at^  present  only  a  feW^^tes  have':  full-time  mathe- 
latics  consultafitsf  others  are  planning  to*  add  such,  staff  members.  No 
oubt  if  the  demand  were  there,  the  personnel  would  bp  added. 
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'  ,  •  Appoint  a  committee  of  teachers  to  examine  certain  chaptess  in  the 
yearbook  and  report  their  findings  at  a  stj^'^eeting.  Perhaps  the 
rtfniphafiis  should  be  on  the  unifying  concepm^  common  concern  to 
Jeachers  of  other  subjects.  For  example,  cemii  principles  of  statistics 
are  important  ifx  economics,  science,  and  <?&mmerce  as  wei^  as  in  mathe- 
matics. -        »<5  : 

Set  up  a  curriculum  textbook  library^  Recent  mathematics  teaching, 
guides  and  courses  of  study  are  valuable  to  teachers  as  a  source  of  new 
ideas..  New  .  textbooks  are  righ  sources  of  both  modern  content  land  of 
new  methods  of  teaching  modem  mathematics.  \ 

Relieve  the  mathematics  teacher  of  routine  nonprofessional  duties. 
Perhaps  a  study  of  the  teadlier's  nonprofessional  duties  will  reveal  a 
large  a)ercpntage  of  the  teacher's  time  devoted  to  nonteaching  duties. 
Thesaduties  riiay  be  performq^  ):)y  less  competent  persons  at  a  financial 
saving  to  the  school  and  theJ^cher's  tirae  d^oted  to  a  «tudy  of  the 
unifying  concep^of  moderrtrng^-hematics  and  new  wajrS  of  teaching 
.them.  "  .        '  *     ?  • 

What  the  CoUe^e  Teacher  Qan  -Do  in  Courses  in  Mathematics  Education 

.  and  Content  \  \  * 

It  is  not  the  purpose  of  this  section  to  provide  a' detailed  program  of 

t  preservice  and  in-service  mathematics  anjj 'mathematics  *education  for 
teachers.  It  is  intended,  however,  to^dggest  ways  by  which  the  pre- 
service and  in-servioe  programs  duriilg  the  entire  preparation  of  mathe- 
matics teachers  for  elementary  and  secondary  schools  can  be.  improved 
by  careful  stqdy  iind  appi^opriate  application  of  the  ideas  presented  in , 
the  various  chapters.  »  - 
.p  If  the  suggeistions,  when  impl^i^nted,  serve  to  stimulate  in-service 
and  prC^gpective  teachers  (I)  to  become  acquainted  with  the  content  of 
thlS>J^rboQWand  (2)  to  think  thrlmgh  and  develop  ways, (at)  to  guide 

:  their  pupils  in  discovering  some  ,otHhe  basic  and ^^gtowing  concepts  of 
mathematics,  (b)  to  formulate  and  .express  >^them  cbrrytly,  and  (c)  to 
•know  how,  why,  when,  an(^^'here  to  apply  the  principles  and  proces^ 

'  of  a  mathematical  system  to  an  ever-^kiening^j^ge  of  problem  situa- 
tions, thep,  sm-ely,  the  yearbook  will  ham 

Two  A^pecla  of  Preservice  and  I;i-SeWi^e^ Preparation.  Tte 
preparation  of  teachers  of  mathematics,  on  both  the  ^leihentary  and 
secondary  levels,  with  which  the  college  teacher  of  teachers  K^espedaJJ^r 
lAerested,  includes  the  fetudy  of  (1)  mathematics,  (2)  proTesSpnal " 
mathematics  education,  and  (3)  general  cultural  doursea. 
This  yearbook  is  primarily"i«4ig^^ded  to  preitent  some  of  the  major 
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C8  -  reliitiiigi  to 
|**MeaBur^ment 
I,"  "Language 
f  Le^anini^or 


.  unifyiiig  or  continuing  central  cpricepSPS| 
'"Nuriiber  and  Operation,"  /'Relations  and  \ 
andf  Approximation/'  "Probability/'  "Statistp^^^ 
airfSymbohW/'  "Modes  of  Thought/ '  and^Tsyl 

Ahe  Teac^feg  of  Mathematics." .    .  ~ 

The  writers  of  . the  various  chapters  have^^iV^n,  Some  dtfention  to  the 
manner  in  which  the  concepts  and  o^^rationj  ofipiatbematacs  can  be 
made  meaningful  to  pupils  of  differeirtages  and  maturity levels.^^n  thip' 

-  s^se,  the  mathematical  content  is  treated  within-^teedagogical  frame- 
wrk.  However,  the  professional  uses  to  which  thi^J^rbook  can  be  put 
m  preservice  and  in-service  prograbus  may  need'^Ifiher  elaboration. 
The  following  list  of  suggestions  Is  presented  for 

Suggestions..  Ga:ll  to  the  attention  of  students  enroUed  in,  naathe- 
matics  methods  and  njathematics  content  courses  the^v^jibUity  of  this 
yearbook.^  /  .      .   ,  *  '  , 

Use  the  yearbook  as  a  basic  ^textbook  or^-supplementary  reieVence 
book*in  methods.and  professionalized  subject-mfktter  courses.  The  flow 
cjhart,  chapter  questiQn8,*^nd  bibliographies  mkji^ossibly  be  the  basifih 
of  the  course.  i  **   *  • 

Assign  groupi  of  students  to  ref)qrt  on  particylar  sections  of  the 
yearj^ok.  These  groups  could'  make  detailed  studies  according  to^their 
pj-ofessional  needs  and  special  interests* of  various  chapters  involving 
(1)  the  preparation  6f*^a  check-Ust  of  mathematicaMdeaS,  processes, 

♦  terms/^^ymbols,  definitions,  postulates,  and  so  "on;  (!^  suggestions  for^ 
^infroducift^and  enlarging  uj^  basic  ideas,  and  aoplying  thejn  in  teach- 

'  inj^  situations  on  variouis  graae  levels,  grades,  l^o  12  (Effective  use 

'  naight  be  njade  of  the  flov|  chart.); '(3)  the,  planijdng,  and  possibly  the 
writing  of  bysid  units,  of  instruction  which  incorporate  the  'ideas  pre- 
sented in  tlfis  yearfeooit;  and  (4)  rewriting*  icertain  sections  of  traditional 
tejCtbooks  inliik^ohy  with  ne^  mathematical  content  and  method oloar. 

Ilivve  students  w^rk  in  groups,  or  as  individuate,  .in  the  preparation  of 
ap^)fopriate  testquestions.based  on  thechecl^^listdeveloped  ija  (1)  above.^ 
Th,e  caxiSfeimctjon'^  of  "Ihe  test  items  may  serf e  tHte  following  purposes: 
(I)  Give  valuabl^  experience  in  the  art  of  questioning,  (2)  Use  appro- 
priate symlbolism  and  ternunblogy,  (3)  Provide  a  stimulus*foiv  learning " 
the 'subject-matterv content, *and  ,(4)  Provide  experience  in  the  use  ot 

i^^various  test  construction  techniques;  *' 

•  Serve  as  u  . resource  person  or  group  discussion  lea<Ier*or  consultant  on 
programs  built  around  topics  f^resentcd  in  the.  yearbook.  • 

Offer  in-service  courses  and  seminars. , The  ideas  discussed  irl 'this 
yearbook  migfit  be  studied  irf  extension  coiird^s  or,  seminars  meeting  iii 
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the  late  afteraoon  and  evening.  Wellniesigned  professional  courses  or 
iBeminars^  might  be  offered  for  college  credit*  on  the  advanced  ^der- 
?S^duate  or  graduate  lev^L  '  ,        I  -  * 

Offer  a  series  of  lectures  on  the  unifying  modern  conccJpts  in  n\^,lhe-* 
niatics.  These  lectures  could  develop  anjmderstanding  of  the  newer 
ai^pecta  of  matBematiCs/ th6  evolutipnary  grpwth  that  has  occurred 
during  the  last  76  ta  100  years,  and  possibly,  the  effects  of  these  new  . 
creations  on  oiy  preSent-day  living.  Tfie  yearbook  could  be  used  as  a 
rcJeience  for  §uch  leojburea.  ■   '  fjf^-.  , 

Use  thie  yearbook  as.  a  basTs  ^or  j^rogramming  staff  meetings.  The 
'  suggestion  applies     the  instructors  in  mathematics  eduqation  courses,, 
to  insthictpra  of  mathematics  subject  matter,  or  to  combined  groups 
who|e  task  it'is  to  prepare  tochers  of  elementary  and  secondary  school 
matromatics.   *     .  ,  -  '  > 

'UsQ  the  chapter  on  the""Psychology.of  Lea^rning  for  the  Teaching  of 
Mathematics"  with  0)  elementary ^hool  teachers,  of  various  grade 
levels,  (2)  secondary  sphool  teachers*  in  subject-matter  areas,  and  (3) 
lay  groups  within  the  community  Such  as  J^A.  *  ' 

Develij)  pre^service  mathematics  and  jnatheitiatics  education  courses 
for 'teachers  in  which  itfems  such  as  the  following,  are  included;  CD  ' the 
basic  symbolism  and  word-language  Jn  the  yearbook;  (2)  th,e  hisiOTical 
pvoj!litioh  of  the  newer  ideas,  terms,  processes,  and- modes  of  thought, 
(3^  the  \>aB\c  ideas  and  general  unifying  themes  of  mathemafifcSf  (4) 
the  implications  of  each  iinif^Kicconcept  in  providing  for  ^ontinviity,, 
*of  mathematical -experiences  for  chiWren  at  yarious  stages  of  growth  and 
.  devclopitient;  and  (5)  a  battery  of  tests'^  on  modern  m'at)iematical  con-- 
cepts,  foundations,  terms;  processes,  and  types  o/^  reasoning' suitable  *f or 
selfrmeasurement.  »  ,  .  . 

Encourage  teachers  and  students  to  look  for 'articles  ott  ni^w^nifipng 
.  concepts  in  'matheniatics  and  applications  to  varioua-fields;,  ■;  ^ * 

^et  up  a  clearinghouse  on*  tJie  college  or  university  campu^'iA  your 
'  area,  region,  or  state  throu^  which  help  and  assistance  to  touchers  'of 
mathematics  can  be  made  more  readily  aqcesfible.  Teachers  who  urider- 
.  take  a  serious  9tudy  of  this- yearbook  may  at  times  need  some  assistance. 
The  clearinghouse  would  open  up  direct" channels  of  connhunication  be- 
tween college  service  centers  and  teachers  in  service*     ,  f 
^     MakV  arrangen\enta  with  the  college  laborat^  sclrool  or  nearby 
elementary  or  secondary  school  to  do  some  demonstration  teaching  arffl  - 
expemmentatlon.  This  would  provide  an  #p(}Hunity>f or  closer  coopera- 
tio^.  netween.  the  hoWege  mathematics  ;teacher  ands.thd  high  school 
•  teachCT.  A  series  of  demonstration  l^sons  with  new  eubject  matter  and 
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.  new.  methods  could  be  helpful  in'  implementing,  the  ideas  suggested  in 
ttisVearbook.  '  ^ 

What  Can  the  Workshop  or  Institute  Leader  Dot 

%.  Set  up  sections  devoted  to  the  discussion  of  various  phases  of  the 
yearbook.  (1)  Sections  could  be  arrangecf  for  the  study  of  general  impli-  ; 
cations  of  the  yearbook  and  the  effects  it  1^  likely  to  have  on  (ai  general 
curriculum  improvemeiHS,  (b)  content  •selection,  (c)  grade  placemifent,  • 
an^  (d)»  m^thodplogy.  (2)  Sections  could  be  arranged  to  ptovide  for 
intensive  study  of  any  particular  phase  of  the  elemeafftry-  or  secondary 
'  school  program,  or  teacher  training.  Investigations  and  discussibns  could 
.    center  about  some  particular  grade  level  of  elementary  school  arithmetic, ; 

•  or  some,  particular  area  of  secrodaiy  school  subject  matter.  Wr^  up. 
*      suggestions  on  how  an4  when  the  basic  unifjdng  concepts  might  initially^ 

*        appear  in  the  instructional  program,  where  major  emphasis  might  j^e 
given,  and  ho^  recurring  experiences  might  be  vprovided.  for  retention, 

•  eijflargement,  and  refinement  of  the  concjepll^  during  th^entire  mathe- 
matics program  in  grades  K  to  12.  '  '  _^ 

•  » Write  .test  item^  to  measure  the  growth  (from  grade  to  gradeJ^jBpt^ean- 
ing  and  understanding  of  basic  ideas^of  mathematics  Vhioh-  can  be 

'     /  developed  through  implementation  of  the  program,  developed  in  ^e 
paragraph  above.  In  ouT  teaching  one  should  be  mindful  that  the/uZZ  • 
^  \  story  about  anyvof  the  basic  matliematical  ideas  cdSi  never  be  explained 
;at^ny  one  grade  leviel.- Mathematical  ideas  grow  with  the  experience 
and  maturity  of  the  pupils.  Tests  shouldlie  desigfted  to  measure  various 
gradations  of  understanding.  . 
'  Apa)yze  presently  usfed  elementary  and  secondary  school  twctbooks  / 
.  '      ifa  mathiematics  to  see  the  extent  to  which  the  ideas-presented  in  the 
.^eafrbook  appeaf .  Such  analyses  should  be  done  frequently  so/  that 
.'   ^  /teachers  are  awaYe  of  the  trends  in kibject-matter  selection/ grade  plac^^^ 
,  ,  >  ment  of  topics,  metthbds  of  presentation. 
^'   Make-  the  findings  of  pro|pssiona|^^  studieSj^^analyses,  and  investiga-  • 
•ions  available  to  other,  teachera  throughout  the  country  through  ap-  ' 
i  .     prdpriat^iAlications  iVi  professiSlial  magazines. '  -  .  - 

Design  fexperiments  for  claalbs  ifi  various|[  tjrpes  of  schoote-in  new 
subject  matter,  -grade  placement      topics,*  testing  nevfc  methods.  A 

•  group  of  interested  teachers  worjcing  *wilh  consultants  from  neapby 
'   Colleges  0^  (Jesign  such  experiments,  cooperatively,  in  worksho^is. 
(  V  Hjplp  the  teachers  colleges  evaluate  and  improve  the  undergraduate 

,     TiRd^igradilate  education  courses  presently  offered.  The^f^chfer  training 
'  Vvv    prograril  should  not.^^nly  keep  abreast  of  theCchanges  noV  talcing  place 
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'in  the  curriculum  of  the  elementaiy  and  secondary  schools,. but  should  ^  . 
lead  the  way  toward  effecting  im^rbyeinents  in  subject-matter  selection, 
grade, placement  of  content,  applications  of  recent  discoveries  iii  the 
p^ohology  of  learning,  improved  methodology,  testing  and  evaluation 
of  teaching  and  learning,  and  interpreting  pupils'  progress  to  parents', 
and  agencies.  '  . 

Workshops  and  institutes  can  help 'a  great  deal  in  bringing  about 
necessary  reforms  in  teacher  preparation  on  both  graduate  and  under- 
graduate levels. 

H(yw  Prof esavmal  Organizations  Can  Maintain  an  Emphasis  on  Unifying 
Concepts       f  ' 

II  is  unavoidable  and  proper  that  professional  organizations  should 
stress  different  themes  from  "time  to  time.  However,  a  theme  of  such 
great  importance  as  the  unifying  concepts  of  mathematics  ought  not  to  be 
stressed  in  one  year  and  neglected  during'  the  years  that  follow.  Rather 
its, values  should  be  kept  constantly  before  teachers,  those  in  attendance, 
at  meetings,  those  who  read  the  magazines  iand  books,  and  those  who  are 
infiirectlyiinfluenced  by  contacts  with  more  active  and  alert  teachers. 
,  Hbnce  it  seems  obvious  that  the  unifying  concepts  that  are  discussed 
in  thife  volume  should  be  further  and  continuously  .discussed  in  magazine  / 
articles  and  in  professional  meetings  ov^r  a  period  of  yea?s.  One  of  the  , 
most  effective  criteria  for  judging  the  value  of  a  theme  is  the  observance 
of  the  number  of  •times  iji  elicits  articles,  books,  and  public  discussioHS^^ 

Such  org^^nizations  as  The  National  Oouncil  of  Teachers  of  Mathe- 
matics, state  and  local  aflBliated  groups,  regional  and  city  organizations, 
college  and  university  sponsored  conferences,  and  other  prof^ssiorial  br- 
gaiiizations  are  in  positipn  to  maintain  emphasis  on  the  unifying  concepts 
of  mathematics  in  many  ways.  Chairmenltiujsponsors  of  meetings  pfjteft 
take  theifcues  for  topics  t(^J^  discussed  from  reading  books  sucK  as  this 
yearbook,  magazine  articles,  arid  titles  of^papers  that  have  been  pre- 
senteji  at  other  meetings.  Hence,  The  National  Coiincil^of  Teachers  of 
MatheHjatics  ancf  leading,  professional  organizations  can  encourage 
continuing  emphasis  on  unifying  concepts  by  providing  for  papers, 
articles,  and  panel  discussions  on  their  programs.  ^ 

Thrciughout  the  nation  there  are  regional,  city,  county,  and  stat^ 
\or^nizations  that  provide  opportunities  for  teachers  of  mathematics  to 
get  together  for  exchange  of  problems  and  idea^related  to  teaching  and 
brganization  of  subject  matter.  It  is  not  unusual  for  officers  and  program 
,  cl^airmen  of  such  units  to  seek  t^ics  suitable  for  programs.  This  year- 
book provides  many  program  suggestions  for  all  such  gro*ips  with  conse- 
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quent  benefit  to  mathematics  instruction  at  all  levels  and  in  all  p^Euts  of 
the  nation.  • 

Below  ^re  listed  a  few  of  the  many  topics  suitable  for  papers,  panel 
discussions,  and  informal  group  exchange  * 

What  opportimities  are  there  in  high  school  algebra  for  applications  ^ 
of  systematic  proof?      /  '  y 

What  are  the  responsibilities  of  the  teacher  of  high  school  geometry 
for  maintaining  understanding  of  numbers  and  skill  in  their  use?  . 

How  much  statistics  should  the  junior  high  school  mathematics  pro- 
gram contain? 

What  principles  of  psychology  should  guide  the  teacher  of  elemeMary 
•arithmetic?  ^ 

At  what  level  of  mathematicis  instruction  should  principles  of  compuv 
tation  with  approximate  numbers  be  introduced? 

What  sjanbols  should  be  introduced  in  junior  high  school  matheinatics.? 

What  is  the  effect  on understanding^of  intrcSducing  a  large  body' of 
symbols  in  high  school  mathematics?  (^his  question  dan  be  considered 
subject  by  subject  or  in  generaL)      ^  . 

How  should  traditional  geometry  be  changed  to  conform  to  modem 
ideas  about  the  nature  of  proof?^  ' 

How  do  present-day  ideas  rv^^rding  functions  differ  from  those  tra- 
ditionally held? 

What  characteristics  of  the  Mathematical  process  of  proof  can  be 
applied  in  nonmathematical  reasoning,  and  how  can  pupils  be  trained  to* 
apply  them?      .  : 

One  could  extend  this  list  indej&nitely,  and  evidently  any  one  of  the 
questions. could  be  broken  into  supunits.  Assuming  that  any  op^  of  the 
topics  sulgestcd  above  is  to  be  made 'the  basijj.  of  a  group  conSderation, 
how  can  it^best  be  treate4  to  acmeve  aativiB  and  permanent  teacher 
interest?  (Tliere  are  a  number  of  geneml  methods  that  suggest  themselvesr 
A  speaker  can  be  asked  to  organise  Wateria^  and  present  them  in  the 
form  of  a  paper  or  lecture.  A  group'canb^skqd  to  participate  in  a  panel 
discussion  of  tile  topic.  The  topic  can  oeTbrought  before  group,  each 
member  of  which -is  free  to  contribute  his  ideas  and  ask  questions. 
^^*^iat«ver  method  of  treatment  is  adopted,  i£  seems  obvioup  that  one. 
person  must  give  careful  attention  in  advance  to  the  details.  It  is  usually 
no  more  effective  to  hiive  a  discussion  mthout  careful  planning-  than  for 
a  speaker  to  addres^  a  meeting  without!  careful  preparation. 

Below  is  a  brief  extension  of  the  last  :^uestion  listed  above,  with  sug- 
gested ppsffijDilities  for  treatment. 
iWhsa  characteristics  of  the'*  mathematical  process  of  proof  can  .be 
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applied  in  nonmathematical  reasoning/and  how  can  pupila  be  trained  to, 
apply  them?  (1)  Is  geometry  the  only  subject  in  which  there  is  oppor*- 
tunity  for  training  pupils  in  the  processes  of  mathematical  proof?  Where 
in  arithmetic  is  there  opportunity  for  cultivation  of.  ability  to  reason 
logically?  In  algebra?  (2)  Can  mastery  of  the  processes  of  proof  be'bettw?^...^ 
ciiltivated  by  extensive  discussions  concerning  its  nature  or  by  intensive 
practice  in  mathematical  probf?  Is  there  room  for  both  approaches  to  tbe 
.  problem?  Will  some  pupUs  respond  better  to  one  method  than  to  an- 
other? (3)  How  much  time  sTiouId  be  devoted  to  reasoning  ab^yt  the 
operations  of  elementary  arithmetic  in  grades  3  to  6?  In -grades  7  and  8? 
In  the  study  of  algebra?  (4)  How  much  time  should  be  devoted  to  dis- 
*.  cussion  of  our  system  of  numeration  in  the  elementary  school?.  (5)  In 
ninth  year  algebra,  should  an  extensive  dis(fussion  of  the  nature  of  a. 
mathematical  system  and  the  motivation  for  the  definition  of  the  prod- 
.uct  of  signed  numbers  be  given  or  should  the  rule^be  stated  and  used 
without  logical  consideration?  (6)  In  life_  situations  which  method  of 
proof  is  more  commonly  employed,  deductive  or  inductive?  Direct  or 
indirect?  (7)  What  are  the  logical  characteristics  of  indirect  reasoning? 
(8)  How  can  we  test  for  mastery  of  methods  of  reasoning  as  used. in 
^  mathematics?  ^  . 

Just  as  the  list>>f  mgrjor  topics  and  questions  can  be  indefinitely  ex- 
tended, so  this  list  of  questions  on  the 'topic  above  can  be  increased.  No' 
matter  how  far  a  moderator  or  chairman  may  extend  such  a  list  in 
preparation  for  group  discussion,  there  will  always  be  other  questions 
that  will  be  raised  by  members  of.  the  audience  or  panel,  and  sometimes 
•^Mtiese  unprepared  questions  Sre  among  the  most  interesting,  vital,  and" 
searching.  Very  often  the  question  itself  is  of  equaj  valued  with  any 
answer  tkLt  might  be  giv^n  because  the  teachers,  after  the  meeting,  may 
continue  to  study  the  problem  and  attempt  to  findf  answers  in  terms  of 
'  their  own  school  situations,  * 

Maintenance  of  emphasis  on  the  unifying  concepts  can  also  very 
properly  be  a  function  of  government  educational  agencies,  especiaUy 
state  departments  of  education.  Such  ag^encies  are  usually  alert  to  every\ 
proposal  for  the.impcbvem^t  of  education.  Through  their  bulletins  and 
.  courses  of  study  they  reach  ;many  teachers.who  are  not  active  members 
»  of f  voluntary  prof essionalr' organizations.  By  calling  the  attentiorf  of 
teachers  to  the  unifying  concepts  and  recomrtxending  attention  to  them 
in  the  processes  (rf  mathematics  instruction,  great  benefit,  can  be  con- 
ferred on  education.  FurthernW)re',  ttiC  pereonnel  of  these  ager^ies  often 
have  opportunity  to  serve  aa  consultauts  with  local  groups  of  mathe- 
■*cs  teacHers  and  can  take  advantage,  of  such  opportunities  to  keep  ; 
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klive  interest  in  stressmg  cqj^iftmtly  the  concepts  that  serve  to  unify 
mathematics.     .  \  •* 

^  Obviously  titie  answers  to  many  of  the  firoblems  suggest^  by  this 
yearbook  are  yet  to  be  found.  Experii^^t^tion  and  protoacted  study 
are  in  orddr.  These  may  be  done  bj[3^lapher8  it  their  daily  tasks  or  by 
groups  specifically  organized  to  attack  spedfic 'problenis.  Money  may 
be  n^ed  to  piu^e, studies  in  desi§^te4vl^re^.  There  are  foundations 
^  and  subsidies  that  might  well  be  interested  in  sponsoring  group  or- 
individual  research  looking  toward  asoWtiott  or  partial  solution  of  some 
of  the  problems.  Such  a  prc^am  awaj^  an  analysis  of  designated  i»'oblems 
and  proposals  of  solutions  to  be  dq^^m^^  tested  or  systematically 
investigated.'  In  the  meantime  genieii^lAinterest  should  be  maintained  by 
9ieans  of  some  such  program  of  discussion  as  is  here  suggested,  ^ 

f£0W  chart  of  dpIC  MATHEMATICAL  n)£AS 

Many  of  the  basic  mathematical  concepts  in  this  book  are  not  confined 
to  the  classroom  but  occur  throughout  life.  In  some  cases  they  are  first 
met  by  th^  preschool  child  and  then  strengthened  throughput  his  educa- 
Ijional  career.  Some  of  these  ideas,  with  examples  of  how  they  appear  at 
different  educational  levels,  are  listed  below.  Although  the  examples  are 
grouped  under  four  educational  levels^  there  is  no  distinct  line  of  demar- 
cation among  them.  An^  example  given  for  grades  7  to  9  might  be  even 
more  appropriate  for  the  superior  child  in  grade  6^  Also  the  examples  are 
only  illustrative  of  somie  of  the  ways  in  which  th^e  specific  mathematical 
ideas  may  arise.  It  is  assumed  that  the  teacher  will  think  of  maiiy  more 
'  instances  where  each  of  the  concepts  may  be  stressed.  lii  fact,  ampliiSca- 
tioh  of  this  chart  might  be  a  good  teaching  project  fjpr  a  series  of  work- 
ing-di^|mssion  meetings  of  the  mathematics  staff  of  a  school  jsystem.'  It  is 
such;  .spiral  teachipg  that  nurtures  the  full  development  of  the  idea 

within  the.  pupil.  ^  ^  '  . 

.  ■  '    '•         '  ■  ■    *  •  ■'•■,'»■        •  . 

Idea  l*  Neic  numbers  are  inver^ted  by  meh  and  defined  in 
%erms  of  old  numbers  to  do  new  jobs*  Some  of  these  jobs  are  to 
makethf  operations  of  division,  subtraction,  aitd  extraction  of 
roots  always  possible,  to  make  linear  and  quadratic  equations 
always  solvable,  or  to  represent  geometric,  physical,  or  ^other 
quantities,  nuch  as  diagonals  of  squares,  tempert^tures  **^elow 
zero,"  and  losse$*Xsee  Chapter  2),  ^      '    '  *       .  ' 

Grades  K  to  3.  Children  learn  to  use  integers  in  counting  concrete 
objects  and  in  measuring.  Seeing  a  collection 'of  thrpe  balls,  they  not 
only  identify  the  objects  as  balls  but  also  they  Tec6gnx7pihre€ne88. 

Grades  4  to  6«  Children  learn  to  use  a  pair  of  integers  (a  rational 
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number)  to  describe  a  part  of  a  unit.  represents  one  unit, 

^  is  used  to  represent  the  shaded  ix)rtion.  A  pair  of  integers  makes  it 
possible  to  express  the  quotient  of  all  divisioo  problems  as  a  numbier. 
ThurlO 3  =  %and3a?  r^.lOnowhiasasolution.  ^  . 

Grades  7  to  9.  By  using  j8igna  "^-|r''  and  numbers  are  defined 
which  make  subtraction  always  possible.  It  is.  now  possible  to  find 
5  —  8,  and  x  +  8  «  5  is  now  solvable. 

Grades  10  to  12.  The  definition  o{  irrational  mmibers  such  as  \/2f 
makes  it  possible  to  write  the  length  ^f  the  diagonal  of  a  square  whose; 
side  is  1  inch.  To  give  mieaning  to  aU  the  ofperations  with  logarithms, 
trigonometric  functions,  x,  e,  an3)4;^e  solution  of  certain  equations, 
,  transcendental  and  complex  ntunbers  were  invented. 

Idea  2«  Each  time  afnet^o  number  ia  invented  the  rules  of 
operations  toith  it  must  be  defined.  This  is  usually  done^  to 
preserve  the  commutative,  associative,  and  distributive  princi" 
,  pies  of  operation  u)hich  applied  to  the;,  natural  numbers  (see 
Chapter  2). 

Grades  K  to  3.  Children  learn  that  3  +  4  and  4  +  3  give  the  same 
results;  that  (2  +  3)  +  5  is  same  as  2  +  (3  +  5) ;  that  is,  addition  can 
bf  done  in  any  order.  In  multiplication  we  may  interchange  the  multi- 
plied find  the  multiplicand ;  for  example,  3  X  4  =  4  X'  3. 

Grades  4  6.  The  associative  and  distributive  laws  afe  the  essential 
ideas  uponjf  which  are  based  "carrying!*  and  "bon^ofwing^^  in  column  addi- 
tion and  in  subtraction.  The  commutative  law  is  also  used  when  one 
checks  addjtio^  downward  by  adding  upward.  ^ 

ThelSssociative  and  commutative  principles  are  extended  to  fractions. 
The  commutative  principle  Is  used  to  show  that  %  X  3  =  The 
problgpi  can  be  writteft  as3  XH^  H  +  H  +  H  or%t^     ...  .\ 

niiistratioBS  of  the  use  of  thd^  distributive  law  are  in  dealing  \pth 
denoininate  numbers^  2X3  lb.  6  oz.  =  6  lb.  12  oz.l  in  multiplying  nuhi- 
vjbers  written  in  decimal  numeration  3  X^4  =  3  X  (20  +  4)  =  3  X  20  + 
3X4.*  >         -  •  ' 

Grades  ,7  to  9.  The  distributive  law  is  the  basis  for  factoring  a&  +. 
ac  =  a(}>  +  c);  and,  with  the  assogiative  law  it  provides  the  rationale 
for  special  products.  These  Jaws  serve  to  justify  such  things  as  the  defi- 
nition of  (-2)(-S)  =  +6.  Also  (o  +  6)»  =  (o  +  6)(o  +  6)  =  (o  + 
h)a  +  (o  +  h)h  =  (o'  +  ah\  +  (aft  +  6«)  =  a'  +  (o6,  +  a6)  +  6*  = 
o»  +  oKl  +  1) +.  ft*  =  o' +  2aft +- 6*.  .   ,  • 

Grades  10  to  12.  These  same  associative,  commutative,  distributive 
laws  are  considered  in  defioing  the  operations  with  radicals  and  complex 
numhej^.  Thus  Vi  =.V2X2X2  =  \/2V^V^  =  (v^\/2)\/2  =  - 
2V2);  and  2i(3  +  0  =  6t  +  2t^  =  6t  -  2. 
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Idea  3*  Standard  units  of  ^  measurement  are  ai^bitrarily 
chosen f  although  the  units  tnay  have  arisen  historically^  StU' 
dents  should  understand  the  nature  and  variety  of  standard 
Xmits  of  .measureMent  as  well  as  the  relation  between  units  cf 
the  same  measure*  Pupils  must  have  many  Experiences '%cith 
physical  examples  of  standard  units  to  understand  and  ap'  * 
pretiate  them"  {see  Chapter  5)»  " 

Grades  K  to  3,  Linear  units:  inch,  foot,  yard;  liquid  units  (uni&  ot 
volume):  cup,  pint,  quart,  gallon;  weight  units;  ounde,  pound.  ' 

Some  measurements  of  length  should  be  made  with  inch  rujxr^  which 
contain  no  other  units  on  the  scales  in  order  to  emphasize  the  inch  as  a 
unit  of  measurement:  Students  can  make. their  own  units  and  use  these 
to  make  measurement.  From  such  experiences,  pupils  can  .see  the  need 
for  standard  units  to  communicate  ideas.  Pupils  should  be  given  ojipor- 
tunities  to  estimate  and  then  check  by  measuring.  They  can  be  encour-. 
aged  to  compare  parts  of  the  body  with  standard  linear  units;  then  pupils 
can  use  hai)d  span,  thumb  width,  and  ^arm  length  Ao  make  estimi^s. 

Experimentation  with  measuring  cups,  •  pints,  quarts,  and  gallons 
helps  pupils  see  relationships  between-.units. 

Crados  4  to  6.  Linear  units:  rod,  mile;  also  such  metric  units  as 
.centime^ter,' meter;  weight  units: -ton;  area  units:  square 'inch',  square 
foot,  square  yard, /square  centimeter,  square  meter,  square  rod,  acre, 
sqijare  ririle;  volume  units:  cubic  iwch,  cubic /oot,  cubic\^ardj  cubic 
centimeter.  ^ 

Give  experience  with  measuring  sgme  quantity  with,  different  units^ 
to  understand  relationships  between  units..  Pupils  should  be  led  to  ape 
.  which  unit  is  more  appropriate  for  measuring  quantities  of  different 
sizes;  e.g.,  miles  to  measure  distance  ^between  two  pities,  inches  to  meas- 
ure width  of  paper,  ^.  ,     •  ^ 

Clasi3room"S  should  contain  many  standard  units  1^  give  ojHJortixnity 
for  pupils;  to  become  familiar  with  them.  Estimates  of  measurements 
should  be  an  integral  part  of  the  instructional  prograpi,  e.g.,  stepping  off 
t1ie  length  of  a  room,  estimating  areas,  and  so  on.  ^ 

Ci*ades  7  to  9.  Review  and  extension  of  previous  units  of'measure=- 
^ent;  more  inteiisij^e  istudy  of  metric  system  of- weights  and  measures. 
Larger  units  of- measurement  .such  as'the  light-year  for  measuring  dis- 
tanlJes  to  stars;  smaller  units  of  measurement  such  as  millionth-inch  for 
the  cross  hairs  of  a  telescope.  Emphasis  is  put  on  estimating  and  then 
checking  by  measuring  with  standard  units. 

Grades  lO 'to  12.  Review  and  extension  of. previous  ideas.* 
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IDEA  4.  Estimates  of  results  of  computations  are  usedLas  a 
check  on  computations  and  as  a  practical  tool^for  everyday 
living.  Such  Estimates  may  be  donerprioY  to  tjie  paper-^pencil , 

"  wprk  OK  oft^r  ij^  The  main/^rpose^  of,  estimates  of  result^  of 
fupmpuiatioffis  {s  to  help  pupils  deal  with  numbers  sensibly 
(gfee  Chapter  S).  ' 

\  Crtides  it  to  3.  Erti|nating  before  computatioil :  31  -4-  3.  Re^uk  wHl 
be" about  10. 'Jsriftating  after  compiJti^  ^ 


/ 


10 
3/31 
30 
.  1 


Does  10  seem  reasonable?  > 

Grades  4  to  6.  Example:  76  ><  84.  My  estim|l^  80  X  80  =  6400 
before  computation..  After  computation:  Does  6384  seem  like  a  reason- 
able result? 
Examt)le: 


3.72 
X  .4.6 
2232. 
1488 
\  17112 


The  estitnate  shoyld  be  in  the  interval  12  to  20.  Where  should  the^ci- 
mal  point  be  placed  in  the  result? 

•   'Grades.  7  to  9.  Estimating  areas  and  volumes  of  geometric  solids  to 
check -the  reasonableness  of  a  computed  result.  Estimating^  totals  from 
.<?rocery  store  sales  slips.  Applying  estimates  to  percentage  problems 
■Gjades  10^  to  12,  Approaching  all  results  of  exercises  and  problems 
fom  the  point  of  viewt  "Does  this  result  seem  reasonable?" 

^  Idea  S.  The  ability  to  estimate  is  refined jvhere  pupils  are 
able  to  locate  two  numbers  such  that  the  result  is  between 
them.  Some  pi^pils  will  be  able  to  locate  a  small  interval  while 
other  pupils  will  be  able  to  give  a  large' one  (see  Chapter  5). 

Grades  K  to  3.  Exercises  arg  needed  to  develop  the  pupils'  ability  to 
estimate:  such  exercises  as,  53  +  32  is  between  80  and  90. 
.  Grades  4  to  6.  On  tbis  grade  level,  the  type  of  exercises  might  be:  The 
sum  of  53/16  and  45/12  is  between  6  and  8.  Some  pupils  will  recognize 
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that  it  is  between  7  and  8.  The  prodtwtpof  47  X  62  is  between  2400  and 

Grades  7  t&9.  Exercisee  sucii  &s,  the  ^rbduct  of  347  X  625  is  be- 
X  600       400  X  7,00  or  bistween  180,000  and  280,QpO. 
'  Grades  10  to  12.  Betw^eenness  is  formalized  asoupils  study  the  mathe- 
matics of  approximation.  Additional  skill  is  de^loped  infusing  th^  slide 
rule.  '  .  s 

Idea  6.  Number  is  an  abstraction  {see  Chapter  2). 

Grades  K  to  3.  A  cardinal  number  such  as  3  represents  theycomraon  • 
property  of  all  ^groups  with  three  elements,  such  as  3  dogs,  3  marbles, 
3  pennies,  and  so-on.  •  .  - 

.  Grades  4  to  6.  Fractions^developed  out  of  work  with  and  talk  of  parts 
of  things,  as  bushels  of  grain  and  pieces  of  candy,  but  they  may  be  used  . 
to  represent  ratios  and  averages,  and  so  ^on,  i.e.,  in  situations  where  no 
parts  are  involved.-  They  may  be  treated  logjially  as  pure  abstfactions. 

Grades  7  to  9.  Although  negative  numbers  may  represent  directed 
distances,  losses^  and  so  on,  signed  numbers,  too,  are,4ogically,  creations 
of  the  mind.  ■  [ 

Grades  10  to  12*  Irrationals  have  some  of  thei^  roots  in  Pythagorean 
.  problerhs  of  geometry,  and  ct^plex  numbers  grew  out  oT  a  need^tcrsolve 
pertain  equations..  JBoth  of  these  were  initially  a  little  abstract,  bufc  not 
nearly  So  much  'so  as  later  theoi|jjjnade  them.      '» .  - , 

Idea  7,  Mathematics  is  a  kind  qf  "£/ .  .     then**  reasoningjn 
tchich  the  **then*s\*  ane  supportedjessentially  by  definitions f 
'  assurnptionSf  and  theorems  tchich  have  been  proved  previously 
{see  Chapter  4) •  >  \ 

Grades  K  to  3.  Two  youngsters  were  checking  their  answers  to  the 
example:  9  +  7.  *'Say,  John,  I  figure  that  if  7  +  2  =  9  and  7  +  7  =  14, 
then  7  +  9  =  7-+  C7  +  2)  =  (7'+  7)  +  2  =  14 +/2  =JB."      ;  ^ 

"That's  the  same  answer  I  got/'  replied  John,  "but,  I  did  mine  a 
different  way.  I  said  if  7  =  1  +  6,  thenff-f  7  =  9  +  (1  +  ^6)  =  (9  + 
1)  -f  6  =  10  +  6  =  16."  Note  the  chains  of  logical  reasoning  in  the  way 
in  which  each  pf  these  students  reached  his  conclusion. 

Grades  4  to*  6/**IJey,  pavid,  how  many  yards  are  there  in  a  mile?" 
.  "Well,  I  don't  know,  but  I  think  we  can  find  Out  easily  enough.  If 
there  are  5280 -feet  in  one  milfe  and  there  are  three  feet  in  each  yaM, 
then  5280  -t-  3  will  tell  us  how  many  yards  there  are  in  one  mile:  If  I 
have  divided  correctly^  then  there  are  1760  yards  in  one  mile." 

Grades  7  to  9.  If  ^^^g^)  =  3^^,  t^^^  11.  If  3x  -  4  = 
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then  33?  ^  15.  If  Zx  =  15,  then  x  =  5.  Thus,  a  possible  solution  to  the 
original  eqi^ption  is  x  =  5.  To  complete  the  prow;  we  inusPnow  estab- 
lish the^onverse  of  th^  statement,  "If  (^^  ^       =  theia/x 

The  converse  is  as  follows:  "If  X  =  5,^theIl  ( — —  j  ^         Ifx  =5, 

...then  (^-^  3v^)  =;=Siff^^  solution  to  the  original  ' 

equatipn,  then      '  =  3^^.  Since  this  results  in  an  identity,  the 

X  =  5  is  a  root  of       3 .      ~  - 

Grades  10  to  12.  If  x  =  6  ,is  a  solution  of  Vx  +  3  +  x  =  3,  then 

V6  +  3  +  6  =  3;  Since  \/9  +  6  5^  3,  then  x  =  6  is  not  a  solution  to 
'the  original  equation.  If  X  =  J  is  absolution  to  \/x"+T3  +  x  =  3,  then 

y/l  +  3  +1^3.  Since  \/4  +1  =  3  is  an  identity;  then  x  =  1  is  a 

root  of  Vx  +  3  +  X  =:.3. 
/    Idea  S,' Addition  and  multiplication  are  the  basic  operation^ 

in  term^  of  'tchich  ihe  inverse  operq^>ws,  subtraction  a.nd  divi- 

sion,  are  defined  (^er  Chapter  2) .  ^ 

;    Grades  K  to  3,  Subtraction  is  taught  as  the  inverse  of  addition  and 
thus  the  facts  are  taught  together.  .  ,  * 

Qrades  .4  to  6.  Multiplication-division  facts^  are  "taught  together. 
Checking  subtraction  by  addition  and  division  by  multiplication  are 
taught  not  merely  as  interesting  devices  but  as  an  ajijjlication  of  basic  . 
principles  of  inverse  operations. 

Graces  7  .  to  9*  Invert  and  multiply  and  change  the  sign  and  add  are 
derived  by  .-the  use  of  the  inverse  operation  ^Jrinciples. 

Grades  10  to  l2.  The  inverse  operation  principles  should  be  con- 
tinually pointed  out  and  used  with  irrational  and  complex  numbers, 
r  They  resolve  fluch  questions  as  6/0^=  ?,  0/6  =  ?,  0/0  =  ?. 

Idea  9.  Numbers  and  their  properties  are  the  same^  irrespec- 
tive of  ^he  system  of  numerationt  but  our  system  of  numera- 
tion t6ith  the  base  10  and  place  value  together  icitli  the 
associative;,  commutative f  and  distributive^principles  dictates 
the  operation  algorithms  in  arithmetic  (see  Chapter  2). 

Grades  K  to  3.  Children  learn  that  we  group  by  10.  10  ones  make  i 
ten.  40  tens' make  1  hundred.  We  add  and  subtract  tens  and  hundreds 
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just  like  ones,  llle  position  in  which  we  {dace  a  digit  indicates  whether 
it  is  onesl  tens,  or  hundreds.  The'digit'* tells  how  maay  ones,  tens,  or^ 
/  hundreds/  To  facilitate  op)j#ation  v(e  grou^  to  make  a  larger  unit  when-, 
ever  pqeaible  in  addition.  And  we  regroup  a  larger  unit  to  dmdOer  units 
for  purposes  of  subtraction^  ^  -  ^ 

<  Grades  4  to  6.  Th?"  systenl^f  numeration  is  extended  to  thousands, 
to  ten  thousands,  and  so  on,  and  later  to  parts  of  one.  Place  value  is  used 
to  ^eAwB,te  thfe  denominator  (10,  100,  1000,  and  so  on)  of  the  frac- 
tional iwirt  of  the  unii.  We  multiply  and  divide  tens,  hundreds,  thousands, 
and  so  on.  With  common  fractions  we  also  bi^ld  on  an  idea  of  grouping 
to  make  a  unit  of  one,  and  separating  one  not  only  into  tO  parts  but 
also  into  halves,  ^fourths,  eighths,  and  so  on.    "^n/  ' 
"7   Grades  7  to  9.  Parts  of  a  unit  are  expressed  inarms  of  tenths,  hun- 
dredths, thousandths,  and  so  "on,  where  denominators  are  riot  written, 
yOut  places  after  the  "decimal  point  are  used  to  show  them.  The  grouping 
-^idfea  is  used  with  decimal  as  with  natural  numbers. 

The  idea  of  342  can  be  generalized  to  3(10^)  +'4(10^)  +.2(10°)  and 
from  that  to  dx^  '+  4x  +  2  where  a;  represents  10';  This  suggests  that 
some  other  number  sucl^as  2,  8,  or*12  could  have  been  used  as  a  base  for 
our  numeration  system.  Other  bases  have  receiitly  become  useful  to' 
persons  working  with  electronic  computers.  / 

Scientific  or  standard  notation  is  used  in  representing  lai^e  numbers, 
small  numbers,  and  in  showing  the  precision  of  measurements, 

Grade»  10  to  12.  The  conversion  of  rational  numbers  to  and  from 
their  repeating  decimal  notation  may  be  done  either  by  a.  simple  alge- 
"braic  device  such  as  multiplying  N  =M414  ...  by  100  to  .get  lOOA^  = 
'  14.14  . .  .  and  then  subtracting  the  two  expressions  or  by  regarding  N 
*   as  the  sum  of  a  geometric  progression  with  common  ratio  of  .01.  ^ 

Irrational  numbers  are  represented  by  nonrepeating  infinite  decimals. 

The  ideas  of  scientific  or  standard  notation  are  used  to  find  characterise 
tics  of  logarithms,  and  the  understanding  and  use  of  logarithms  to  the 
^  ^base  10  are  related  to  our  numeration  system. 

rRepresentatiojis  of  numbers  to  different  bases  are  associated  with 
polynomials,  and  ihen  general  principles  for  converting  to  different  . 
bases,  for  factoring,  and  for  checks  similar  to  the  check  by  9*s  are  derived. 

Idea  lO.  As  t^ijo  numbers  are  invented^  tee  must  each  time 
define  what  is  meant  by  equality  as  well  as  by  addition  and 
multiplication.  This^  leads  to  the  fact  that  the  same  number 
may  have  many  different  names  or  representations  (see  'Chap* 
ter  2). 
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^^rades  K  to  3.  Each  whole  num^'r  may  be  the  9fim  or  difference  of  ^ 

-TOflny  pairs  of^ntegers;  thus,  5  =  4+1^3  +  2=        2  =i  8  —'3, 
anrfsoon..  .        #.  /       '  '  • 

^  Graded  4  to  6.  Fractions  a/3  and'c/d  may  be  defified  to  be  e^iual  if 
ad  =  he.  A^Iogical  proof  can  bejxleuelbped  late^  of  the  inductively  d^-," 
rived. fact .tlialj  a  fraction  is  eq^ualto  any  nfel;^^raCtion  d^yed  by  imoi-^ 

>  plying  or  di  viding  its^iyimer^tor  and»,denominitor  by  the. lame  nuiraQr. 
This  lead  J  to  the  many  names  for  ^-^^^jatJo  ap  %^  ^o*  -5,  and  so  Sn, 
as  well  as  rCb  the  scheme  ^for  showing  that  the  integer^  corrCTpOnd  to 
certain  speiial  fractions  (i.e.,  the  integers  are  isomorphic  to  a  subs^  feX  * 

'  the  rations  3),  thus  2  ^       =  ^;  3  =  K  =       and  so  on.  ' 
Grades   'to- 9.  The  fiotion  that.?^^^^  =  .4/.6,  an^  so  on,  may 
extended  tc  the  idea  of  an  equivalence  class  and  of  a  ratio  as  %  pair^of  ^ 
numbers  to^ rep/resent  such  a  class.  Als6  —  2        —  8  =  5  ^  7. 
,  Grades  10  to  12.  The^  equalities  may  be  extei^d  to  \/8  ?=  2\/2  = 
'V'^  and  so  on.  Also  a  +  bi  =  c  +  di  if  and  only  if  a  =  c  and  b  '=  H. 

.  Idea  ll  Numbers  obtainechby  applying  to  quarUfCtTes  meas- 
uring Anls  trumentSf  such  as,  rul^erSf  scales f,  and^ protractor Sf 
repr^entl  approximations  of  the  quantity.  The  numbers 
^th^mselves  are  not  approximate  («ee  Chapter  5). 

Grades  K  to  3.  Measur^ent^to  the  nearest  inch  by  using  a  ruler  with 
inch  marks  only.  The  length  of  Ihe^aper  may  be<IIearer  to  11  inches 

■jthan  12  inches  or  10  inches;  students  should  see  that  one  cannot  meas-. 
ure  exactly  11  inches.  This  leads  to  the  idea  that  xjieasurenlent'is  ap- 
proximate. ■  "  ^  ~  .  . .  * 
Grades  4  to  6.  Making  measurements  to  the  nearest  .foot,  nearest 
inch,  nearest  J^lf  inch,  and  so  on,  to  teach  the  idea  of  precision  «f  meas- 
urement. Lead  to  the  idea  that  precision  of^  measurement  is  determined 
by  the  unil — the  smaller  the  unit,  the  more  precise  is  the  measui4meijt. 
But  the  recorded  number  still  is  an  approximation  of'the  quantity: 

Begin  the  idea  that  with  each  recorded  measurement,  the  unit  of  meas- 
urement should  be  stated.  When  it  is  not  stated,  the  unit  must  be  in- 
ferred^ from,  the  number.  For  example,  a.  recordedrmeasyrement^,gt  7.4 
ft.  'prdbcJbly  indicates  that  the  unit  is  one  tenth  of  a  foot. 

Graders.  7  to  9.  Error  of  measurement  does  not  refer  to^  mistakes  m 
measurement.  Error  of,  measurement  is  the  difference  between  thp  te- 
corded  measurement  and  the  actual  or  true  measurement.  The  greatest 
possible^'error  is  one  half  the  unit  of  measurement  and  is- called  the 
tolerance.  In  measurement  this  is  recorded  to  the  nearest  3^  foot,  the 
greatest  po8Sil)le  error  is  foot.  .Accuracy  of  measurement  does  not 
refer  to  the  correctness  of  m&surement.  Accuracy  refers  to  the  pV  cent 
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of  error.  Pfor  instance,  the  accuracy  of  a  measurement  of  6  ft.  to  the 
nearest  \i  ft.  is^K  H-  6  gr  4.2  per  cent.  •  . 
\,  Grades  10  to  12.  Review  and  extension  of  previous  ideas.  Scientific 
notation  and  notation  to  indicate  precision  and  tolerance.  »  .  .  ^/^^ 
Idea  12.  Computation  with  numbers  which  represent  ap' 
proximations  should  he  done  with  due  consid^ation  for  that 
fact*  The  same  computation  procedures  are  followed  foir  num- 

*  bers  arising  from^medsurementf  rounded  numbersy  and  ra- 
ii^nal  approximations  for/ rational,  and  .irratibnai^nUmbers 
(see  Chapjter  5).  '  \  ^ 

Grades  K  to  3.  One  child  may  make  a  flowerbed  3  sticks  long;  an^ 
other  dlffl^may  extend  the  flower  bed  2  sticks.fThe  entire  bed  is  oi^y 
^^out  (not  exactly)  5  sticks  long.  .  -  * 

V  "    .Grades^  4  to  6.  The  r^ulJ^  computations  \vith  numbers  which  a^e' 

\  approximaiions  should  be  rourtded  ,to  the  proper  degree  <3f  precision*. 
For  e^prte,  the  sum  of  3.6^.  +  4.V3  ft.  +  8.28  ft  ^hofild  be  pounded  • 
to  le.Oft.^iupils  probably  are  not  ready  to  understand. fully, the  general 

.  •  procedures  Ipr  rounding  results  and  will  need  to  rely  on  directions  from 
the  teacher.' 

Grades  7  Ito  9.  Most^computationS)  with  numbers"  which  represent 
approxin^ations  will  arise  from  measurements^  Th^  precision  of  the  . 
results  for  addition  and  subti*action  is  governed  By  thV  precision  of  the 
measurements iavolved;  the  result  is  rounded  to  the  precision  indicated 
by  the  least  pre^cise  measurement.  In  the  example  in  4  to  6  above,  3.6. 
ft.  is' least  precise;  hence,  the  result  is  rounded  to  the  nearest  tenth. 
Accuracy  determines  the  way  the  result  is  rounded  in  multiplication  and 
division;  the  result  is  rounded  to  the  accuracy  indicated  by  the  number 
with  the  least  accuracy.  Accuracy  of  measurement  is  determined  by 

.  per  cent  of- error.  472,  47.2,  4.72,  .472  all  have  the  same  accuracy.  Sig- 
nificant digits  are  a  guide  for  the  accuracy  of  a  measurement.    ,  : 

Teachers  can  be  glided  in  their  choice  of  an  approximation  for  the  num- 
ber,     by  the  accuracy  of  the  measurement,  ^f  the  diameter  of  a  circle 

«  is  given  as  3.4  ft.,  then  3.14  would  be  appropriate  tojuse  for  tt;  if  the 
diameter  is  3.7*inches,  3.142  for  t  should  be  used;  if  the  radius  is  8.762, 
then  3.1416  is  used  as  an  approximation  of  ir. 
•  Computations  v^ith  jounded  numbers  follow  the  same  procedures  as 

-  outlined  abov^...         *     ^  , 

Grades  TO  to  12.  Scientific  notation  can  be  lised  to  indicate  clearly 
the  number  of  significant  digits  in  a  number:  67,000  miles  measured  to 

.  th^ nearest  hundred  miles  is  writbenj6.70  X  ID*  mi.;  .00062  cm.  measur.ed 
to  nearest  hundred-thousandth  cm.  can  be  written  a&  6.2'  X  10  cm. 
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:  Students  eBcdunter  rational  approximations  of  Dumbers  such  to  square  « 
Voofe  of  numbers  whiclk  are  not  perfect  sqUfireSj^ube'  roots  of  numj^Ys  ^ 
whiclf  are  not  perfect  c^hea,  most  jpgaiithi^Q       trigonometnc  ftmc-^ 
tions/ C(;jb^putatibns  with  these  fpfiow  the  same  procedures  asj^  those'', 
cited  foE^rades  7  to  9.  For  exainpi^,  the,dikgoiiar<lf  a  square  vfiih  side  - 
8  is  «\/2;  the  choice  of  tjafe  approximation  few  \/2  should  d^nd  pri 
ihe  accuracy  of  «:  If  8  is  ^  ft.  meaeured  to  .the  nearest  foot,  then  1,4' 
isjiufficient  precision  for  ai\§irtiroximation  for  V^;  if  «  is  9.63  Ly,  then^  ^- 
1.414  would  be  usoS  as  the  a^  "  .  ' 

Idea  13.  In  algebra  0  variable i9^ft,symbol  for  whic^  one  sUb^ 
tltiiutes,  the' name»  of  numbers  {see  Chapter  3).  ^  *        -  1 

'    Grad%  K^to  3.  Elemental^  school  children  are  JamiUar  with  the  ex-  W 
pre8si9ns  3  +.  ?  =  .5  and  3  +  2  =  ?  A  symbol  has  been  used  foj^which  / 
.  the  name'of  a.ijtumber  maybe  substituted.  In  the  sentence  "'fhe  number  V 
"of  containers  of  milk  for  our  cla^  today  is      a  symbol  has  been  used 
.  for  which  a  numeral  may  be  suBstitutedi  .  r 

Grades  4  to  6i  The  following  exercises  from  a  sixth<^rade  arithmetic' 
textbook  indicate  the  occurrence  of  the  concept  of  variable,      l  A 
If  iV  X^17  .=>695^  tell  what  number  N  stands  for/  4  bu.  =  ?*pecks.  . 
.  Grades  7  to  9.  The  concept  of  variable  appears  thrppghout  these 
grades.  The  expressions  A  =^  L  X  W  and  5a\--  1  =  24  are  familiar  to 
mathematics  pupils.  Letters  are  used--ifi--t^  sentences  for -which  the 
names  of  numbers  may  be  substituted.  . 
Grad<»  10  to  12,  The  concept  of  variable  may  be  extended  to  piarame- 
,       In  the  expirtttrion  tan  x  =      X  is  a  letter  for  which  specific  numerals- 
may  be  i3ubstituted.     f  '  '     ^.^      *  -      •  ' 

Idea  r4/  Variables  in  mathematics  play  a  role  similar' to  the 
ole  ofpronouAs  in  t)te  English  language  {see  Chapter  8).  - 

Grades  K  to^  Iji  place  of  the  sentence,  His  score  is  always  the  same 
as  her^ore,  one  cbuld  write  /  =  Af .  . 

Gra^s  4  to  6.  Instead  of  writing  that  the  value  ofa^^ction  is  not 
changed  When  its  numerator  and  denominator  ^^reHlmltiplied  by^the 
.  same  number  (except  0),  the  child  may  write:      V  ^ 

Grades  7  to  •9,  The  problem,  "Find  a  number  which  divided  hy-^  vie  IdX 
^  the  quotient  3"^n  be  written  as,  "Find    if  x/6  =  3.^'  V 

(Grades  10  to  12i  Irf  geometry,  the  sent^ncq:  T\yo  lines  parallel  to  a 
;third  line,  ^.re  parallel,  may-be  written  as:  If  /fc  ||  m  and  n  \\  m,'then    ||  n. 
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15^ A  fname  of*  a  thin*g  is  different  from  the.  thing  (see 
Chapter  s).      '"^     '       •  '  \^         -  ^"-^      >  " 

Grades 'K^to^;*Name8  of^Kilj^eii  ace  on  bkckboardC  butihe 
chiidi'en  aje  seated  at  their  •iie8l^d.''^S  .  •       '     \    .  .d^ 

symbol  3  but  3. 


'••<Srade64i 
Grades  7  tb^:\76*  is  .|afigpr:  tha.p  hy^t 
^    Crades  lO  tal2..Th.efoll<jwirig;ls  ^>tpxe  sentence :  V  is  a  Greek  lettl^r 
ancl  TT  is  a  number.    ^        7'  '  •  "     •       \  - 

l\ykjy>tj^,^  V^e  inpy  represent  numbers  "geometrically  showing  . 
some  as  lengths ^  some  as jjoints^^and  sotne  as  ftreas  {see.  Chap" 
ter2).      /  "   >^       ^  .  ■ 

'  Grades  K  t<f'3.  By  choosing  a  unit  length  and.  exten^[ng  it  by  mul- 
tiples of  its  ojgjl  len^thufhildren  learnllfh/sequence  ot  counting  numbers 
on  a  number  line,  jhe  iSe  of  zero  to'maJk  an" initial  pnin£  on  the  number 
11  we  introAuees  children  to  the  idea  of  an  'enlarged  s^t  of  numbers,  tlfe 
set  of  all  integers.      .      •      -  ^  •  -p.^ 


Grades  4  to  6.  Children  leam  to  d/vide  eac^  of  the  segments  of  unit 
'  length  into  n  equal  parts,  that,  is  into  j^i's,  3^'s;  3^'s.j      -  ^ 

,     '  0  1^         2  3.4  \5/ 

J  L  L-L-  -J  :  — I—  1  V  X 

There  is  now  k  point  (number)  between  every  pair  of  points  (numbers), 
but  the  line  is  still  "/wH  of  holes.*' 

.  .Grades  7  to  9.  Students  extend  the  number  line;.  The  points  to  the 
rigllt  of  the  0  are  ppaitive  rational  numbers  and  to  the  left  are  negative 
rational  numbers.  *  .  * 


J- 


+  3 


An  early  approach  to  irrational  numbers  begins  with  the  comparison 
of  tfie  Bid6  aiVd  diagonal  of  a  square.  ^ 
^  With  the  Knowledge  of  irrational  numbers,  we  now.  h^e  a  complete 
mutual.  corMspondence  between,  numbers  and  points  on  a  straight  line. 
•^|WisJconcept  may  vyeil  rec(?ive  more  emphasis  in  grades  10  to  f2  than  in 
Tto9.        '  /v^  • 
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^.  Grades  10  to  1^.  Complex  numbers  may  be  represeoted  as  pomts  in  a 
plane  or  as  vectors  ij^  a  planer  .    '  V 

lI^X  17.  The  langudgei  of:  matkematU^s  has^scL  grammar  of  its 
ot^njitist  as  the  English  language  does  {see  Chapter 

'Grades  K  to  6.  12'+  3  =  5'  is  a  c^Gnplete  majbhematical  sentence, 
itssstructure  is  similar  to  that  of  the  senten^JCj^  *Tlie  (J^ghter.of  Jotin 

and)Mary  is  Si&ie."  '  .    "        ;    '  '  'W^^^  "^^'^^ 

.  G^rades  7  to  V.  Saying  that  5  >'8  is^^^^ijifeaiically  si&iilar  to  saying 
that  John  18  taller  than  Joe.  '  \ 

Grades  lD  .to'l2.  Calling  the 'base  of  the  natural  logariiBfitais'' 'e'  is 
similar  to  calling  a  boy  *Sam\  >  . 

.  •  Idea  18.  4  matl^eniatical  definition  is  a  statement  which 
gives  us  a  set  of  symbols  as  a  replacement  for  another,  set  of 
symbols  (see  Chapter  8).  '  ^ 

•  Grades  K  to  3.  Instead  of  saying  three-tens,  we  say  thirty. 

*  Grades  4  to  6.  4  X  3  is  defined  as  3  +  3  +*  3  +  ai 

Grades  7*  to  9.  Instead  of  saying  a  triangle  wfiose  sides  are  of  the 
same  length,  we  say  an  equilateral  triangle. 

Grades  10  to  12.  Sec  X  may  be  defined  as  1/cos  X. 

Idea  19.  To  indicate  that  two  expressions  name  the  sc^me 
thing,  we  use  the  symbol  '  =  '  (see  Chapter  8).  ^  « 

*  Grades  K  to  3.  Tp  say  that.  *2  +  V  and  *3'  are  names  of  the  same 
ntlThber,  ^he  child  writes: 

2  +  1=3. 

Grades. 4  to  6.  Jo  say  that  and  *50%'  are  nam^s  of  the-same 
number,  Ihe  child  vvrites:.  \.  . 

;       .  y2  =  50%. 


Grades  7  to  9.  In  the  fofmula: 


A  and  nr*  are  names  for  the  same  iiumber. 

GradesTlO  to  1?.  In  saying  that  sin  30°  =  cos  60°  we  mean  that  sin 
36°  and.  cos  60°  are  the  same  number. 

|,]^GX^20.  You  can  see  a  numeral^  but  you  cannot  see  a  number 
v,-(see  Chapter  8).  ^  .  — 

Grades  K  to  3.  Mary  wrote  the  numeral  '3'  which  is  bigger  than  the 
*  numeral  '3'' which  Susie  wrqte,  but  they  name  the  same  number.  ■ 
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Grades  4  to  6.  The  Roman  numeral  *VII^  and  the  Hindu-AraH!!^ 
numeral  7\ name  thej  same  number.        .  '  .  y 
'    Cf|^fJ!|o^^  and  *l%6'  are  two  nmnes.olF'the 

s.fiil^elmm^^  A   '  ' 

p'*  "Gcadci^'lf^^l^^  ir  is  a  number  which  cannot  be  named  exactly  in  a 
'  decimal  f<iB  ^'^ 


l^EA^^iT Recognition  of  the  order  relations  }qr  numtfers  is 
^fundamental  to  esitimates  of  computatikms  {see  Chapter  5). 
^  Grades  K  to  3,  The^early  ideas  of  order  involve  only  bigjger  and  small- 
er related  to  physical  size.  As  a  child  counts  by^ones,  he  begins  to  learn 
the  order  relation  for  integers.  For  example,  8  is  more  than^7,  6,  3,  2, 
or  1  and  8  is  less  than  9,"  40,  11,  12,  •  •  • .  The  idea  is  extended  when  he 
learns  place  value  and  sees  that  40  is  inore  than  30  and  that  300  is  less 
than  400.  The  order  relation  for  fractions  begins  when  children  learn  that 
}^  is  more  than  }^  and  that  }^  is  less  than  J^.  V  , 

The  order  relation  is  useii  in  estimations  like  these:  Is  3  +  5  more  than 
or  less  than  3  +  3?.  Is  8  —  .6  more  than  or  less  than  8  —  4?  Is  3  X  4 
more  than  or  less  than  3  X  5?  Is  31  -i-  3  more  than  or  less  thaii  ^0?  * 

Grades  4  to  As  the  concept  of  place  value  is'extended  ^  numbers 
with  inany' digits,  including  decimals,  the  cfincept  of  order  relation  is 
.  alsp  extended  to  examples  like:  82,000  is  less  than  92,000;  1,000,000  is 
less  than  10,000,000;  0.52  is  less  than  .62.  Ordering  ideas  as  related  to 
common  fractions  are  extended.  Children  learn  that  %  is  less  than  ^ 
and  generalize  that  if  the  numerators  of  two  fractions  are  the  same. 


one  with  the  larger  denominator  denotes  the  smaller  number.  Likewii 
pupils  see  that  %  is  more  than  %  and  generalize  that  if  the  denominators 
of  two  fractions  are  the  same  the  one  with  the  larger  numerator  is  th'^ 
larger  number.  •  , 

Estimations  such  as  these  are  appropriate;  Is  310  -5-  3  more  than  or 
less  than  100?  Esthnate  the  product  216  X  370.  Eatinaate  the  sum 
SKo  +  4^2-  lai  647  -  247  more  than  or  less  thaii  842  -  247? 

Grades  7  to  9.  The  previous  ideai^are  reviewed  and^tended.  Esti- 
mates are  made  for  areas  and  volumes  of  plane  a^Hsplid.  geometric 

figures,  square  roots,  and  more  complicated  computations  such  as: 

"1  ■      '  i 

,  ,  3.7  X  4;  • 

2.6  ; 

Grades  10  to  12<  Review  and  extension  of  previous  id^s  for  estimates 
to  computations.  Estimation  is  used  in  teaching  logarithms  and  the 
use  of  the  slide  rule..  a 
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■        .      .  ^   '  ■  ■    V  ■  ■  \  V"  •  " 

Idea  22.  In  operdtihg.tcith  new  nuntberSf'the  foAner  laws  of 
:  addition  f  multfplitationf  oVder,  and  commutativity  are  ^usually 
preserved  but  some  of  them  Tfiay  be  changed  in  ordfr  to  achieve 
some  other  de)Ured  advantages  {see  Chapter  2),  ^' 

Gipdeis.K  to  ^.  Children  learn' taprder  numbers;  3  comes  after  2  tpid 
.before  4,  32  comes  biefore  33  and  after  31. 

Grades  4to  6*  iWe  order  fractions  but  firsC  we  haVe'^to  think  of  them 
as  having  the  same ^conamon  denominator.  Then  we  order  numerators 
.  as  we  do  with  the  natural  numbers.  If  all  the  *umerrftors  are  the  same, 
thei^  we  can-order  from  smallest  to  largest  by  denominators,  e.g.,  J^^, 

3  X  K  ^  ^  +  ^  +  H  =  K,  but  the  idea  that  multiplication  is 
repeated  addition,  though  it  can  still  give  us'useful  hintSi  ilai  no  longer 
"   logically  soufad  when  the  multiplier  is  a  fraction  as  with  %  X 
^     Grades  7  to  9-  Negative  nUmbers  are  ordered  from  smallest  to  largest 
in  the  reverse  order  of  their  absolute  (numerical)  value.  Thus  -»2  comes 
before  -1  and  after -3,  or  -3  </-2  <  -1  <  0  <1.     ^  < 

Grades  10  to  12»  When  extension  is  made  to  complex  numbers,  the 
order,  relation  is  sacrificed.  We  cannot  order  complex  numbers.  We 
cannot  say  that  2  +  3i  <  3  +  2i  for  can  we  say  that  2  +  3i  >  3  +  2t, 
but  by  the  definition  of  equality  for  compdex  numbers  we  know  ^hat 
2  +  3t  9^  3  +  2t. 

In  later  extensions  to  vectors  and  matrices  the  commutative  principle 
has  to  be  abandoned,  but  wonderfully  powerful  new  tools  are  thereby 
invented.  \  ^  \ 

Idea  23*  Sets  of  ordered  pairs  of  numbers  are  an  important 
concept  in  mathematics  and  tjhis  concefit  is  frequently  used  on 
all  g/ade  levels  {see  Chapter  3). 

Grades  K  to  3.  When  a  child  thinks  one  candy  bar  costs  5  cents,  two 
candy  bars  cost  10  cents,  and  so  on,  he  is  thinking  in  terms  of  the  or- 
dered pairs  (1,  5),  (2,  10),  and  so  on. 

Grades  4  to  6.  Fractions  are  sets  of  ordered  pairs  of  numbers;  for 
example,  is  the  ordered  pair  (2,  3)  and  ^  is  the  ordered  pair  (4,  6). 
In  faxjt,  both  ordered  pairs  are  the  same  number. 

Grades  7  to  9.  A  table  of  squares  consists  of  "ordered  pairs;  i.e.,  (2,  4) 
(3,  9),  and  so  on^ 

The  tjoordinates  of  the  points  on  a  graph  are  s^ts  of  ordered  pairs. 
Time-temperature  graphs  consist  of  ordered  pairs  of  numbers. 
.   Grades  10  to  12.  In  studying  ttie  equation,  x  +  y  =     the  ordered 
pair  of  numbers  for  x,  y  occur.  \  v 

Iii  the  study  of  the  quadratic  equation,  an  ordered  pair  of  numbers  is 
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found.  The  study  of  the.sine  curve  invilvea  ordered^  pairs;  i.e.,  (sine  30, 

.  Idea  24.  A*  conclusion  is  established  by  logical  deductions 
from.one  6r  more  stdtenients  called^ reasons  (see  Chajpter  4). 

Grades  K  3.  A  child  in  a  robfa  Af  32  pupils  counts  the  number 
present  on  Friday  to  be  26^  He  then  writes  on' the  blackboard  32  —  26  =-  6  * 
and  sa;ys,  "Six  people^are  absept  today."  When  another  student  qi^s- 
tions  the  accuracy  of  his  subtraction,  the  youngster  replies,  "Well, 
26  +  6  =  ^21"  (This  child  is  using  a  definition  of  subtraction  intui- 
tivelyO  • 

Grades  4  to  6.  Mary  adds  a  column  of  eight  9's  and  concludes  that 
8X9  '=  72.  She  then  declares,  "If  8  X  9  =  72,  then  9X8=  72, 
7?^^  9  =  g,and72  ^  8  =  9." 

GriEides  7  to  9»  Having  accepted  a 'common  definition  of  subtraction, 
namely,  that  a  —  6  =  c  if  arid  only  if  a  =  fe  +  c,  a  superior  student 
learning  to  add  positive  and  negative  numbers  concluded  that  if  5 
7  +  (-2),  then  5  -  (-2)^  7.  Similarly,  5  -  7  =  (-2)'.  If  5  =  7 
-  2,' then  5  +  2  =  7. 

Grades  10  to  12.  An  algebra  class  proved  by  the  method"  ofcomptet-" 
ing  the  square  that  the  roots  of  the  equation  az^  +  6rf  +  c  ==  0  were  as 

follows:  :  . 

■         '    '    .   ■  '  '  ■  '  J 

^         ;  2a  -^^d^^-  • 

From  this  conclusion  they  further  deduced  the  additional  relations  that 
Xi  +  xj  =  —  (6/a)  and  Xx  •  x%  =^,  c/a. 

Idea  25.  Induction  doesn't  ^'prove/'  it  makes  ^conclusions 
probable  (see  Chapter  4) ,  ^ 

Grades  K  to- 3.  Mary,'after  her  first  day  at  school,  said,  "Mpmmi^,  I 
.  talked  to  every  teacher  at  school.  Do  you  know  all  teachers  are  Vomen?" 
Her  conclusion,  by  induction,  was  based  upon  a  few  cases.  A  larg^ 
number  of  cases  would  inctease  the  probability  of  the  validity  pf  a 
*  conclusion.         *'  jij^  . 

i  Grades  4  to  6^.  ^jlf^  was  developing  skill  in  multiplying  whole  num- 
bers and  he  remarked,  "You  always  get  an  answer  bigger  than  the  ot^fer 
t\Vo.  numbers,  except  when  one  of  the  numbers  is  zero  or  one."  • 

Grades  7  to  9.  Frank  by  measurement  found  the  Sum  of  the  angles  of 
each  of  several  triangles*that  he  had  drawn  and  he  cpricluded,  "There 
is  a  tot^j^iof  about  180**  in  the  angles  of  each  triangle."  .  ' 

Grades'lO  to  12.  Alice,  a  superior  pupil,  was  connecting  the  midpoints 
of  the  sides  of  various  polygons  and  she  stated,  "The  polygons  with  evwi 
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'humber  sides  have  special  figures  within  buVthose  with  odd  number  sides^ 
do  not/' Wals  her  condusip)!  correct?  ' 

;  IDEA  26.  We  often  seekr  to  establish  the  Jtrutji  o^a  atatement 
called  a  ccfncluaiot:^^  by  arguing-  that  it  falldwa  frohi  one  or 
mpre.  other  statements  called  "Reasons  %hat  aire  only  partitj^ 
!pvi40nce  of  the  truth  of  the.  conclusion  (see  Chapiej^i), 

'Grtrades  K  t^'S.ThEe^upils  wiere.  discussing  summer  vacation  plans. 
; .  ^^^Jfow  long  does  it  take- you  to  get  to  your  grandmother's  house?"  one 
b^'Bsiced.  ' 

''About  3  hours.  My  grandm(^er  lives  on  a  farm."  .  :^ 

"Geei  your  grandmother  must  live  three  tiineis  as  far  away  as  mine  I 
It  only  takes  us  one  hour  to  go  to  Gn^dmother  Miller's." 

Gra4es  4  to  6.  UMng  circle  devices  which  they  had  made  from  pi^ 
plates;  two  fifth  graders  were  attempting  to  find  the  an^er  to}i  +  %. 
A^r  considerable  manipulation  they  concluded,  that  tj/ie  answer  was 

Ibm  than  oiie  and  that  it  probably  was  ^^2^  -  - 
\  Grades  7  to  9/Each  member  of  an  eighth  grade  class  had  cut  dut  two 
congruent  triangles.  The  class  knew  how  to  find  ttie  areas  of  a  rectangle 
and  a  parallelogram.  After  a  little  experimentation^  the  stydents^n  the 
groupi  discovered  that  the  two  triangles  could  be  placed  side  by  side  in 
such  a  way  that  they  appeared  to-form  a  parallelograim,  the  length  of 
whose  base  was  equal  to  the  base  of  the  triangle  a^d  whose  altitude 
was  equal  to  the  altitude  of  each  of  the  triangles.  From  these  experiences 
they  concluded  that  A  =        X  a.  , 

Grades '10  to  12.  The  members  of  a  demonstrative  geometry  class^ 
constructed  l^e  mediark  of  a  triangle  and  they  noticed  that  the  medians 
.  of  the  triangle  seemed  to  meet  in  one  and  only  one  point.  This  appear^ 
to  l>e'  a  promising  conjecture  which  they  proved  by  the  methods  of , 
Euclid  and  by  means  of  the  techniques  of  analytic  geomelary.     ^  | 

Idea  27.  To  establish  a  conclusionf  necessary  inference  may 
he  used  in  the  argument  (see  Chapter  4). 
-Grades  K  %o  3.  Ann  supported  her  statement  that  7  +  8  =  16  by 
;  thfe>re^oning>  "Well,  S^is  tie  same  as  7  +  1,  And  7  and  7  are  14  and  1 
mor^Tnake8;^15.  Doyou  see?"  ^ 

Grades  4  to  6.  Qeorge  waa^adding  2%  +  7J^.  His  reasoning  might  be 
outlined  M  follows:  2^  +  7J^  =  (2.+  7)  +  +  i^)  =  9  +  1^2  = 
lOJ^a-  same  eacercise,  Kathy  proceeded  in  this  manner:  2%  + 

7H'     m  '+  7  +  K  +  H2  =  (2%  +  M)  +  7  +  H2  =  3  +  7  + 

Grades  7  to  9*  In  OctobCT  a  seventh  grade  group  studying  some  uses 
of  mathefoatics     football  agreed  that  positive  ^d  negative  signs  were 
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•  |o  be  used /to  indicate  gains  .an4  losses,  respectively;^!*  the  backfield 
jiflayers.  A  question  had  arisen  in  . class  al:)(Ait  how  to  find  the  Q,verage  • 
(mean)  yards  gained  by  a  substitille  quarterback  wlJk  h(^  th^  following 
record  for  three  plays:  —4,  —8,  —3.  ^        '      r  '  ^- 

**liere's  "the  way  I  figured  it,"  said  |>  brigh^.volunteer  from  the  class. 
^* Louis  (the  quarterback)  lost  15  ya.rds  in  three  play^,  so  that  would  be 
— i5/3  which  equals  —5.  Xook  at  it  this  way.  If  he^iad  losCS-'yards  on 
each  of  the  three  plays  that  could  be  symbolized 'lika! this:  3^X  (-»5)  == 
'  -15.  If  3  X  (-5)  =  -15,  then  -l«/3  =  -57^his  reasoning  was 
accepted  by  the  questioner,  \  ,  ;  J  v 

The  teacher  then  interjected  this  question,- *lf  3  (rx5)  ^  —15,  :thfen 
-15/-5  =  ?" 

When  one  of  the  more  able  youngsters  suggested    a  storm  of^protest 
larose  from  the  class.  However,  after  a  short  discussion  they  Teadily 
agreed  thit-this  relationship  was  similar  to  4  X  5  =  20  §ndits  "divi&ian 
couaina''  ^%  and        Hence  3  must  be  the  answer.  ^ 

'  Grades  10  to  12*  The  students  in  an  'advancecl  n^atheiyiatics  cIq^ 
'were  asked  to^ prove  that  v(2  is  an  irrational  nimiber.  Attenlpts'at 
^  ^ttingfi  direct  flrobf  of  this  conjecture  failed.  At  the  suggestion  of  the 
instructor  the  group-4;l^en  proceeded  fotuse  the  familiar  indirect  proof 
for  the  theorem  that       iff  irrational. 

Idea  28.  To  establish  a  conclusipMif  probable  inference  may 
be  used  in  the  (argument  (jsjee  Chapters  4  and  6)« 

G«iades"lt  to  3.  Two  children  are  arguing^ over  their  answers  to  the 
problem  **28ji  +  7ff  =  ?."  One  of  the  youngsters  supports  the  iinswer  98f!. 
(adding  the  7  and  the  2)  and  the  other  one  staunchly  raaintains  thit^e 
answer  is  35ff.  Finally,  after  neither  of  them  is  able  to^fonvince  the  &mev, 
one  declares,  "Well,  my  daddy  said  that  the  answer  is  35ff/'  (Reference 
to  authorities  can  be  Ajery  important  in  many  arguments,  though  the: 
authorities  may.  at  timea  be  wrong.)     '    .  .  , 

Grades  4  to  6-  Jo&ti  had  forgotten  Whether  the  divisor  or  the  dividend 
wa^  to  be  tymed  upside  dqpm  wheiwhe  was  dividing  common  fr^ictions. 
In  finding  the  -solution  to  14^  -f  3)^^  John  decided  to  work  the  problem 
both  ways.  His  first  attempt  was  to  multiply  X  whi6hlie  f oiind ' 
to  be^.  Using  his  second  method,  he  multiplied  \^'J4  X  ^3  and  ^s 
answer  was  4^.  It  was  then  that  he  noticed  that  14  -r-  3  ==  4"**  and 
15  -T-  3  =  5.  As  a  result  of  this  estimation  he  decided  that  his  first  answer 
was  incorrect,  and  4)^  was  the  correct  answer  since  he  could  find  no  mis- 
takes in  multiplication.  From  this '  experimental  apprpach,  John  cor- 
rectly inferred  that  in  dividing  fractions  the  dividend  should^be  multi- 
yX^ed  by  the  rejSiprocal  of  the  divisor.  ^  /  * 
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Grades  7  to  9.  Two  girls  were  taking  a  poll  among  their  fellow  stii- 
debits  to  determine  thepdpular  songs  enjoyed  most  by  the  students  in  their 
school.  Although  i^heif sampling  include^  only  approximately  Jfo  of  the 
entire' student  body,  they  ^concluded  that  the  most  popular  songs  ias 
determined  by  their  sample  were  characteristic  of  the  entire  student 
body.  .V 

Grades  10  to  12.  Tasuppdrt  his  contention  that  stjidents  who  do  well 
in  mathematics  will  also  do  well  in  physics,  Bill  computed  the  coefficie^it 
of  correlation  between  scojes^ade  by  students  on  a  standardized  test 
^physics  and  the  scores  n&d^by  these  same  students  on  a  standardized 
test  in -mathematics^  He  used  the  resulting  positive  ,  correlation  as  evi- 
dence .\^o  support  his  thesis  that  stucfents  who  are  proficient  in  mathe- 
matics will  probably  dp-well,  in  physics,  also.  - 

Idea  29.  '^he  inferences  of  statistics  are  inductions  which  are 
^  not  certainties,  and  must  Jjte  giperi  in  terms  of  probability  (see 
Chapter  7).  ^ 

Gradfes  K  to  3.  If  all  the  children  in  John's  room  are  8  years  old,^ 
should  he  conclude  that  all  the  children  in  his  grade  are  8  years  old? 

Grades  4  to  6i.  If  it  rained ^ch  day  last  week,  will  it  rain  tomorrow? 

Grades  7  to  9.  If  John's  batting  average  is  .300,  how  many  hits  will 
he  make  in  today's  giame?  . 

Grades  10  to  l2.  If  the  life  expectancy  of  17-year-olds  is  55  years,  do. 
you  expect  all  IT-yea^-olds  t^  live  to  be  72?  Why? 

Idea  30.  Data^ from  samples  should  be  organizedr  and  sum^ 
marized  if  they  are  to  bejinalyzeidfor  inferential  jmr poses  (see 
Chapter  7).  *    .  -  * 

Grades  K  to  3.  If  a  first  grade  pupil  needs  to  estimate  th^  number  of 
containers  of  milk  nqgded  for  the  recess  period,  a  study  of  the  number 
used  for  the  last  few. days  will  be  ffelpful.  Organizing  figures  in  a  nu- 
merical order  often  helps  children  to  see  relationships.      ...  V. 

Grades  4  to  6.  The  importance  of  organization  may  be  Emphasized  in 
constructing  bar  graphs  from  collected  data.  •  . 

Grades^T  to  9.  Organization  of  data  occurs  in  study  of  such"  averages 
as  means  and  median.  *   •       ,  .  : 

Grades  10  to  12.-  The  impoi;^nce  of  the  organization  of  data  is 
encountered  when, arriving  a't  generalizations  from  "experiments  |Dy 
corfstruction  of  histograms  and  studjr  of  standard  deviation. 

Idea  31.  Decisions  aboui  a  whole  population  can  be  obtained^ 
most  efficiently  arid  economically  by  examining  only  a  small 
part  selected  by  a  process  based  on  the  principles  of  probability 
(see  Chapter  7). 
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Grades  K  to  3.  A  child  may  count!  the  students  With  blue  eyes  in 
one  room  and  estimate  the  number  in  the  whole  school.  A- chilli  jnay 
conclude  whether  peaches  in  a  basket  are  ripe  by  feeling  only  one  or" 
two  peaches.- 

Grades  4  to  6.  A  pupil  may  determine  the  average  height  of  the 
boys  in  the  room  by  measuring,  only,  a  few.  He  might  find  those  iA  the. 
front  seats  an  unsatisfactory  sample. 

Grades  ,^7  tb  ^.  In  constructing  a  straight  line  graph,  students  use  a  . 
sample  of  points. 

grades  10  to  12.  A  senior  class  diBcided  to  print  their  ,  own  class 
paper.  How  dould  they  determine  the  number  of  type  characters  for 
each  letter  of  thetlphabet  that  they  should  buy?  ' 

Idea  32.  Unless  the  sampling  process  makes  it\p0ssible  for 
each  sample  to  have  an  equal  chance  of  being  drawn^  inferences 
based  on  thie  sample  may  not  be  statistically  valid  {sge  Chap-^  * 
•■  ter7).      ■  ■     .       '        ,  ■      ,^  .  . 

Grades  K  to  3.  Jf  it  is  desired  to  find  the  average  weight  of  a  second 
Jljj^cbild,  should  we  weigh  only  the  fat  childreri^^ 
^^^Rdes.  4  to  6.  Jphn..was  practicing  on  his  most  difficult  division 
fa/jts.  Out  of  twenty  of  these  facts,  he  correctly  ans>vered  ten.  Maiy 
said  John  Jbiew  haU  of  alLthe  di^ision'facts./Was  she  correct? 

Grades  7  to  9.  John  measured  the  interior,  aingles  of  several  five 
sided  polygons  and  concluded  that'each  angle  of  every  ive  sided  poly- 
.  gon  was  grieater  than  90**.  Mary  .showed  John  that  his  sample  was  biasedi. 
•  '  Grades  JIQ  to  12.  The  importance  of  the  selection  of  .a  sample  4jg<; 
easily  illustrated  during  the  study  of  prpbability  if  twenty  white  balls 
are  placed  in  a  bag  and  ten  black^yies  placed  on  top  and  then  the  sample 
drawn  from  the  top.  The  principle  is  emphaazed  in  the  study  of  ran- 
domness, equiprobability,  and  the  probability  pf. compound  events.  . 
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